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^ Preface 

Few educational experiences provide a thrill equal to that of 
“seeing through” a mathematical fact or process — that is, 
perceiving its simplicity and purpose. It has been the happy 
privilege of the writer to watch the growth of teachers’ interest 
and enjoyment in arithmetic as they grasp the essential features 
of the subject. And it has been an even greater pleasure to 
see children thoroughly enjoy their arithmetic work as they 
acquire an understanding of the basic elements of mathematics. 

This book presents some of the procedures which have made 
the teaching of the “teaching of arithmetic” to adults and the 
teaching of arithmetic to children a pleasant experience. 

In these teaching procedures much emphasis is given to under- 
standing. An understanding of arithmetic, the author believes, 
is in part dependent on a thorough knowledge of the number 
system and of the true role of numbers in making it easier for 
man to do his work. The teaching procedures described are 
further characterized by the author’s assumption that if the 
mathematical generalizations of arithmetic are to be genuine 
possessions of the child, the child must have experiences that 
will make it possible for him to arrive at these generalizations. 
The work of the teacher then becomes more a case of creating 
situations in which the child can gain meaningful experiences, 
than of demonstrating or explaining mathematical facts and 
processes to the child. 

In the preparation of these materials the author has become 
indebted to the many writers and research students whose 
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writings were used. Particular mention should be made of 
the children of the University Elementary School and the many 
graduate students at the State University of Iowa who have 
been in the writer’s classes. 

Special acknowledgment of indebtedness is made to members 
of the University Elementary School Staff as follows: to Miss 
Charlotte Junge for experimental work in developing the idea 
of tens and the number concepts program; to Miss Alice Hyslop 
for experimental work with the abacus and in mental arith- 
metic; to Miss Dorothy Gordon, Miss Ruth Willard, Miss 
Maxine Dunfee, and Miss Dorothy Welch for their work in 
putting into practice many of the procedures; and to Miss 
Esther Reamer for aid in the preparation of the manuscript. 

The writer also wishes to express his appreciation for help 
received from Dr. J. B. Stroud, Dr. William Maucker, Dr. Ernest 
Horn, and especially Mr. George Nardiii. 

Herbert F. Spitzer 


State University of Iowa 
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The Teaching of Arithmetic 


The Impoetance of Understanding 

The preface of an arithmetic textbook written fifty years ago 
stated that the teaching procedures in the book made for under- 
standing of arithmetical facts and processes. Many earlier 
texts had referred to the importance of understanding; practically 
all arithmetic books wi'ittcn since that time have emphasized 
this aspect of the learning process. Thus, for years, “Teach 
with understanding” has been one of the maxims of arithmetical 
instruction. In spite of this emphasis, the understanding of 
those who study arithmetic has been unsatisfactory. In an 
effort to improve understanding, another maxim, “Teach with 
meaning,” has recently been adopted. Yet today every expe- 
rienced arithmetic teacher knows that children can correctly go 
through processes like multiplication and division without know- 
ing what the processes mean. 

What implications are students of the teaching of arithmetic 
to draw from the preceding statement.'' Arc they to conclude 
that understanding is too difficult for most elementary school 
children to attain, or are they to conclude that the procedures 
now in use are inadequate? Before attempting to answer either 
of these questions, the student of the teaching of arithmetic 
should inquire further: (1) What is involved in understanding an 

1 
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ai’itlunetical fact sucli as 5 + 4 = 9? (2) How is arithmetic 

made meaningful? (3) What is the difference between a teach- 
ing procedure that makes for understanding and one that does 
not? 

To provide some background for consideration of the above 
questions, a part of a second-grade number lesson and a discus- 
sion of this lesson is reproduced in the paragraphs that follow. 

A Second-Grade Number Lesson 

At the beginning of the school year, a new arithmetic program 
purporting to make for better understanding had been intro- 
duced in the Bradford School. In Grades One and Two this 
new program emphasized the building of number concepts. In 
order to keep the teachers from hurrying through or slighting 
the program, good commercial workbooks designed for the build- 
ing of concepts were supplied. 

The principal of the Bradford School was enthusiastic about 
the concept-building program and had invited the superintend- 
ent to visit a second-grade class. 

On the day of the superintendent’s visit, the second-grade 
children were considering the following workbook exercise: 

Two cakes, one labeled Jane’s, the other Bob’s, were pictured. 
On Jane’s, there were six candles; on Bob’s there were eight. 
The question “How many candles in all?” was written under 
the picture. 

Since many children had the accepted answer, the teacher 
wisely directed the discussion to consideration of the methods 
they used in getting the answer. Among the methods meeting 
the approval of the teacher were the following; (1) “I counted 
the candles by twos.” (2) “I counted the candles on each cake, 
and I knew that 6 and 8 are 14.” (3) “I counted all the 
candles.” One child offered the following: “I counted the 
candles on one cake and then counted the candles on the other 
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cake. I then said there were 6 and 8 candles.” The teacher 
and other children after some discussion decided that this solu- 
tion, 6 and 8, was not acceptable because it did not tell how 
many in all. 

In an attempt to help those children who were not yet able 
to visualize quantities, the teacher represented the number of 
candles on each cake by marks 1 1 1 1 1 1 1 1 1 1 1 1 [ I on the board. 

In dealing with this semi-concrete ^ representation of the quan- 
tities, children who needed to count by ones were permitted to 
do so. The more advanced children again counted by twos, 
or grouped and added. 

As the superintendent and the principal left the classroom, 
the latter said, “That’s my idea of a meaningful approach to 
arithmetic. Those children are not just learning that six and 
eight equal fourteen, they are getting- the meaning of arithmetic.” 

“They are getting some valuable experience all right, but I’m 
not so sure about their getting the meaning of arithmetic,” 
remarked the superintendent. He then asked, “How about 
that child who said ‘six and eight’ for the number of candles?” 

“ Oh, that child is making progress,” answered the principal. 
“It’s too bad we can’t give him full credit for that answer.” 

“The truth about that situation,” said the other, “is that his 
statement did answer the question. How many in alP ” 

“What do you mean?” asked the principal. 

“Just what I said,” replied the superintendent. “Six and 
eight tell how many candles there were in all just as much as 
do ten and four.” 

“I don’t follow. What do you mean by ten and four? I 
thought it was fourteen,” was the next comment of the principal. 
Then he went on, almost talking to himself: “Oh, yes, I guess 
I see. Fourteen is the same as ten and four. But then why 
do we accept fourteen as correct and not six and eight?” 

1 Semi-concrete representation refers to the use of pictures or drawings as a 
substitute for the objects under consideration 
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“There is a reason, all right, but often our arithmetic books 
and our arithmetic instruction fail to make that reason clear. I 
don’t blame that teacher for not seeing the point when our pro- 
gram in arithmetic does not even mention it,” answered the 
superintendent. 

The reason for accepting fourteen as a better answer than aix 
and eight was then explained as follows: 

“ Our number system is constructed on the simple and easily 
understood principle of grouping by tens. Number designa- 
tions, such as 14, 17, 26, and 65, together with their significant 
names, fourteen, seventeen, twcnty-si.x, and sixty-five, make 
the how-many- in-all concept of totals greater than ten easy to 
express and to understand. Each number from 1 to 9 inclusive 
is thought of as representing respectively so many separate ones 
without any suggestion of grouping. When we reach 10, how- 
ever, we think of that number as standing for a definite collec- 
tion, a group of ones, and the group, one ten, becomes the base 
of all numbers above ten. Thus, 11 is thought of as 1 ten and 
1 me; 12 as 1 ten and 2 ones; 13 as 1 ten and S ones; and so on 
until we pass 19 and reach the second ten, which we write as 
20 and which we call twenty, meaning two tens. All other 
numbers to 100 are named as so many tens and so many ones. 

“It is easy to see that there are seven ways to arrange fourteen 
objects into two groups , 

13 and 1 10 and 4 9 and 5 

12 and 2 3 and 6 

11 and 3 7 and 7 

It is also obvious that, to avoid confusion, we must agree on 
one way of naming the total represented by each of the seven 
groups. Each grouping gives a different meaning to the total 
number of objects, but only one grouping, 10 and 4, conforms 
to the pattern of our number system. Because it conforms, we 
can write the total with just two digits, 14 (no ‘and’ required). 
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and we can speak and write the total with just one word, 
fourteen. No other grouping that represents the total can be 
expressed so simply in figures or in words. For that reason we 
are justified in accepting ‘14’ as better and simpler than ‘6 and 
8’ as an answer to the question, How many in all? 

“Fourteen, then, not only has the advantage of being the 
rightfully accepted answer, but it is also simpler to think with 
than is six and eight. Simplicity, however, depends very much 
on familiarity which comes from experience. Before fourteen 
can be considered simpler for the child, one must be sure that 
the child has had enough experience with fourteen as a ten and 
four ones to enable him to see that that way of considering the 
quantity is simpler than thinking of it as one group of six ones 
and another group of eight ones. 

“From that brief part of the lesson we saw, there is no indica- 
tion that the children in this second grade were thinking of 14 
as 1 ten and 4 ones or whether tlicy were thinking of 14 as 
14 ones. The manner in which the marks were used seems to 
indicate that it was the purpose of the teacher to have the chil- 
dren think of the answer as fourteen ones. As was suggested 
earlier, the child can be correct, as far as his representation of 
quantity is concerned, if he thinks of fourteen as fourteen ones. 
In that case, however, if he is to get understanding of the quan- 
tity involved, either he has to break the fourteen into smaller 
groups or build up a sort of pattern or model for his idea of 
fourteen. If merely breaking the whole number into smaller 
groups is to be the method of getting understanding of quantity, 
the use of 6 and 8 is quite proper. But a regrouping of this 
sort entirely ignores the number system as such Because ten 
is the base of our number system, it is a most useful group, and 
our arithmetic program will serve the child’s need best if it 
directs his learning toward the use of the ‘ ten ’ idea. Upon that 
idea our number system is built.” 

After listening to the explanation, the principal remarked: 
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“I begin to see that there is much more to this ‘meaning theory’ 
than I thought. We thought we were helping children see sense 
in what they are doing by ha\mg them work from pictures and 
drawings to the answer, by having them count by ones and by 
twos, and by having them say 6 and 8 are 14. In the light of 
what you have said, those procedures don’t necessarily make for 
meaning or understanding. It seems to me that we need to 
understand numbers better ourselves before we talk about 
teaching them in a meaningful way.” 

The incident described in the preceding paragraphs might 
have taken place in any one of hundreds of elementary schools. 
Instructional procedures in use are seldom examined critically 
by cither the teaching or the administrative staff; and even if 
a critical examination were undertaken by a person such as the 
principal of the Bradford School, little would be gamed. From 
the incident described it might also be concluded that theories 
of instruction are not clearly understood by those who are trying 
to put the theories into practice. 

Theories op Arithmetical Instruction 

From the discussion between the two observers it is evident 
that the new number program was an attempt to put a “mean- 
ing theory” of arithmetical instruction into practice. It may 
also be inferred that this “meaning theory” was comparatively 
recent and that its application to practice was not understood 
very well by the principal. A clearer picture of the issues 
involved in the discussion of the second-grade number lesson 
wiU be obtained if the significant features of the “meaning 
theory” as well as those of the other common theories of arith- 
metical instruction are understood. 

At present, there are three theories of instruction which are 
usually considered. These are the “drill theory,” the “theory 
of incidental learning,” and the “meaning theory.” While 
none of these is a theory of instruction in the usual sense of the 
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word, it can be said that arithmetical instruction has been 
influenced through thought stimulated by these three so-called 
theories; and as the National Council Committee on Arithmetic ^ 
has stated, it is convenient to refer to them as theories. In 
the next paragraphs, the main characteristics of each of the three 
theories are presented. 

The drill theory is the oldest of the three, and, if textbooks 
are indicators of teaching practices, it is by far the most widely 
applied. Advocates of the drill theory of instruction maintain 
that the facts and processes of arithmetic arc most easily learned 
by repetition — that is, by saying or thinking the fact over and 
over or doing the required process again and again. For 
example, the theory holds that by thinking or saying a fact 
(such as 6 X 4 = 44) a number of times, that fact will be 
learned. In the same way, it holds that the process of borrow- 
ing in subtraction is learned by solving many examples in which 
the borrowing process occurs. But this repetition is not to be 
devoid of thought or attention. The fact or process being 
learned must be understood by the learner. Initial instruction, 
therefore, requires a detailed demonstration of the truth of each 
fact and a complete explanation of each process. After instruc- 
tion, drill is used to assure mastery. To avoid monotony, there 
are provided drills, tests, number games, work sheets, and prob- 
lems to give practice in the facts and processes being taught. 
The drill theory also focuses instruction and practice upon 
discrete or isolated phases of arithmetic. For example, a fact 
such as 6 X 8 = 48 is learned without any reference to a closely 
related fact such as 5 X 8 = 40. The drill theory is further 
characterized by the great reliance placed on thorough mastery 
of the material studied. 

The incidental-learning theory, although fairly well known 
for at least twenty years, has never been widely accepted in 

1 R. L. Morton, “The National Council Committee on Arithmetic,” Mathe- 
matics Teacher, October, 1938. 



8 


THE TEACHING OF ABITHMETIC 


either theory or practice. This theory of instruction states that 
arithmetic can be most effectively taught if instruction is under- 
taken only when a child has a need for a fact or a process. To 
illustrate: A child will not be required to learn multiplication 
with a two-figure multiplier until some problem in his life, either 
in school or out of school, calls for the process. Proponents of 
the theory contend that the need or use that the child has for 
facts and processes will insure both understanding and retention 
of the things learned, and for this reason they deny the neces- 
sity of planned repetition which is considered so essential in the 
drill theory. According to the incidental-learning theory, there 
should be no systematic, logical step-by-step teaching of arith- 
metic. The content of arithmetic taught would depend upon 
the occurrence of numbei-s in the other school activities of the 
children. By being concerned only with arithmetic for which 
the children have already experienced a need, the advocates of 
the incidental-learning theory contend that both meaning and 
understanding are assured. In actual practice the theory has 
seldom worked, but it has influenced teaching considerably. 
Note, for example, the attempts of textbook- writers to have 
problems and other number situations grow out of some activity 
in which the child might participate. 

The meaning theory is comparatively new in name, having 
received its first major publicity when it was presented in the 
Tenth Yearbook of the National Council of Teachers of Mathe- 
matics in 1935.^ As indicated by its name, this theory places 
more emphasis on meaning than do the two theories already 
described. In fact, this emphasis on meaning is the outstanding 
characteristic of the theory. According to the National Council 
Committee on Arithmetic the theory implies 

a kind of arithmetic in which both the mathematical and the 
social aims are clearly recognized — and clearly recognized as 

' Tenth Yearhodk, National Council of Teachers of Mathematics (New York: 
Bureau of Publications, Teachers College, Columbia University, 1936), p. 19. 
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interdependent and mutually related. Attainment of the 
mathematical aim is regarded as possible only if meaning, the 
fact that children shall see sense in what they learn, is made the 
central issue hi arithmetic construction. Arithmetic is con- 
ceived as a closely knit system of understandable ideas, princi- 
ples, and processes, and an important test of arithmetical learn- 
ing is an mtelligent grasp upon number relations together with 
the ability to deal with arithmetical situations with proper com- 
prehension of their mathematical significance.’- 

The meaning theory, then, is characterized by the viewpoint 
that arithmetic can be learned most easily if children see sense in 
what they do and if arithmetic is taught as a closely hnit system of 
related ideas, facts, and principles. The theory in its present 
form is so recent and is interpreted in so many different ways 
that no one description would do justice to the arithmetic pro- 
cedures based on it. According to Thiele,^ great reliance would 
be placed upon the child’s discovering for himself effective solu- 
tions and upon his seeing relationships. According to Buswell, 
Brownell, and John,^ much use would be made of directing the 
children toward the learning of the particular process or fact 
through performance of a carefully planned series of steps 
involving concrete experiences followed by the identification of 
certain characteristics. According to Knight,^ emphasis would 
be upon the number of situations that arise in the room, such 
as “How many books do we need?” The solution to these 
number experiences would then be carefuUy explained and the 
difficult or tricky procedures duly emphasized. 

iR L Morton, “The National Council Committee on Arithmetic,” Mathe- 
matics Teacher, October, 1938. 

^ C. L. Thiele, m Sxxtecnth Yearhooh, National Council of Teachers of Mathe- 
matics (New York' Bureau of Publications, Teachers College, Columbia Uni- 
versity, 1941), pp. 40, 63, 66-57. 

® Buswell, Bio-wnell, and John, Daily Life Arithmeiio (Boston. Ginn and 
Company, 1938) See book for Grade Six, pp. 47-68 

B. Knight, “Providing Meaningful Number Experiences,” Primary 
Activities (Chicago: Scott, Foiesman and Company), February 16, 1941. 
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The interpretations of many other authorities could be cited, 
since practically everyone accepts verbally the meaning theory. 
The preliminary report of the National Councd Committee on 
Arithmetic was published in three leading periodicals and criti- 
cism was solicited. Even after two years not one person had 
disagreed in published writing with the viewpoint assumed. 
The major effects that this theory has had on teaching are that 
it has (1) increased the emphasis given to concept-building; 

(2) increased the use of concrete and semi-concrete materials; 

(3) stimulated the recognition of the value of relationships in 
arithmetic; (4) stimulated attempts to teach the system of 
number rather than separate elements of knowledge; and 
(5) emphasized having children see reasons for the work they 
do in arithmetic. Of course, the aim of these procedures is to 
make for better understanding. The proponents of the theory 
have assumed that the more clearly and more thoroughly the 
pupil understands facts and processes, the better arithmetician 
he will become. 

This current emphasis upon meaning is by no means new. 
At various times in the past, influential leaders have campaigned 
for exactly this same thing. The committee which prepared 
Bulletin Number 13 of the United States Bureau of Education, 
Mathematics in the Elementary Schools of the United States (1911), 
stated very definitely in the discussion of method that some 
teachers put great stress on meaning. In the foregoing presen- 
tation of the theories of arithmetical instruction, two points 
stand out. First, although one of the theories emphasizes 
understanding more than the others, all the theories give under- 
standing an important place in the learning of arithmetic. 
Second, the methods of attaining understanding vary markedly. 
In the drill theory, understanding is supposed to be secured 
through careful explanation during initial instruction. In the 
incidental-learning theory, understanding is supposed to be 
attained when first study is undertaken at the time the learner 
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has a need for the fact or process he is studying. In the meaning 
theory, understanding is supposed to be secured by letting the 
learner see the reason for studying the fact or process and by 
emphasizing the relationships between various aspects of the 
number system. The important conclusion to draw from the 
discussion of the theories of instruction is the fact that helping 
pupils to understanding is one of the major concerns of those 
who are interested in the teaching of arithmetic. Why this 
emphasis on understanding? The best answer is that many 
children who study arithmetic can perform operations, but they 
do not understand the operations they use. 

The issues raised in the foregoing discussion of the second- 
grade number lesson show clearly that arithmetic is not very 
well understood. That such a condition can exist, when all 
recent textbooks profess to be built to develop meaning and 
understanding, should indicate to the student of the teaching 
of arithmetic that something more than just talking or reading 
about the number system, or about maldng numbers meaning- 
ful, is essential to an adequate instructional program. 

Why Arithmetic Is Not Understood 

In the last paragraph of the preceding section the inference 
was made that not all teachers understand arithmetic very 
well. That the teacher must understand the number system 
and see the relationships to be emphasized seems clear, for not 
until he has such knowledge will an adequate teaching program 
be attained. 

The principles of arithmetic are poorly understood, not be- 
cause these principles are inherently difficult, but because they 
have not been properly taught. The primary reason for this 
poor teaching is, of course, the fact that most of those who 
have taught arithmetic in the elementary sehool have not them- 
selves understood the principles of the subject. Before inter- 
preting the last statement as a criticism of former teachers. 
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consider the fact that these teachers probably never had an op- 
portunity to learn the principles. Furthermore, much of arith- 
metic can be used in a limited way with only a superficial 
knowledge of how or why it operates as it does. For example, you 
do not need to know why you carry in column addition in order 
to use the carrying process. Then, too, textbooks in arithmetic 
have done little to develop a better understanding of the subject. 
Yet the blame does not rest even there. 

Through the hundreds of years that arithmetic has been used, 
some of the underlying principles have from time to time been 
neglected or forgotten. As a result of this neglect, arithmetic 
has often been used without understanding, just as machines 
are frequently operated by those who do not understand the 
principles on which they operate. Often the operator of a 
machine may secure efiacient results without understanding how 
the machine works, but the operator of arithmetic who attempts 
to use arithmetic without understanding its principles gets 
absurd and incorrect results and sometimes fails completely to 
make full and reliable use of a valuable tool. Many people, there- 
fore, use number at a low rate of efficiency. They possess a 
verbal knowledge of terms and processes, but instead of being 
confident in the practical application of this knowledge of num- 
bers, they are so beset with uncertainties that they flounder 
about, mathematically, and are frequently unable to solve their 
problems at all. 

For the most part, arithmetic has been taught by people who 
have a poor understanding of number and its uses. The results 
of such teaching have already been indicated. Most children, 
even after intense eSort on their part and hard driving by the 
teachers, get only a superficial mastery of arithmetic. Of 
course, some childreu attain a high level of efficiency in the use 
and understanding of numbers in spite of the teaching they 
receive. But because of the lack of understanding by teachers 
and writers of textbooks, arithmetic has become a difficult and 
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often almost a useless study. The lack of understanding ex- 
hibited in the second-grade lesson described in the first part 
of this chapter is relatively minor in comparison with some 
examples that might have been chosen. With a little help, 
however, that second-grade teacher could probably make arith- 
metic much more meaningful and certainly more useful to the 
children. 

This discussion of why arithmetic is not understood is intended 
to emphasize the importance of a thorough knowledge of the 
principles upon which the content of arithmetic is based. In 
the next section some of the outstanding principles are briefly 
described. Throughout the remainder of the book these prin- 
ciples will be elaborated and the teaching procedures illustrating 
them will be presented. 

MsAFTmO AND UNDERSTANDING 

Meaning, according to the National Council Committee on 
Arithmetic, is characterized by the child’s seeing sense in what 
he does. Applied to the second-grade number lesson described 
earlier in this chapter (pages 2-6), this definition would require 
that the exercises be such that the child is able to see why 
14 is the best answer for “how many in all.” While there are 
many ways to give children an opportunity to see the reason 
for using 14 rather than 6 and 8, or fourteen ones, only one way 
of presenting the advantage to children is offered here. Sup- 
pose, for example, that the task had been to report through 
symbols, to an absent classmate, that fourteen important things 
were new to the room, six added on Monday and eight on Tues- 
day. In such a situation the child could certainly see, in econ- 
omy of effort alone, a reason for using the short, commonly 
accepted symbol “14” rather than fourteen separate marks 
1 1 1 1 1 1 1 1 1 1 1 11 1, or two numbers and a word, “ 6 and 8.” Mean- 
ing, then, involves seeing not only that a number statement is 
true or that a procedme is correct, but also why one way of 
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making the statement or of doing the process is better than all 
other ways. 

The meaning theory, as defined by the National Council Com- 
mittee on Arithmetic, places heavy emphasis on the understand- 
ing of number and arithmetical processes and upon the teaching 
of number as a closely knit system. The theory has been widely 
accepted verbally, but, as was shown in the discussion of the 
second-grade lesson, it may not be understood adequately. It 
is doubtful whether many of those who are trying to apply the 
theory have asked themselves the exact meaning of terms like 
“understanding” and “system.” In order that a common 
ground for use of such terms may be available, a brief discussion 
of them is included here. 

It is easy to use the word “meaning,” or “to get the meaning 
of,” for “understanding”; but just what does the child possess 
who has a good understanding of a number such as T? Among 
all the other facts which might be known, for example, he knows 
that 7 comes after 6 and before 8; that 7 is 2 more than 6, 2 less 
than 9; that it is 41 less than 48; that it is the sum of 4 and 3, 
or of 6 and 1, or of S, 2, and 2; and that it is one-half of 14. 
Analysis of what this child knows reveals that every part of 
his understanding of 7 is in some way an expression of the rela- 
tionship that exists between 7 and other numbers. The imder- 
standing of a number, then, is the seeing of its relationships 
to other numbers. Since every fact or concept has an infinite 
number of relationships, no one can ever have complete under- 
standing of it in terms simply of relationships. There are, 
however, as consideration of the above will show, some relation- 
ships that are far more significant than others. It is the job of 
the arithmetic program to give children an opportunity to learn 
these more significant relationships. 

In brief, then, meaning and understanding are defined as 
follows; Meaning is the seeing of reasons for, the import of, or 
the sense of, a process. Understanding is the seeing of relation- 
ships between a fact or process and other facts or processes. 
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Our Number System 

The expressions numbe?- system and teach number as a system, 
like the term understanding, are frequently used with only a 
vague idea of what is implied by the term system. Many points 
which characterize numhers as a system can be listed. The 
outstanding characteristics are the following: 

1. The Hindu- Arabic numerals, if used in the ordinal sense, 
always have the same order, 5 always comes after 4, 7 after 6, 
and so on. This order holds regardless of the size of the quan- 
tities (units, tens, hundreds, or millions) referred to. It is this 
ordinal or positional aspect of number that gives us our most 
usable concept of quantities like 9, 12, or 52.^ To illustrate this 
point, think of the number 59. What devices do you use to get 
an idea of a quantity 52? Those who use numbers most effi- 
ciently would think of 52 as about one-half of a hundred; a little 
more than the fifth group of ten. In both of these ways of get- 
ting at the meaning of 52, the position of number in a series 
plays the major role. 

9. The first nine numerals represent quantities thought of as 
groups of ones or units. After 9, the next number, 10, is not 
always efficiently thought of as representing individual entities, 
but is thought of as a single entity or collection. This fact is 
shown even in the name ten, where the familiar terminology 
of 1 is implied, though not actually used by most people, for 
this number is the first ten or one ten. This use of collections 
of ten, with repetitions of the ten as larger quantities are encoun- 
tered, is what makes our number system a decimal system. It 
has a base of ten. The base, then, is nothing more than the 
first standard or base collection that is used. If this collection 
idea is properly utilized, 12 is not twelve separate entities; it is 
three entities consisting of a collection of one ten and two ones. 
Forty is four entities or four collections' it is four tens. To 
demonstrate to yourself the simplification, represent each of the 

1 D. E. Smith, The Teaching of Elementary Mathematics (New York: The 
MaemiUan Company, 1921), p 103 
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preceding numbers first as ones and tlien as collections of tens 
plus the necessary ones. 

3. The names for the tens consist of terms that are closely 
related to their meaning. Twenty can be easily related to twin 
tens; thirty is the third ten. Note that the suffix ty in all such 
names as twenty and thirty means tens. Thus, in dealing with 
the tens (twenty, thirty, forty, and so on) a person does not 
learn entirely new names with a special place in the series. For 
the most part, the names m the tens series arc much like those 
of the first nine numbers; the first syllabic of twenty, tlmty, forty, 
and fifty suggests two, three, four, and five respectively; and in 
the terms sixty, seventy, eighty, and ninety, the exact number 
names for the ones constitute the first part of each of the number 
names for the tens. The order of the tens is exactly the same as 
that of the numbers from 1 to 9, 

4. The use of place value simplifies the writing of numbers. 
By place value is meant the fact that the value of a digit is 
dependent on its position in a number. As an illustration, con- 
sider the numbers 3, 35, and 320. In each of these numbers, the 
numeral 3 is used, but in each number it has a different value 
because of its position. This principle of place value combined 
with the use of a placeholder (zero) makes possible the writing 
of any number through the use of only ten different symbols. 

System, then, as applied to number implies exactly what the 
term denotes in other fields; namely, order and method An 
arrangement that makes possible the operation or understand- 
ing of a process, with a minimum of effort, characterizes any 
system. Close study of the four characteristics of our number 
system just listed will show how the system makes for the con- 
servation of effort. One example of the conservation of effort 
for each characteristic is offered here; (1) Since the number 
names always have the same order, learning the relation that 
five thousand has to six thousand presents little difficulty. 
(2) The collection idea makes the addition of two thousand and 
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four thousand as easy as the addition of two and four. (3) In 
learning to count to one hundred, the similarity of the tens’ 
names to the ones’ names makes the task of the learner compara- 
tively easy. (4) The economy which the fourth characteristic 
makes possible is clearly seen by comparing the Roman and the 
present system of writing the year nineteen hundred forty-nine: 
MCMXLIX and 1949. System is important in all work, 
because it makes for economy of effort and therefore results m 
efficient usage. 

The discussion of definitions of meaning, understanding, and 
number system should emphasize further to the student of the 
teaching of arithmetic the importance of seeing the full Import 
of terms and phrases used in discussions of teaching procedures. 
Knowing a definition of a term is in itself of little value. The 
student of the teaching of arithmetic must be able to illustrate 
definitions by reference to classroom procedures, to descriptions 
of knowledges or achievements of children, or in other ways 
apply the definitions to the teaching situation. Otherwise, the 
best terms and phrases and their definitions may become just 
so many high-sounding words and thereby become a handicap 
rather than a help to teachers. “What does that mean in terms 
of classroom procedure?” should, then, be one question used in 
the consideration of all terms and principles of arithmetic 
teaching. 


STUDY QUESTIONS 

Directions' From the several responses suggested, choose the one which 
you consider the most acceptable answer to the question. An “N” 
means that none of the given choices is acceptable to you. In order to 
facilitate further use of the study questions, it is a good plan to record 
your answers on a separate sheet of paper. Try all ten questions with- 
out referring to the text. 

1. 'VlTiy is 10 and 2 a better answer for the question “How 
many arc 7 and 5?” than is 6 and 6, 8 and 4, or 9 and 3? (7) It 
tells how many in all. {&) 10 and 2 is more easily thought of as 
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one number Iban is any of the otker combinations. (3) 10 and 
2 is the accepted pattern. (4) N. 

2 Oi the many relationships about the number 5 that a child 
learns, which of the following is the most significant? {1) That 
it comes between 4 and C (S) That it is the equivalent of 3 
and 2. (5) That it stands tor 5 separate ones. (.J.) That it is 

one more than 4. 

3. Why do the numbers thirty, forty, and the like all end 

with “ty”? (J) To make them rhyme. (S) To distinguish 

them from the tens and ones numbers. (3) There is no good 
reason (Jf) N. 

4. IVliat is the base of a number system? (1) The tenth or 
last numeral. (2) The positional value scheme of writing 
numbers. (3) A ten. (4) N. 

5. What is meant by place value as applied to our number 
system? (1) That our numbers when used in counting always 
have the same place or order. (^) That the value of a number 
is determined by its position, (S) That hundreds numbers have 
the same order as ones numbers. (4) N. 

6. About how much of the average elementary-school 

child’s time is spent in the study of arithmetic? (J) 3-5%. 
(£) 6-8%. (3) 10-12%. (4) 14 - 16 %. 

7. Which of the three common theories of arithmetical in- 
struction gives little or no emphasis to understanding? (i) The 
drill theory. (£) The incidental-learning theory. (5) The 
meaning theory. (4) N. 

8. In order to use an arithmetical process, such as borrowing 
in subtraction, is understanding of that process essential ’’ 

(I) Yes. (£) No. 

9. Does the person who has a good understanding of numbers 
ever think of such numbers as 13 as so many separate and dis- 
tinct ones or does he always think of 13 as a ten and three ones? 

(J) He always thinks of the ten and three ones. (£) He some- 
times thinks of thirteen ones. 
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10. Which of the four major characteristics of our number 
system is probably the least important? (1) The one referring 
to order. (S) The one referring to the collection idea. (5) The 
one referring to the similarity of names for ones and tens. 
{Ji) The one referring to place value. 

Now check your answers to the questions by referring to your text. 
Comparison and discussion of youi selections with others are excel- 
lent ways to secure better mastery of issues and facts to which the 
study questions refer. 



Purposes; Principles; and 
Methods of Instruction 


Accepted Views oe the Place of Arithmetic 

In the preceding chapter some of the outstanding features of 
arithmetical instruction which put emphasis on meaning and 
imderstanding were introduced. Before beginning the extensive 
study of such an arithmetic program, the student should know 
something of the place of arithmetical instruction in the school 
program, the objectives of instruction, the principles of learn- 
ing, and the most common methods of instruction. These and 
related topics are considered in the present chapter. 

Arithmetic as an elementary-school subject has enjoyed and 
still holds an important place in American schools. According 
to a recent survey, about ten per cent of every elementary-school 
child’s time is devoted to direct study of the subject. While 
this amount of time is considerably less than that formerly given 
to the subject, it is still a large percentage. Few other elemen- 
tary-school subjects take as much of the total time as is given 
to arithmetic. 

The fact that arithmetic has long been an important school 
subject is of itself little evidence of its intrinsic value. The 
value of any subject must ultimately rest upon the service that 
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it renders to those who study it. Arithmetic is the study of 
numbers, their numeration and notation, the processes whereby 
they are handled most economically, and their uses m everyday 
life where quantities are involved. That these various facets 
of arithmetical study are of service to man appears so obvious 
that it hardly seems worth while to mention instances here. For 
sake of emphasis, however, one example of the ordinary uses of 
each aspect of arithmetic will be listed. 

Whether it be in determining the hour of quitting work, in 
recording the number on an insurance policy, in reading the 
distance indicated on some road marker, or in doing some other 
common task, numeration and notation are used almost daily by 
every person. In fact, little reading or writing ocem's without 
the reading and writing of a few numbers. 

The processes of addition, subtraction, multiplication, and 
division are used in connection with many problems of daily 
life. Even though many people use pencil and paper infre- 
quently in performing their calculations, they often employ the 
processes mentally to simplify quantitative situations, such as 
checking change to be received, trying to determine whether or 
not there is sufficient time to warrant the undertaking of certain 
activities, and estimating quantities like the number of cattle 
in a herd. In addition to the use of arithmetical processes for 
simplifying situatioas, there are many other uses of number in 
life. For example, numbers are employed in transmitting news, 
in reading books, and in presenting social problems and scientific 
problems which requhe the expression of definite quantities. 

The role of numbers in thinking is one of simplification. Con- 
sider the following examples: (1) Suppose that you have assigned 
for tomorrow three unrelated tasks. How much that little 
concept of three helps you to remember the tasks ! (2) Assume 
that you see the following legend under a picture, “ This largest 
open pit mine on the Mesabi Range, which is miles long, one 
mile wide, and 350 feet deep, contains 70 miles of railroad track- 
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age.” Nolice liow you use the numbers in tbinking of the size 
of this mine. (3) Suppose that you read in a magazine the 
following. “In 1918 Ekaterinbui'g, a town just east of the Urals, 
had a population of 70,000 people. Twenty-hve years later, the 
same town, called Sverdlovsk, had 500,000 people.” Didn’t the 
numbers help you get an idea of the phenomenal growth of this 
Russian city? (4) Assume that you hear a news reporter 
announce. “The tremendous saving in weight by dehydration 
of foods is shown by the fact that 18 cases of eggs when dried 
weigh only 175 pounds.” This last example illustrates the need 
for number knowledge other than that given in the statement. 
Such situations frequently confront us and show in a dramatic 
manner how ineffectual our thinking on some problems must 
become when numbers are omitted. Each of the four examples 
shows how numbers make for economy of thought. They help 
to simplify the concepts. Considered in this sense, numbers 
become essential tools of language and thought, and the value 
of arithmetic is then almost self-evident. 

An additional service that arithmetic can offer to education 
comes through the study of the history of number. The his- 
torical aspects of arithmetic are an important part of our social 
heritage and arc undoubtedly valuable to the cultural develop- 
ment of children. The fact should be noted, however, that his- 
torical phases of arithmetic are used very little at the present 
time in the classroom. 

In the past the purposes of teaching arithmetic have not often 
been clearly stated, but from the literature of various times it 
seems reasonably certain that purposes have varied from “nar- 
row utilitarian” to equally “narrow disciplinarian” ones. By 
narrow utilitarian is meant the teaching of only specialized busi- 
ness or commercial arithmetic. The narrow disciplinarian pur- 
pose implies the use of arithmetic primarily as a subject by 
means of which the mind is trained. The methods used in 
teaching were, of course, greatly influenced by the purpose for 
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which society had permitted arithmetic to be taught in the 
school. If the aim was the preparation of accountants, clerks, 
and so forth, then heavy emphasis was placed on the business 
procedures. If the aim was mental discipline, then difficult 
exercises were included in the teaching without regard to the 
possible application of such exercises to life outside the school. 

It is doubtful whether instruction in any given school repre- 
sented only one or the other of the two purposes identified. It 
is certain, however, that the two purposes described, along with 
many others, affected the arithmetic curriculum. For further 
discussion of the historical purposes of aritlimetic, the reader is 
referred to studies on that phase of the subject.^ 

Proposed Purposes of Arithmetic 

Since content and method are affected to a marked degree by 
the purposes for which a subject is being taught, the purposes or 
objectives of the teaching of arithmetic merit careful considera- 
tion. In a teaching program which gives emphasis to under- 
standing, this consideration becomes doubly important. 

The purposes of arithmetic upon which the jirogram of teach- 
ing outlined in this book is based are given in the four numbered 
statements below: 

1. To develop methods of exact thinking in situations in 
which a consideration of quantity is essential. Three levels or 
degrees of quantitative thinking are illustrated in the statements 
that follow: (a) “During recent times some of the original soil 
of our cultivated slopes has washed away.” (b) “During the 
last five years two inches of our original soil has washed away.” 
(e) “During the last five years about one-fourth of the eight 
inches of the original soil has washed away.” 

1 W. S. Monroe, Developvicni of Arithmetic as a School Subject, Bureau of 
Education Bulletin No 10 (Waslungton. D C • Government Printing Office, 
1917). Elorence Yeldham, The Teaching of Arithmetic Through Four Eundred 
Years (London: Harrap and Company, Ltd , 1936). 
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Although these three statements cannot be called exact illus- 
tra Lions of thinking, they are representative of ideas or facts 
that people marshal when confronted with such a problem as 
soil erosion. 

The first illustration represents the lowest or least precise level 
of thinking. At least, as far as communication of ideas is con- 
cerned, no data are given which would permit the reader to know 
whether the loss was just a trace, an appreciable amount, or a 
major portion of the soil. The second statement gives the 
amount of loss, and if the person making the statement loiows 
the significance of that amount, good thinking can be done. In 
the third statement more facts have been marshaled and their 
interrelationships have been noted. The idea is now in the 
most usable form for getting an understanding of the significance 
of the washing away of the soil. 

2. To provide a vehicle (tool) for establishing order, system, 
and punctuality. 

“Seat 15, row 55,” “One out of every 20 is left for seed,” and 
“Turn to page 64.4.” are examples of how numbers are used to 
establish order. 

“To fill an order for 2000 sheets of paper the clerk takes 4 
packages of 500 sheets each” is an example of how numbers are 
used to systematize work. 

“The appointment was made for 10 ; 30 a.m., September 18, 
1946,” is an example of how numbers make it possible for man 
to be punctual. 

3. To provide pupils with enough knowledge of mathematical 
processes and business procedures to enable them to solve efii- 
cicntly the ordinary quantitative problems of everyday life. 

“To find the cost of draperies, Mary multiplied $2.36 (the 
cost per yard) by 16 (the number of yards needed).” This 
economical way of finding costs illustrates the third objective. 

4. To furnish knowledge of the development of numbers and 
of weights and measures as a basis for better understanding of 
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civilization. Learning how ancient engineers and clerks com- 
puted with an abacus, thereby avoiding the difficulties inherent 
in their clumsy notational system, represents the type of knowl- 
edge referred to in the fourth objective. 

The major contributions of arithmetic are implied in the first 
purpose cited. Unless an individual has learned to use numbers 
to aid his thinking in terms of quantity, his thinking must of 
necessity remain slow and ineffectual in such situations. Con- 
sider again the three levels of thinking given to illustrate the 
first purpose. In the highest level (“During the last five years 
about one-fourth of the eight inches of the original soil has 
washed away”) not only have numbers been used to give precise 
statements of amounts, but the relationships of amounts have 
been discovered and again expressed in exact language. When 
such language deals with quantities, number is an indispensable 
tool. By simplifying or clarifying quantitative concepts, arith- 
metic does its greatest service. If Ihe mind is relieved of cum- 
bersome ways of thinking about concepts, then it is in a position 
to do something with the concepts Thus numbers become an 
instrument of thought The purpose of developing methods 
of exact thinking is so important that no other objective or 
purpose of aritlimetic is necessary to justify the time given to it 
in school. 

Further attention is called to the second purpose because it is 
so frequently neglected in modern arithmetic programs. This 
neglect is primarily due to the fact that the uses with which this 
phase of number deals are taken for granted. It is generally 
assumed that anyone readily sees how number is used to indicate 
order, secure system, and achieve punctuality. To adults these 
uses appear very simple, but to the small child such concepts 
may have little meaning. This second purpose or objective 
should receive, therefore, a great deal of emphasis in the primary 
number program. 
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The third purpose, that of solving the everyday problems of 
life involving quantity, is so universally recognized that it 
requires little discussion. The purchase of goods and services 
and entertainment is engaged in by ahnosL everyone in modern 
society. On rather infrequent occasions the solution of prob- 
lems involving quantity becomes very crucial. A few examples 
are: (1) finding the number of cubic feet of air space in a build- 
ing; (2) determining the total of all monthly payments on a 
house; (3) figuring exactly the changes in dimensions required to 
make a garment threc-fourlhs as large as the pattern calls for. 
Add to the three preceding problem situations the extensive list 
of business enterprises in which the solution of arithmetical 
problems is all-important, and the case for problem-solving 
appears very impressive. For the best interest of arithmetic, 
however, some limitations concerning the importance of prob- 
lem-solving should be noted. In the fii'st place, it should be 
recognized that the arithmetic of ordinai’y daily or weekly pur- 
chasing is learned and performed by those who have never 
attended school. Furthermore, the arithmetic of so-called 
crucial problems is often done free of charge by interested 
agencies, and only a relatively small percentage of the arithmetic 
taught in school is used by any one business enterprise. Prob- 
lem-solving is not, then, as essential to the making of a living 
as it seems when the various quantitative problems of life are 
enumerated. We should recognize that success in life for the 
great majority is not dependent upon their ability to solve 
number problems. 

The preceding statement about the limited use of problem- 
solving in making a living is not intended to promote the idea 
that problem-solving is not important. The aim Is to recognize 
the major values of arithmetic as major values and to recognize 
secondary values as only secondary. Because of unwarranted 
assumptions made by uncritical persons, problem-solving is in 
present practice often given more emphasis than it deserves. 
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Principles Governing the Selection of Learning 
Experiences 

The major task of the arithmetic program, then, is to provide 
learning experiences which will give the child an opportunity to 
attain the four major purposes or objectives listed in the preced- 
ing section. And the first and most important principle govern- 
ing the selection of learning experiences is that children must 
be given the opportunity to learn through experience. Prob- 
ably because of its very simplicity and because other principles 
of teaching seem so complex, this axiom of teaching can be 
neglected easily. Students of the teaching of arithmetic, how- 
ever, should understand that this first principle is directed at the 
problem of securing in any given in-structional activity a promi- 
nent place for the child’s achievement of meaning. 

Consider, for example, the fact that present-day arithmetic is 
rightly concerned with teaching the best methods of carrying 
on such processes as adding, subtracting, multiplying, and divid- 
ing. If the first principle is applied in its fullest sense to that 
teaching, the child must have experiences which wiU enable him 
to see that these methods are the best methods. Likewise, if 
the child is to learn that numbers make for exactness and clarity 
of thought, he must have experiences which demonstrate this 
exactness and clarity. 

As defined in Chapter 1, understanding is the seeing of rela- 
tionships among the various items that constitute our number 
system. It follows, therefore, that the nature of the number 
system will affect markedly the selection of arithmetical content. 
This basing of the selection of part of the content of arithmetic 
on the nature of the number system is the second principle to 
be used in the selection of learning experiences. 

For the sake of brevity, a third principle governing the selec- 
tion of learning experiences may be called the 'principle of famil- 
iarity. This principle states that familiar situations shall be 
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used for the settings in -which are presented the phases of number 
to be taught. Familiar situations are recommended because 
they offer the maximum possibilities for the child to gain under- 
standing. 

A fourth principle recognizes that each number fact has many 
significant relationships with other number facts. For example, 
the sum of 5 + 3 is the same as the last number used when a 
group of 5 objects and a group of 3 objects are counted as a 
single group; the sum is the same as the sum of 4 + 4, 6 + 2, 
3 + 5 ; the sum is one more than the sum of 4 + 3, 5 + 2. For 
efficient learning of these many relationships, a relatively long 
period of instruction proifiding various experiences is essential 
for the teaching of each number fact. 

A fifth principle states that generalizations grow out of expe- 
riences. That is, the child must have the experiences out of 
which he can construct the generalizations. 

■Wliile there are other principles of selecting learning expe- 
riences in arithmetic, the five just listed, plus the statement of 
purposes given previously, furnish a good foundation for the 
study of the foUo-wing discussion of methods of learning. 

Methods of Learning 

The purposes and principles of arithmetical Instruction become 
significant when translated into actual teaching procedures . By 
examining these procedures the student of the teaching of arith- 
metic can see how and to what extent the principles arc applied 
To permit such an examination, outlines of samples of three 
methods of learning used in teaching multiplication are given 
on the pages immediately following. To keep these outlines 
from becoming too lengthy, attention is centered on initial 
instruction in multiplication with special attention given to the 
fact 4X2 = 8. The first and the second samples are very 
similar to the procedures employed in two widely used textbooks. 
The third sample is an illustration of the procedures in the 
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instructional program advocated by tlie author of this book. 
Since a single fact, such as 4 X 2 = 8, is never taught in isola- 
tion, the outlines may appear unnatural; nevertheless, the major 
steps in each teaching program are presented. 


Outline of Sample Program I 

A. Introduction to multiplication situations 

1. Picture of a man making toy two-wheclcd and four- 
wheeled carts. Two are already made. The activity 
pictured is presented in a child setting and these 
questions are asked: 

“How many wheels were used to make one cart?” 

“How many wheels were used to make two carts'* ” 
(The pupil can consult the picture in answering ques- 
tions.) 

2. Two threes, two fours, two fives, four twos, and five 
twos are pictured in a similar manner and questions 
similar to the above are asked. 

B. Developing the meaning of two times a number 

1. Blocks are used in nine pictures, each picture repre- 
senting a different quantity (1 to 9), and each labeled 
to furnish the setting for nine exercises of this type ■ 

“How many blocks were used to make one chair 

“How many blocks were used to make two chairs?” 
(Picture shows only one chair.) 

3 and 3 are 2 threes are 

2. Give the answer to each of these examples 

2 fives are 2 ones arc 2 fours are 

, etc. 

C. Presenting the meaning of multiplication and learning multi- 
plication facts 

1. k situation of this type 

“ Bill carried 4 chairs to the porch Then he carried 

4 more chairs to the porch. Four chairs wore 
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carried 2 times. How many chairs in all were 
carried? ” 

These are two ways to find the answer , 2 fours are 8, 
or 2 times 4 is 8. 

2. 2 threes are 6. 2 times 3 is 

2 sixes are 12. 2 tunes 6 is 

3. Learn these examples and their answers: 

2 times 6 is 12. 2 times 2 is 4, etc. 

4. When you say 2 times 6, you multiply 6 by 2. 

5. Give the answer to each of these: 2 times 4 is 

2 times 2 is , etc. 

D. Using the multiplication sign 

1. What is the sign called that tells you to add? 

What is the sign called that tells you to subtract? 
This sign X tells you to multiply. When it is read 

you say “times.” The example 2 X 4 = 8 is read 

“two times four is 8,” or “two times four equals 8.” 

2. Watch the signs in reading these examples : 

5 + 4 = 9 2X4 = 8 5-3 = 2 

8. Give the answers for these: 

2X5= 2X4= 5-2= etc. 

E. Using multiplication in solving problems 

Multiply to get the answers: 

Problem 1. Bob and Tom fed the squirrel. Each boy 
gave the squirrel 4 pecans. How many pecans did the 
two boys feed to the squirrel? 2X4 = 

F. Demonstrating the equality of product resulting from inter- 
change of multiplier and multiplicand 

(2 X 4 = 8; 4 X 2 = 8) 

1. Pictures showing two fours and four twos furnish the 
setting for such questions as “How many were used 
for one? How many for two?” and “How many for 
one? How many for four?” Hollowing the first 

pair of questions appear, “2 fours are 2 times 

4 is , and following the second pair, 4 twos are 

4 times 2 is ” 
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2. Two fours are the equal of four twos. 

3 times 4 = 8. 4 times 2 = 8. 

3. 2X4 = 8 4X2 = 8 

2X6 = 12 6X2 = 12 etc. 

G. Practice exercises 

1. Read and give the answers; 

4X2= 2X3= etc. 

4 

X 2 

2. 2X4 = 8 and 8 are read the same way. 

3. Read and give the answers: 

4 2 2 

><i ^ Ki etc. 


Outline op Sample Program II 

A. Introduction to multiplication situations 

1. A picture of eight apples placed by twos provides 
the setting for the question, “How many apples 
on the table?” Then follow these suggestions: 
"There are 2 apples in each group, so you add by 2’s: 
2 + 2 + 2 + 2 = _L_; or count by 2’s ■ 2, 4, 7 . 

The answer and multiplication fact used are then 
given. “There are 8 apples. Pour 2’s = 8.” 

2. Another multiplication fact is introduced in a similar 

manner and then four 2’s are pictured again and 
both four 2’s and two 4’s are developed through use 
of the pictures and the incomplete statements. 
Four 2’s = 7 and two 4’s = 7 . 

3. The next procedure presents problems involving multi- 

plication facts for 2’s and 3’s. Each problem is fol- 
lowed by such a statement as “Four 2’s = 7 . and 

for the first problem the pupil is told that the answer 
can be found by adding, by counting by 2’s, or by 
drawing dots. The pupil is dhected to use the draw- 
ing of dots if he cannot add or count by 2’s or 3’s. 
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B. Developing the meaning of multiplication 

1. Pictures of horse teams at a fair were the setting used 
for the following; 

Tom said, “1, 2, S, 4, 5, 6. There are six horses to 
that wagon.” 

“Why didn’t you count by 2’s?” asked Henry. 
“2, 4, 6, that’s easier.” 

“I know a still easier way,” said father. “I say 
three 2’s arc 6. That is multiplying.” 

2. Multiplication as a short way of adding is then dis- 
cussed. As a ten-horse team appeared, father said, 
“IIow many horses?” 

Tom counted 2, 4, 6, 8, 10. Henry added five 
twos. Do five twos equal 10? Then, pointing 
to an eight-horse team, father said, “How many 
horses to this wagon? ” What was the boys’ an- 
swer^ Four 2’s = 

3. Find the answer by adding 2’s: 


Four 2’s = 2 

2 

Six 2’s = 2 

2 

Etc. 8 


4. Make multiplication problems with these mittens. 
(Eight pairs of mittens are pictured.) 

C. Writing and reading multiplication facts 

1 . You can write the multiplication facts three ways. 

(a) Four 2’s = 8 (b) 4 X 2 = 8 (c) 2 

X 4 
8 

You read them all the same way: “Four twos are 
eight” or “Four twos make eight.” 

2. The sign X is the multiplication sign. It tells you to 
multiply just as sign -fi tells you to add. 

3. Make multiplication problems for examples 1 to 6. 
Make them about children walking by twos, (Pic- 
tures shown.) 
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Example 1. There are 2 children to a pair. Four 
pairs will be 8 children because four twos are 
eight. 

(a) 4 X 2 = 

(b) 3X2= etc. 

D. Learning the multiplication facts 

1. Learn these facts for 2’s; 

2 2 2 2 

X 1 X 2 X 3 X 4 
2 4 6 8 etc. 

2. The answers to addition, examples are called sums. 

Answers to subtraction examples arc called 

The answers to multiplication examples are called 
products. You need to know products just as you 
needed to know sums. Study the multiplication 
facts many times. 

E. Using multiplication facts to solve problems 

1. A list of problems using multiplication facts for 2. 

2. Make six multiplication problems using pairs of boots. 

F. Developing the equality of product resulting from interchange 
of multiplier and multiplicand (4 X 2 = 2 X 4) 

1. A picture showing four rows of toy soldiers with two 
soldiers in each row furnishes the setting for ; 

“Bill’s desk has rows of soldiers with 

soldiers in each row. That is soldiers in 

all.” 

4X2= (Four 2’s = ) 

“Bill is looking at his soldiers from the side of the 

desk. He does not see four rows but rows 

with soldiers in each row.” 

2X4 = (Two 4’s = ) 

If you know 4X2=8, you know 2X4 = 8. 

2. This picture is for 2 X 5 and 5X2. 

X X X X X 

Make pictures like this for 4X2, 2X4, 2X3, 
3X2, etc. 
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3, Nearly all multiplication facts go in pairs. If you 
know one fact of a pair you know the other. 

G. Developing multiplication facts by addtng 

1. The equality in such situations as 2 X 4 and 4 + 4 is 
demonstrated. 

2. In these examples find the product by adding : 

Two 4’s, two 8’s, etc. 

U. Learning more multiplication fasts 

Learn these facts . 

12 3 4 

^ ><2 ^ X a 

2 4 6 8 etc. 

/. Exercises for study and practice 

1. A list of situations to be solved without pencil and 
paper. The following is typical. “In each of the 4 
boats on the lake there were 2 people. There were 
people in all the boats.” 

2. ? X 2 = 10, 4 X 2 = ? 2 X ? = 6, etc. 

3. Make practice cards for facts with 2. Place cards for 
facts you do not know perfectly in an envelope. Look 
at them often. Take cards out of the envelope when 
you know the facts. See how quickly you can learn 
all. 

4. Write the answers. 

4 2 

X 2 X6 etc. 


Otjtune of Sample Program III 

A. Introduction to multiplication situations 

1. Answering questions in multiplication problems by 
indirect methods: Write the answers to the questions 
in the six problems in this exercise. If you do not 
know the answer, make a dravnng to show what the 
problem tells with words. Then, count if you need 
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to. 'Wait until the first two problems are read before 
you start. 

Problem 1. On each trip to the stage John carried 
two chairs. How many chairs did he carry in 
four trips? 

2. In the remaining five problems other multiplication 
situations are used. 

B. Diagram and number records to show that the answers to 
problems are correct 

1. With marks or a drawing show that your answers to 
questions in the problems are correct. Be sure your 
drawing shows the same thing that the problem tells 
with words, and that it shows how you thought in 
getting your answer. 

2. Show with numbers what your drawing shows. 

3. The next step is a class evaluation of the drawing 
solutions or diagrams and the number records. The 
chief criteria in the evaluation are, “Does this show 
the same thing as the problem told?” “Does it 
answer the question?” “Can you tell from this 
record how the person thought in getting the answer?” 

Three typical diagrams are shown here 


(a) 

rl^h 

r) In rl ^ h rl ^ in eight chairs in all 

(b) 

h k 

h h 

h In 

h h 

1 2 

3 4 

5 6 

7 8 

(c) 

1 1 

atrip 

1 1 

a trip 

1 1 

a trip 

1 1 

atrip 


Two typical number solutions are a and b below: 
(a) 2 + 2 + 2 + 2 = 8 (6) 2 
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C. Developing statements of multiplicaiion facts from diagram 
and number solutions to problems 

1. Six problems involving additional multiplication facts 
— procedure to be used similar to that used in A and 
B above. 

2. Each of your number records and diagrams for the 
problems you have worked shows a number fact. 
Problem 1 shows that four 2’s are 8. Look at your 
record to see if you show that “four 2’s are 8.” 
Write the number facts you have shown in your 
records for the other problems. 

3. Number facts .such as “four 2’s are 8” are called 
multiplication facts. 

D. Practice exercises 

1. Give the answer to each of these questions (to be 
answered orally): “How many are five 2’s.'’” “How 
many are four 3’s? ” etc. 

2. Write the multiplication fact for each of the oral 
questions above. 

E. Writing and reading midtiplication facts 

1. The sign for multiplication is “X” read “times.” 
“Four 2’s arc 8” can be written 4 X 2 = 8 or 2 

X 4 
8 

A^ou may read this, “Four twos are eight,” “Four 
twos equal eight,” or “Four times two equals eight.” 

2. Practice reading these facts. 

4X2 = 8 2 ,3 

5X3=1.') ><1 X_4 

10 12 etc. 

3. Write these facts, using only figures and signs. Four 
twos arc eight, three threes are nine, etc. 

4. Write all the multiplication facts in your list, using 
only numbers and signs. 

5. Cover the last number in your multiplication facts. 
Then see if you can give the whole fact. 
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F. Finding the best way of answenng multiplication questions 

1. Write the answer to the question in each of these 
problems ; 

Piohlem 1. The teacher gave S sheets of paper to 
each of 4 boys. How many sheets of paper did 
she give to alP (Three other problems are pro- 
vided.) 

2. Show three ways of getting the answer to the ques- 
tions in the four problems above. 

3. In these ways of getting the answer you have used 
diagrams, addition, and multiplication Which is the 
best? 

Because of its brevity the multiplication method 
was selected as the best. 

G. Development of more multiplication facts 

1. Write answers to questions in these problems. Then 
show with numbers what number fact you used. 

2. In answering the questions m the problems one boy 
wrote the number question first for each problem. 
Here are his questions’ 

Problem 1 7 X 3 = ? etc. Did he write the 

correct number question for each problem? 

3. Write the number questions for the problems below. 

H. Seeing how well you can read multiplication facts 

1. Read the facts in each column : First column .2X2 = 4, 
3X2 = 6, 4X2 = 8, etc. Second column : 2 X 3 = 6, 
3X3 = 9, etc. 

2. Begin at the top of column 1 and read the last number 
of each fact. When you do that you are really count- 
ing by 2’s 

3. To solve problems quickly you need to know the facts. 
Cover the last number in each fact and then see if you 
can give the whole fact. 

4. Turn your paper over and write as many of the multi- 
plication facts as you can remember 
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I. Practice exercises 

1. In this oral exercise answer each question as quickly 
as you can: 

“How many are eight twos?” etc. 

2. Write the answer to each of these number questions: 

1. 2X2= 2. 6X3= etc. 

3. Show with marks that your answers to questions 
2, 5, and 9 are correct. 

J. A timed exercise 

1. Write the answer to each of these number questions 
as quickly as you can. When you finish raise your 
hand. (All multiplication facts previously studied 
are included. The teacher keeps time.) 

2. A class discussion in which the main topic is the differ- 
ent ways of answering used by the pupils. Those 
who get answers quickly will usually say they just 
knew, while those who work slowly will teU how 
they used some roundabout way. 

K. How to study midtiflication facts 

1. The timed lesson showed you that knowing the facts 
saves time. Besides, to do your arithmetic well you 
need to know the facts. Do you have a good way to 
study facts? Remembering how you studied addi- 
tion and subtraction facts may help you to find a 
good way to study multiplication facts. Write three 
ways of study that might be used in learning such new 
multiplication facts as 

4 5 

X 8 and X 9 
32 45 

2. A listing and discussion of ways of study 

From class list and that of other classes the following 
list is prepared : 

(a) IVrite as many facts as you can think of. 

(h) Make a fact table putting all 2’s together, 
3’s together, etc. 
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(c) Study the facts by saying them over and over. 

(d) Cover the answer to each number question 
and then try to give the answer. Then, look, 
read, close eyes, and say. 

(e) Study flash cards of multiplication the way 
addition facts were studied.’^ 

(/) Touch the desk as you give answers.^ 

3. How would you use way c in studying 8 X 3 == 24? 
Tell exactly what you would do. 

4. How would you use way e to study 9X4 = 36? 

L. Memorizing the facts 

1. With pencil and paper do study suggestion a. (See 
above.) 

2. With pencil and paper do study suggestion b. 

3. Use study suggestion c with the facts you wrote in 1. 

4. Use study suggestion d with the facts you wrote in 1. 

5. Use study suggestion / with the facts you have 
written for a. 

6. With the cards use study suggestion e, 

M. Reason for and exercises in overlearning 

1. Unless you do something to stop it, you will forget 
some of the facts you have just learned. One way 
to keep from forgetting is to study the facts again 
and again after you already know them. Suppose 
you already know that “six threes are eighteen ” 
Studying “six threes are eighteen” by saying it will 
keep you from forgetting. Study all these facts 
again; 

2 3 2 

X 4 X 6 X 2 
8 18 4 etc. 

N. Using multiplication facts in the solution of problems 

1. You will use some of the things you learned in answer- 
ing the questions in these pioblcms. 

iPor a complete description of the study methods e and/, see Chapter S. 
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(A list of eight problems involving multiplication 
facts.) 

2. Prove your answers to problems 2 and 6. 

An Analysis of the Sample Learning Procedures 
In the three sample procedures outlined in the preceding sec- 
tion some marked likenesses and differences appear. The chief 
likenesses are the use of questions about quantitative situations 
as a means of introducing multiplication, the use of examples 
for practice, the explanation of signs and how to read multipli- 
cation facts. The differences among the three samples are much 
more varied than are the likcnc.sscs. Because some of these 
variations illustrate disagreement on fundamental methods, a 
discussion of important differences is provided. In this consid- 
eration of differences the reader should keep in mind that sample 
procedures I and 11 were taken directly from textbooks and are 
therefore very brief, while Sample III was not subject to the 
Umitations of textbook presentation. 

1. The most important difference among the three samples 
is in the experiences provided for the child in the introduction 
to each new phase of the process of multiplication. In Sample I 
the child becomes acquainted with each new step primarily by 
having it worked out for him or by having the procedure to be 
used prescribed (see Sample I, A, B, C, and E). Lilrewise, in 
Sample 11 the child becomes acquainted with new steps pri- 
marily by having them worked out for him, but there are also 
provided some exercises for the child to do himself (see II, B 3 
and 4, C 3 and F 2). In Sample III the child has an opportunity 
to work out a new thing before it is explained to him (see III A, 
B, and Cf). The first two samples, then, stress demonstration 
and telling in the teaching of facts, whereas the third program 
empha.sizes the use of problem situations to create a need for 
the facts to be taught and to provide a background of expe- 
riences for the demonstration and tolling that is used. 
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2. The emphasis given to things for the learner to do is an- 
other important difference in the sample procedures. Sample 
I provides the least active participation by the learner, section 
C 3 being the first specific suggestion for the learner to do much 
more than to listen to or follow the explanations provided. For 
other suggested things for the learner to do see Sample I, C 5, 
D 2, S, E, and G. Sample 11 directs the child to do many things 
(see A 3, B 3, C S, E, F G 2, H, 1 1, 2, 3, 4) . Sample III, as 
has already been pointed out in 1 above, suggests things for 
the learner to do as the first step in the teaching of multiplica- 
tion Throughout the program there is primary emphasis on 
having the learner do things (see III 5, 1, 25 01, 2;Dl, 2; 
E 2, 3, 4, 5, F 1, 2, 3; f? 1, II 1, 3, 4; I 1, 2, 3; J 1; K 1, 3, 4; 
L, 31, AO. 

3. The initial use of problems in the first two samples differs 
gi'eatly from the use of problems in the third sample. In the 
third sample, problems are used to create a situation in which 
the learner may develop facts, to provide experiences which will 
enable the learner to see a need for facts, and to provide experi- 
ences that will prepare the learner for explanations and demon- 
strations of facts In the first two samples, problems are used 
to provide a setting for the instructor’s development and expla- 
nation of facts. 

4. Different methods are employed in the three samples to 
help pupils see the relation between multiplication and other 
loiown processes. Sample I demonstrates the relation between 
adding and multiplying (see I, B 1) and provides for the use of 
counting through the provision of pictures, but the counting 
method is not suggested directly. The learner is never directed 
to use either adding or counting in the solution of problems and 
examples. Sample II demonstrates the use of adding and 
counting and suggests that the learner use these processes in 
the solution of examples and problems. Sample III not only 
suggests the use of counting and adding, but makes the solution 
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of problems by these processes the foundation experience for the 
development of multiplication facts (sec III, B and C). 

5. Thi'ough a timed exercise. Sample III provides the learner 
with an experience which shows the need for knowing facts. 
Sample II tells the pupil to learn the facts, as he will need to 
Icnow the multiplication facts just as he needed to know those of 
addition. Sample I just tells the pupil to learn the facts. 

6. The three samples differ widely in the methods of study 
suggested in fixing for automatic mastery the multiplication 
facts. In the first sample nothing more than “learn” is given. 
A footnote to teachers suggests that cards can be used after a 
time as a means of oral drill. In the second sample “learn” is 
also given without amplification, but later study of cards (see II, 
1 3) is suggested. In Sample III methods of study are made the 
topic of a lesson and from these and from the children’s sugges- 
tions six ways of study are provided (see III, K 2). 

7. The third sample differs also from the first two samples in 
the use made of proof (see III, B 1 and I 3). 

While there arc other differences, the seven listed above repre- 
sent the important ones. It can be seen that the first two 
samples emphasize demonstration and explanation as a means 
of developing the facts for the learner. The third sample 
emphasizes the provision of experiences through which the 
learner has an opportunity to develop the facts for himself. 
Because of the emphasis on demonstration in the first two 
samples, that type of teaching will be called the demonstration 
method of teaching. Because reliance is placed on experiences 
in the third sample, that type of teaching will be called the 
experience method of teaching. It should be noted that while 
the terms demonstration and experience partially describe each 
method, these names are used primarily for convenience in 
referring to the methods in this discussion. 

The differences between the demonstration method and the 
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experience method of teaching become significant when the 
two methods are evaluated in terms of the principles governing 
the selection of learning experiences discussed earlier in this 
chapter. For such an evaluation the following questions are 
suggested. 

Which method gives the pupil the more experiences for learn- 
ing? As was shown in difference number 2, the experience 
method gives the more opportunities to learn by doing things. 

Which method gives the pupil more opportunities to see sense 
in what he does? Here again the answer is the experience 
method. In the creation of needs for learning by use of prob- 
lems, cumbersome methods of writing, timed tests, and the 
like, the experience method gives better opportunities than the 
demonstration method for the child to see sense in what he docs. 

Which method gives a better opportunity to see the relation 
between what he knows and the new facts? A look at difference 
number 4 will show that the experience method gives the better 
opportunity. 

Which method gives the pupil better experiences as a basis for 
the formulation of generalizations? The experience method, 
with its emphasis on various ways of solving, on proof, and on 
giving the pupil experiences which will create a need for the 
fact or process being taught, provides better background for 
the formulation of generalizations than does the demonstration 
method. 

Before proceeding to further consideration of the experience 
and demonstration methods, it should be recalled that the 
samples which illustrated the demonstration method were taken 
from children’s texts. Such texts, because of the limitations of 
space and because many teachers wish to use their own methods, 
do not provide detailed teaching methods. If, as has just been 
indicated, some teachers do not use the method of the text, the 
superior features of the experience method may be practiced 
even where texts based on other methods are used. 
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The sample procedures were necessarily brief and dealt with 
only one phase of the teaching of arithmetic. Therefore, not 
all the major differences between the two methods of teaching 
were illustrated. In the next section other characteristics of 
the experience and demonstration methods of teaching are 
contrasted. 


Demonstration and Experience Methods Contrasted 

The demon.stration method and the experience method of in- 
struction, as already dlustrated in the teaching of multiplication, 
show that while both methods introduce the teaching of a new 
phase of arithmetic by means of a problem, they differ widely 
in the use made of that problem in the instructional process. 
In the experience method the problem is a means of getting the 
learner to see the relationship between the new phase of arith- 
metic and the arithmetic he has already mastered. This is 
accomplished by permitting the learner to use processes with 
which he is familiar (in the sample, adding and counting) to 
solve the problem and then directing him to work for a better 
method of solution. In case the best method is not discovered 
by the learner, he is shown this best method, but he is then 
directed to prove that it is another way of getting the same 
answer which he got by the solution he already understands. 

In the demonstration method, problems are primarily a 
means of providing a setting for the demonstration of the new 
phase of arithmetic that is being taught. The quantities in- 
volved in the problem are pictured, and, with the aid of these 
pictures, the new process is carefully explained for the learner 
by the textbook or by the teacher. The text or teacher may 
also develop for the learner the relationship between this new 
phase of arithmetic and the arithmetic already studied. 

Careful study of the uses of problems as contrasted in the 
foregoing explanation will show that the experience method 
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makes better provision for individual differences among learners 
than does the demonstration method While the experience 
method permits the learner to start the solution of the problem 
by utilizing what he already Icnows, the demonstration method 
requires all learners to employ the same procedure. 

The experience method, with its emphasis on provision of 
opportunities for the pupil to figure out answers for himself, 
develops independence on the part of the learner. On the other 
hand, the demonstration method by its careful explanation 
makes for dependence of the learner on the textbook or the 
teacher. The experience method, by emphasizing, m the initial 
work on a new phase of instruction, processes already mastered, 
develops in the learner a feeling of confidence. This emphasis 
on processes already mastered, and the development by the 
learner of the relationship between the old process and the new, 
not only make for understanding, but they arc also a means of 
showing the learner that arithmetic is a closely knit system. 

In the demonstration method, imitation of the text or teacher 
is a major factor in learning. In the solution of problems, the 
demonstration method puts much reliance on working by anal- 
ogy, and thus puts a premium on the learner’s ability to follow 
the thinking of others. In the experience method, the use of 
diagrams, processes, and study procedures aheady mastered 
plays a major role in learning. While the learner is offered 
methods of study for imitation, he is not required to use only 
these means and exclude all others. In the solution of problems 
the experience method puts reliance on diagi’ams or pictures 
and the use of known even though cumbersome computational 
procedures, and thus puts a premium on pupil initiative. 

In the demonstration method little attempt is made to acquaint 
the learner with the specific purpose of various exercises. In the 
experience method, a definite attempt is made to show the 
learner the purpose of the various exercises he is directed to do. 
A reason for doing them is provided. For example, the timed 
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test shows that those who know the facts can do work more 
quickly. 

Further discussion of the basic differences between the two 
methods of instruction is not essential to the purposes of this 
book. Sufficient evidence has been presented to show why the 
writer believes the experience method is superior to the demon- 
stration method. 

Before proceeding to other phases of arithmetical instmction, 
the student of the teaching of arithmetic should consider the 
statements of authorities concerning methods of teaching. A 
list of selected references will be found at the end of this chapter. 
Special attention is called to the Sixteenth Yearbook of the 
National Council of Teachers of Mathematics. In the chapter 
on learning in this Yeaihook, McConnelP states* 

Meaningful learning emphasizes discovery and problem- 
solving. In fact, from this point of view, learning is thmking 
Instead of learning “facts” and then using them in thinkmg, 
we can learn “facts” by thinking. This doctrme means that 
learning should be characterized by insight, and it sharply con- 
demns the traditional practice m arithmetic of having children 
memorize certain operations in abstract form, in order to apply 
them in verbal problems afterwards . . . 

Instead of authoritatively identifying correct responses for 
children, courageous teachers are now encouraging active ex- 
ploration and discovery and self-directed learning. 

A thought-provoking statement on methods of teaching math- 
ematics is found in Westaway’s Scientific Method'.^ 

Let us suppose that a teacher, finding his class unable to solve 
a particular mathematical problem he has set them, “works 

^ T. B. McConnell, in Sixteenth Yearhook, National Council of Teachers of 
Mathematics (New York; Bureau of Publications, Teacheis College, Columbia 
University, 1041), p. 284 Other statements concerning the rote of discovery 
and experience in learning arithmetic will be found on pages 71-79, 107-18, and 
268-89 of this Yearbook. 

^ P. W. Westaway, Scientific Method (London. Blackie and Son, Ltd., 1931), 
D 460. 
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out” the problem himself. No doubt the pupils will, as a rule, 
be able to follow without difficulty the different steps of the 
solution and be convinced of its accuracy But what have they 
gained!' They have had no real share in the work. They 
are still ignorant as to the way in which the teacher discovered 
how to solve the problem. To work through, in this way, a 
whole problem for a class is not only unnecessary; it is a teach- 
ing blunder of a serious kind. All that the pupils really require, 
or, at all events, ought to be given, is a clue by which they may 
set to work themselves. The art of teaching mathematics con- 
sists, at bottom, in telling the children just enough, but no more, 
to enable them to initiate a plan for successfully assailing the 
central difficulty of a problem. To tell them more than this is, 
psychologically, altogether wrong. 

Although, when a problem has to be solved, the procedure to 
be followed is that of analysis, it is a fallacy to think that, for 
effecting such an analysis, explicit and final directions can be 
given which would enable a pupil to proceed, with certainty of 
success, to the solution of any proposed problem or to the 
demonstration of any proposed theorem No such instructions 
are possible, though, according to the ordinary textbooks, all 
we have to do is to assume the truth of the theorem or the solu- 
tion of the problem, deduce consequences from this assumption, 
and combine them with results which have already been estab- 
lished. If a consequence can be deduced which coincides with 
some result already established, it may happen that by starting 
from the consequences which we deduced and retracing our 
steps, we can succeed in giving a synthetical demonstration of 
the theorem or solution of the problem. But such a rule is 
altogether too vague for general application, because no exact 
instructions can be formulated by which we are to combine our 
assumptions with results already established. 

The reader will find that some aspects of the method of teach- 
ing outlined in this book arc similar to the heuristic method 
described by Young ' Examination of Young’s discussion of 
methods, especially the synthetic and analytic, should result in 

^ J. W. A Young, T/ie Teachinq of iluthematics in the Elementary and the 
Secondary School (New York' Longmans, Green and Company, 1907), chap IV, 
pp 09-80, see also 'Wcst.away, op oil , chap XLVI. 
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a better understanding of tbe i-elative merits of the two meth- 
ods of teaching presented in this chapter. The method of 
instruction described in this book is, of course, an example of 
the inductive method. In considering its merits, then, the 
reader might profit from a study of inductive and deductive 
methods of teaching.' 

In his w'cli-known books on the teaching of arithmetic, Mor- 
ton^ states: “. . . new steps and processes should be discovered 
by the children from their relationship to steps and processes 
already learned.” Laisant, the French writer, characterizes 
teaching by stating that the goal of school instruction is “. . . 
to interest the pupil, to induce research, to continually give 
him the notion that he is discovering for himself that which is 
taught him.” ’ 

The method of teaching proposed in this book is closely related 
to the problem attitude of learning as outlined by Dewey. 
According to Dewey it is better for pupils to do their school 
work (learning) as seekers, conscious of problems whose solu- 
tion satisfies some need of their own, than it is for pupils to do 
work (learning) in which they do not see any value. In the case 
of arithmetic, this need to be satisfied is first a solution of the 
problem and then a discovery of the best solution. In this 
way, children are given a purpose for learning. As Thorndike 
describes the procedure, “The important requirement is that 
the pupils should be aware of the problem and treat the manipu- 
lation as a solution of it, not as a form of educational ceremonial 
which they learn to satisfy the whims of parents and teachers.” * 

iL. B. Earhart, Types of Teaching (Boston: Houghton Mifflin Company, 
101.5), chap. V, or Paul Klapper, The Teaching of Anlhmciic (New York. D 
Appleton-Century Company, 1 931), chap. XV 

* II L Morton, Teaching Arithmetic in the Elementary School (New Yoik" 
Silver-BurdeLt Company, 1937-38), II, 13, 

’ M Laisant, La MatliSmaliqiie (Paris Carre et Naucl), pp. 188-89. 

* E. L Thorndike, The Psychology of Arithmetic (New York; The Macmillan 
Company, 1922), p. 268, 
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In Dewey’s analysis of the complete act of thought, the first 
step IS the realization of a need or a difficulty to overcome, As 
Horn has repeatedly pointed out, needs or difficulties do not 
arise or grow out of thin air, they arise out of a situation. The 
big task of instruction is the placing of children in situations 
out of which a difficulty will arise The method of teaching 
proposed in this book makes extensive use of problem-setting 
to provide such situations. Obviously, the difficulty confront- 
ing the learner is not merely the solution of the problem; it is 
also the finding of the most easily understood, the most econom- 
ical, eventually the best solution. To amplify and supplement 
these sketchy statements from the writing of authorities, the 
reader should consult the references cited. 


Expeeibnce Method, Discoveey Method, oe Inductive 

Method 

In the discussion of statements of authorities concerning 
method, it should be noted that no direct reference was made 
to either the experience method or the demonstration method. 
Special attention is called to this omission because the use of a 
name, such as experience, to identify a method of instruction is 
subject to important limitations. The reader will recall that, 
when the terms experience and demonstration were first used, the 
statement was made that these terms were being introduced 
primarily for convenience. The name demonstration method was 
assigned to the most common methods of instruction now in 
use in textbooks, and that of experience method was assigned to 
the mode of instruction advocated by the author of this book. 
In general discussions where reference is frequently made to 
two differing methods, epithets such as experience and demon- 
stration are quite helpful. Continued use of the terms is, how- 
ever, a questionable procedure. Since each partially describes 
only one aspect of the method it is used to identify, the uncritical 
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reader is likely to assign that one characteristic exclusively to 
the methofl bearing the name. For example, he might infer 
that demon-stration is completely excluded from the experience 
metliod. “All or nothing” statements of that type are detri- 
mental to teaching. The experience method, as described in 
preceding sections, does inA’olve some demonstration, and cer- 
tainly the demonstration method as described involves experi- 
ences. The term experience method should, then, be used with 
care, if at all. 

The inadequacy of a single term like expeiience method can be 
seen more ea.sily if the aptness of other names for the same 
method of instruction is considered, d’ho mode of instruction 
advocated in this book certainly gives to discovery a significant 
role. It might, therefore, be called the discovery method — a term 
which in fact is most commonly used by those who follow this 
method of teaching. The method does not, however, depend 
on discovery as the only means by which a child is to learn a 
new process. The teaching procedure advocated in this book 
is inductive in its approach and might therefore be called the 
inductive method. The fact that three names can be properly 
assigned to one method of teaching is sufiicient evidence to make 
us suspect that methods of teaching are too broad to permit 
the use of a single term to describe any of them. 

Fortunately, we need concern ourselves no further with one- 
word identification of different methods. As far as methods 
are concerned, only one is advocated here. The need for refer- 
ence to another metliod in this chapter is self-evident. Here- 
after, however, when the term method is used in this volume, it 
Avili refer to the method of leaching advocated by the author. 

The Use of Proof in Instruction 

The princijiles presented in preceding sections were sufficient 
to permit an evaluation of the teaching procedures described. 
HoAA’ever, the procedures described do not represent the entire 
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field of aritlimetical instruction. The remaining sections of 
this chapter present further principles and characteristics of 
method. 

In the description of recommended teaching procedures (page 
85), one step required the children to prove or demonstrate 
their understanding of a fact. This proof usually consists of 
the actual regrouping of objects or marks to show the fact. For 
example, the fact that 6 X 4 = 24 is shown by taking six 
groups of four objects each and rearranging them into two groups 
of ten each and one of four. Pictures and diagrams and the use 
of measurement are also frequently used as a part of such proof. 
From these examples it can be seen that proof is dependent upon 
the senses of perception. Obviously, this meaning of the word 
proof is not the same as that used in higher mathematics where 
the truth of a statement is established by relating one idea to 
another. The term proof as used here has the general meaning 
of furnishing evidence, data that are understood by the persons 
concerned, which will aid in reaching a decision about a doubt- 
ful issue.*^ Children understand the use of the terms prove and 
proof as they are used in arithmetic, therefore those terms, 
rather than the terms demonstrate and demonstration, will be 
used in this discussion. Since the type of proof suggested is 
dependent upon the senses of perception, most proofs should be 
made with relatively small numbers. 

Requiring proof will force the child to use the longer, more 
concrete procedures, which, in beginning arithmetic, are very 
important to understanding. Later in this book, where actual 
teaching procedures are described, frequent use will be made 
of proof as a means of checking the child’s understanding. (See 
lesson 2, Chapter 14.) 

Requiring proof is also a good method for getting the child to 
see his own errors. Consider, for example, the case of the child 

ij. W. A Young, The Teaching of Mathematics m the Elementary and the 
Secondly School, pp. 109-10, 125-27, 229. 
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who says that the sum of 7 and 5 is 11. If this child is told to 
take one group of 7 objects, put with it another group of 5 ob- 
jects, and find the total, it will not be necessary for the teacher 
to tell him that his statement was wrong. The discovery of 
errors in this way makes a good learning situation.^ 

Many textbooks suggest checking of various kinds as a means 
of proving. For example, the correctness of an addition of two 
numbers is checked by subtracting one of the numbers from the 
sum. The resulting remainder should be the other addend. In 
a similar manner addition is u.sed as a check of subtraction, 
division as a check of multiplication, and multiplication as 
a check of division. Another means of checking addition is 
to add in the opposite direction; in multiplication the inter- 
change of multiplier and multiplicand is sometimes used as a 
check. But such forms of checking do not provide a proof that 
is easily understood by children. In fact, proof of this type is 
usually more difficult for them to understand than the original 
solution. Checking, then, does not provide good evidence of 
understanding, which is the major purpose of proof. 

The Use op Oral Akithmetic 

According to the purposes listed earlier in this chapter, the 
contribution of arithmetic to thinking is arithmetic’s major 
value in education. Much of this thinking is not the type that 
is done with pencil and paper in hand. It is primarily the kind 
that is done when numbers are read or heard with understand- 
ing, when the approximate ratio between quantities is secured, 
when quick judgments involving quantity are made. This 
brand of thinking must function without the aid of a written 
record of thought. Fortunately, most of the computations of 
everyday life involve calculations that do not require the use 
of pencil and paper. In order to be as nearly lifelike as possible, 

1 Examples of children’s proof are found on pages 156, 174, 176, and 186-97. 
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therefore, the learning exercises in school arithmetic should 
make extensive use of oral or unwritten calculations. 

In addition to being more nearly in line with practices out- 
side the school, the use of oral arithmetic helps to overcome 
one of the most serious criticisms of arithmetic instruction — 
the charge that the school program hurries children into the 
use of numerals. This hurrying has led to mere verbalistic 
learning of symbols. For example, children just beginning the 
study of arithmetic have been known to read 4 + 3 as seven, 
just as they read the symbols mother as the word mother. In 
such instances children do not recognize that the numeral 4 
stands for four objects, or that the statement means a group of 
four and a group of three are made into a single group containing 
seven. Number symbols used verbalistically in the beginning 
of the study of arithmetic are a block to understanding; oral 
arithmetic helps to guard against the development of such 
meaningless learning. 

Unwritten arithmetic has an additional advantage of empha- 
sizing the use of number relationships and other important 
aspects of the number system. Unless unseen numbers are 
very small, our thinlung about them deals with approximations 
of values and with estimates of results. Of necessity, in making 
mental computations we compare less familiar numbers, such as 
49, 97, 504, and 986, with numbers which are well-known bench- 
marks, such as 50, 100, 500, and 1000, in our number system, 
and we make our calculations with the round numbers because 
they are simpler to handle than others. Suppose, for example, 
that we need to know the sum of two quantities represented by 
47 and 46. One of the first generalizations we would make is 
that the sum of these two is a little less than 100, since each of 
the numbers is a little less than half of 100, or 50. If we wished 
to know the exact sum, we should probably compute it most 
readily by adding the tens of one number to the tens and ones 
of the other, and then adding to that sum the ones of the first 
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number, or \vc might rearrange the numbers by taking enough 
ones from one of the numbers to make an even number of tens 
in the oilier, and then add the two new inunbers thus obtained. 
In using the latlcr method of finding the exact sum, we should 
be applying the principle of the carrying process in addition. 
In many situations, exact answers are not needed. In all such 
ca.sc.s, it is with the more significant parts of numbers — the 
tons, the hundreds, the thousands — • that we arc concerned. 

Learning exercises, then, must be provided to give the child 
an o[)portimity to ii.se immber.s orally. Situations that illustrate 
the value of approximation must also be used. Although oral 
arithmetic is probably most important at the primary-grade 
levels, it is important enough to be made part of the learning 
exercises in all grades of the elementary school. 

Another important function served by oral arithmetic is its 
use in keeping a class a unit, in the preservation of class spirit. 
For example, consider the situation in a classroom thirty min- 
utes after a general assignment has been made. Because of 
the different rates of speed at which children work, the members 
of the class will have arrived at many different places in the 
assignment. Suppose that, at the end of the thirty minutes, 
the teacher uses an oral exercise. All pupils become again one 
class giving attention to the same thing. When used in this 
way, oral aritlimetic is a unifying experience. Oral arithmetic 
provides an easy means of getting the attention of pupils. It 
requires no pages to be located, no words to read, and there is 
no need for the teacher to take his eyes from the class. The 
oral arithmetic period also provides a rapid means of reviewing 
and practicing important arithmetical facts and processes. 

To be successful in oral arithmetic, pupils have to give strict 
attention and learn to select the crucial points. Learning to 
give attention and to select the important points are valuable 
traits which arithmetic instruction can afford to cultivate. 

As will be shown in later chapters, oral or unwritten arith- 
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metic may also be valuable in the introduction of new processes 
and in problem-solving. It gives tbe teacher an opportunity to 
emphasize important aspects of number not ordinarily included 
in a textbook. Por example, the use of a standard for reference 
(see pages 244 ff.) and of simple ratio (as in comparison of two 
cities having populations of 151,085 and 98,324 people respec- 
tively) can probably be emphasized adequately through oral 
arithmetic. Oral work also make.s it easy for the teacher to 
incorporate some recreational and historical arithmetic into the 
program. 


Use of Pencil and Paper 

Pencil and paper or chalk and blackboard are generally 
assumed to be indispensable to the teaching of arithmetic. 
While these materials are a distinct aid to an instructional pro- 
gram and will be recommended continually, some disadvantages 
may result from their use. In the section on oral arithmetic it 
was pointed out that early use of numerals in written form, such 
as 4 d- 3, often leads to a verbalistic learning, brought about 
by requiring children to work with written numerals in learning 
number facts before they have had enough experience with the 
concrete (actual objects) andsemi-concrete (marks or dots) repre- 
sentation of the quantities for which the numerals are symbols. 
Furthermore, the extensive use of pencil and paper tends to 
overemphasize the exact kind of arithmetic which demands the 
correct answer to a problem. Because most of our common uses 
of number occur in situations where exact computations are not 
needed, such emphasis is not justified For example, we don’t 
have to do an exact calculation in order to decide whether the 
thirty-five miles between us and the next town is too great a 
distance to cover before lunch, nor do we need to set down the 
exact figures and perform a long-division problem in order to 
see that the attendance of 34,381 customers at the Bear-Packer 
game is about three times the number, 12,109, that attended the 
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Ram-Cardinal game. In making such judgments, we substitute 
“round” numbers for exact numbers to simplify the job of 
computing. We approximate the given values and get along 
without writing down any figures. 

Probably pencil-and-paper methods are overemphasized 
because the work done with pencil and paper can be checked 
later. Written records are used very much for purposes of 
evaluation This procedure has led to practices which arc not 
always directed toward the best interests of the learner. While 
there i.s nothing ivroiig with evaluation in arithmetic,^ far too 
much of the time in many classroom.s is taken for securing data 
that can only be used to answ'cr such questions as “Are these 
pupils able to do these exercises? ’ More time needs 1o be left 
for the actual instruction. 

With these limitations or abuses in mind, consider the merits 
attached to the use of pencil and paper in arithmetic — merits 
that far outweigh the limitations and that should therefore 
receive special attention. The first real use of pencil and paper 
in arithmetic is the keeping of records, such as the date on which 
work is done or the number of an exercise. A little later paper 
and pencil are used as a method of recording thought. For 
example, in an exercise a child was asked to show five. He 
showed the five digits of one hand and recorded them by making 
five marks. Another child showed two fingers on one hand 
and three fingers on the other. His “five” was similarly 
recorded by five marks. A child’s method of adding eight and 
four is another example. He thinks: “Take two from the four 
and put it with the eight to make ten. Then I have one ten 
and two, or twelve.” The thought was recorded thus; 

IIIIIIIIII II . 

ten two 


‘ See Chapter 12, “Testing m Arithmetic.” 
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The concept of pencil-and-paper procedures in the primary 
grades as chiefly a means of recording thought (Thiele i) will 
prevent much of the meaningless number manipulation for 
which arithmetic is so disliked. The graphic record of steps 
in the thought process is a distinct advantage in seeing what 
the child has done, and often it makes clear both to the teacher 
and to other children something that had not previously been 
understood. Pencil and paper, properly used, become aids to 
understanding. 

In the solution of problems that require the handling of 
numbers of more than one digit, pencil and paper serve a real 
need. By preserving a record of thought, they relieve the mind 
of burdensome remembering. To illustrate this need, try to 
divide mentally 5329 by 28. As arithmetical work becomes 
more detailed, the need increases for some means of recording 
the results of steps already completed. 

Then, too, the paper record provides a means of cheeking. 
The use of pencil and paper in testing or evaluating aheady has 
been mentioned. This is a legitimate and economical way of 
securing data and should most certainly be considered an integral 
part of the instructional procedure. 

Paper and blackboard are also of value in demonstrating to 
others the truth of a supposed fact or the correctness of a pro- 
posed solution. It should be recalled that one of the major 
points in the teaching method illustrated In the third sample 
(pages 34 S.) was the recording and evaluation of different ways 
of solving. The discussion would be materially handicapped if 
no board or paper were available for demonstration of methods. 

The writing of facts and processes is a well-recognized learning 
procedure. Just as a child learns or becomes more certain of 
the spelling of a word by writing it, so docs his recording of an 

^ C. L. Thiele, in Sixteenth Yearbook, National Council of Teachers of Mathe- 
matics, pp. 40-50, 66. 
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arithmetic fact aid him in learning it. There is no clear explana- 
tion of how the act of writing aids learning, but no doubt the 
explanation of its value is that it focuses the pupil’s full attention 
on a fact. In any case, everyone agrees that seeing number facts 
reinforces learning that is done through hearing and saying them; 
and writing facts is still another way of making learning easier, 
more vivid, and more permanent. 

From the uses listed, it can be seen that pencil and paper and 
blackboard have an important place in the instructional pro- 
gram. The major point for teachers to keep in mind i.s that the 
primary purpose of written work is to record thought, A 
written record, by relieving the child of the need to remember a 
particular fact or series of facts, enables him to give attention 
to other items. If this use or reason for written work is made 
clear to children, they can see in it a real need for “figuring.” 
It should be remembered that one of the purposes of the meaning 
theory of instruction is to provide an arithmetic program “m 
which the child sees sense in what he does.” Writing figures 
and drawing diagrams to make records of thought seem to be 
sensible procedures, Consequently, to make pupils conscious 
of this major purpose of written work should be one of the goals 
of instruction. Here, as in other phases of arithmetical instruc- 
tion, teachers must understand the reason for doing a thing, 
and must be convinced that the reason is significant enough to 
affect teaching procedures. Otherwise classroom methods will 
not be improved. 

Generalizations m-' Learning 

It is now almo.st universally recognized in psychological theory 
that generalizations or rules should appear late in the instruc- 
tional process; that they should be the summary or culmination 
rather than the first step in learning new things; and that they 
should usually be expressed by the learner in order that he may 
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sliow his understanding of them. In the textbooks of seventy- 
five or one hundred years ago, rules or generalizations were the 
first aspects of a procedure presented. Textbooks of today first 
provide experiences and then give the rule. Examination of 
recent third- and fourth-grade arithmetics will reveal that au- 
thors do not leave to pupils the important learning experience 
of formulating the rule or generalization. This last statement 
is not intended as a criticism of textbook writers, for in the 
usual classroom conditions they hardly dare leave to the teachers 
the task of directing the development of rules. 

The role assigned to the children in the formulation of state- 
ments of facts and procedures has already been discussed as 
part of desirable teaching methods. The learning proccdiues 
employed should make the formulation of generalizations second 
in importance only to the ability to apply generalizations. The 
best indication that can be obtained of a child’s understanding 
of a generalization is his statement of the generalization in his 
own words. 

Those who contend that it is the purpose of instruction to 
furnish the shortest and most precise statement of facts and 
procedures should remember that explanatory experiences and 
learning exercises are provided for the express purpose of leading 
children to an understanding of the generalization. The learn- 
ing procedures advocated in this book are based on the principle 
that the “need for a rule should arise from experience, and the 
rule should be formulated as a result of experiment and observa- 
tion. As the scholar gets older he will give more and more 
attention to the processes of reasoning in making the formu- 
lations.” ^ The operation of this principle is so much a part 
of the teaching methods set forth in this book that further 
exposition here would be only a matter of duplication. 

' The Demonstration School Record No. 11 (Manchester, England: Ilniverslty 
of Manchester, 1913), p. 217. 
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Natural Development op Number Abilities 

Perhaps because number is so universally used, a great many 
people believe that much number knowledge develops naturally 
without the aid of instruction. The natm’al development of 
the ability to distinguish between two objects on the basis of 
size alone and the ability to recognize three objects as greater 
than two (without counting) gives some grounds for credence to 
the idea of the natural development of number knowledge. 
Further sujiport is adduced from the fact that the fundamental 
number concepts develop early, and therefore adults remember 
little of how they obtained these concepts. The truth of the 
matter is that practically all the basic concepts are learned 
through special instruction and do not just accompany growth.' 

Instruction in arithmetic is materially alfectcd by the assump- 
tions that we make, consciously or unconsciously, concerning 
the amount of luiowlodgc of the subject that the pupil develops 
without instruction. Obviously, we do not need to teach that 
part of the subject which he acquires adequately without teach- 
ing. The progress of the pupil’s learning is hampered, however, 
if we make a false assumption regarding the natural develop- 
ment of some phase of number Icnowledge. For example, if 
we assume that the meaning and significance of the base of 
our number system develop automatically as a part of the pupil’s 
growth, and fail to teach thoroughly that important part of 
arithmetic work, we make a serious error. An examination of 
textbooks in arithmetic might weU result in the conclusion that 
a child’s knowledge of the meaning and significance of the base 
10 of our number system develops automatically as the child 
matures. The ignorance of the majority of adults concerning 
this characteristic of onr number system is evidence enough that 
such ail assumption is wrong and that we should teach most 

1 Tobias Dantzig, Nttmher. the Language of Science (New York: The Mac- 
millan Company, 1930), p. S, 
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carefully the number abilities which pupils do not acquire with- 
out well-planned instruction. Only a few unportant abilities 
develop normally without teaching. Those are identified and 
briefly discussed in the following paragraphs. 

The ability to make one entity, group, or collection from re- 
lated but different entities is perhaps the outstanding ability 
with which nature has provided us. To demonstrate this ability 
to yourself, give attention to the five fingers of your right hand. 
Each finger differs from the others. You can think of these 
fingers, not only as individuals, but also as a collection of five 
which has definite meaning as a collection YTien thought of 
as a collection, the individual fingers lose their identities in the 
mind of the thinker. Without this ability to think of a group 
of objects as one collection, man could not have invented a 
number system with a collection (10) as a base, nor could he 
have developed the idea of cardinal number. 

Another number ability which develops naturally is exhibited 
in the use of the process known as one-to-one correspondence. 
This is really the process of matching. Through it one can tell, 
for example, whether or not all children of a class are present 
by merely noting whether there are any vacant seats. In one- 
to-one correspondence other objects are substituted for or 
matched with the objects of the quantity mider consideration. 
This idea or ability to substitute one object for another is very 
important to the eflicient use of numbers. In fact, it is the 
foundation of all notational schemes. Counting is an advanced 
form of one-to-one correspondence; for in counting, a number 
name is substituted for each object in the quantity being counted 
The ability to match is important in many phases of number.' 

The ability to determine at a glance, without counting, the 
exact number of objects in a small imarranged gi'oup of objects, 
such as two, three, four, or five, is a third of the important 
number abilities that develop naturally. As various studies 

' Tobias Dantzig, op. oii ,p 7 
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have showrij children have little trouble learning to recognize 
instantly a group of two or of three, but they begin to experience 
some difficulty with four, and have much difficulty with five 
and sixd Only a few persons can give correctly and instantly 
the number of objects in a group that has more than six, unless 
the objects arc arranged in a familiar pattern. 

To test your ability to name a quantity without counting, try 
to tell instantly the number of dots in each of these circles. 



Did you have to count the number in all but the circle at the 
left? Or compute the number by a process of regrouping^ The 
ability to recognize the number of objects in a small group, with- 
out counting, is important in building the basic ideas of the fun- 
damental processes and in getting the most usable concepts of 
the numbers below ten. Theoretically, each number which is 
less than the base (10) of our number system should be thought 
of as so many ones. Unfortunately the base of oiu’ number 
system is so large that it is impossible for us to see each number 
below 10 as a single group of ones. We are compelled to resort 
to some sort of grouping into smaller numbers. For example, 
learning to recognize at a glance that there are seven objects in 
a group by seeing it as a combination of four and three is much 
easier than by trying to see it as a single group of seven. 

There are other minor number abilities which develop natu- 
rally, but those just given represent the major portion of the 
child’s endowment from nature. Our number system is man- 
made; therefore, its outstanding characteristics must be learned 
through planned instruction. The base 10 was determined by 

1 Ned M. Russell, “Arithmetical Concepts of Children,” Journal of Educa- 
tional Research, 39: 6i7-D3 (May, 1330) 
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the number of digits on a man’s hands, not because 10 is in any 
way a superior number. Even though the base of his number 
system was determined by a physical characteristic of his body, 
man used that decimal system for hundreds and perhaps thou- 
sands of years before be invented our present convenient system 
of notation. After he had this system of notation, he spent 
several hundred years more in devising our present methods of 
calculating. To expect children to take the present product, 
to learn it without instruction, and to use it with understanding, 
is expecting loo much. The salient features of our number 
system must be taught. Before teachers can present these 
features adequately, they themselves must learn them. In the 
chapters that follow, a brief treatment of various features of 
number and how to teach them is presented. Careful study of 
this brief treatment, supplemented by further reading in the 
references listed, will give teachers the understanding that they 
need for the job. 


STUDY QUESTIONS 

Directions. From the several responses suggested, choose the one which 
you consider the most acceptable answer to the question. An "N” 
means that none of the given choices is acceptable to you. Check 
your answers by referring to the text. The same procedure is to be 
followed with the Study Questions given at the end of each succeeding 
chapter. 

1. Present-day arithmetical instruction gives major em- 
phasis to which of these four objectives of arithmetic? (f ) Role 
of numbers in thinking. {2) Role of numbers in ordering and 
systematizing work. (3) Numbers in computation. (4.) His- 
tory of number. 

2. Why is the expression “two fours are eight” rather than 
“four times two equals eight” favored in beginning instruction? 
(I) Because we no longer use the table form. (2) Because 
pupils are not familiar with the word “equals.” (S) Because 
“two fours” is the most meaningful expression. (4) N. 
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8. Which, method of instruction, inductive or deductive, is 
used most in modern arithmetic textbooks? (1) Inductive, 
(^) Deductive. 

4. For what purpose are problems used in children’s text- 
books in the introduction to a new process? (1) To make the 
work appear significant to the child. (S) To demonstrate to 
the child that he will have need for the process (3) To show the 
child how difficult the new procedure is. To furnish a 
setting for the explanation of the new proeedu i-e. 

5. In the six years of elementary school what subject re- 
ceives more of the cliild’s time than arithmetic? (i) Reading. 
(S) Spelling. (3) Geography. (4) N. 

6. Numbers are said to play a significant role in thinking. 
Does that use of numbers necessarily imply calculation (use of 
such processes as addition)? (i) Yes. {£) No. 

7. A child in proving that 9 -f- 4 = 13 drew four marks and 
said 10, 11, 12, and 13. Did he prove that 9 + 4 = 13? 
(1) Yes. (S) No. 

8. Which of these arguments for including oral arithmetic 
m the elementary-school instructional program is probably the 
most important? (7) Oral arithmetic requires little in the way 
of instructional equipment (books, paper and pencil, and black- 
board). (2) Oral arithmetic leads to an emphasis on the 
rounding of numbers. (3) Oral arithmetic is true to life. 
(4) Oral arithmetic makes for the best introduction to new facts 
and processes. 

9. What major advantage does use of pencil and paper in 
calculation have over oral or unwritten calculation? (I) It 
is faster. (S) It is usually understood better by those who use 
it. (3) It lends to decrease verbalistic learning. (4) N. 

10. If children use only a textbook, how are they to know 
that tlie methods they are taught are the best? (l) By accept- 
ing the author’s word for it. (2) From careful study of all the 
methods suggested in the textbook. (3) From actual trial or 
test following the suggestions of the textbook. (4) N. 
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11. In the learning procedure suggested by textbooks do 
rules grow out of or develop from the experiences suggested? 
(1) Yes. (S) No. 

12. Why is it misleading to apply a term such as demonstra- 
tion to a method of teaching? {!) Because there is actually 
very little demonstration in any method. { 2 ) Because the 
method probably has only a little more demonstration than 
some other methods. { 8 ) Because by inference demonstration 
is not used in other methods. (^) N. 

13. On what grounds is extensive use of exact computation in 
arithmetic criticized by some teachers? (I) It requires too 
much time to do that kind of computing. { 2 ) It causes pupils 
to conclude that the arithmetic of school and use of numbers in 
life are different things. (5) It leads to the false conclusion 
that there is value in exactness. (4) N. 
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Status op Counting 

Althougli counting is the base upon which all later work in arith- 
metic rests, too little emphasis is placed upon that process in 
arithmetical instruction. One reason for this neglect is that 
many teachers have been denied opportunity to become aware 
of the importance of counting and of the reasons why it is impor- 
tant. The professional books those teachers have read and 
the professional courses they have taken on the teaching of 
arithmetic have failed to deal adequately with counting. Most 
of the counting exercises they have seen treat only such taken- 
for-granted aspects of the process as counting to find how many, 
thereby fostering the general notion that all there is to the learn- 
ing of counting is to count. There is little wonder that these 
teachers have turned their attention to the teaching of other 
phases of arithmetic. 

The process of counting is so fundamental and important to 
the child’s understanding of and progress in arithmetic that it 
warrants much more careful consideration than is usually given 
to it. Therefore, this chapter is concerned with a discussion of 
the nature of counting, the importance of the process, reasons 
for its neglect in most schools, and suggestions for teaching of 
the process. 
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Rational Counting and Rote Counting 

The term counting usually means one or the other of two 
things. To most people it means the ability to apply the number 
names to the individual objects in a group in order to find the 
total number of them. Some writers refer to this as rational 
counting or enumerating. To a few people counting means 
merely the ability to recite the number names in accepted order. 
Profcs.sional writers have referred to this reciting as rote count- 
ing. finless the term rote or rational is prefixed, counting as 
u.sed in this book refers to the use of number names in correct 
order to find “how many or which one.’’ 

In a recently published text it is recommended that enumera- 
tion be taught before rote counting. Brief consideration of 
the two kinds of counting, however, leads to the conclusion that 
rote counting must precede or at least accompany the learning 
of rational coimting or enumeration Purther consideration of 
the rote-rational eounting issue will result in doubt as to whether 
rational coimting can be taught at all before children learn to 
count by rote. 

Consider, for example, the commonly advocated procedure of 
having children learn to count by enumerating objects such as 
blocks. In the early stages of the process, the child is taught 
to begin by picking up a block from a group and setting it aside 
as he .says “one”; then picking up another block, setting it 
aside, and saying “two.” Thus he goes on, transferring the 
group of blocks one by one as he says the numbers in order. At 
the very first, he certainly has no idea of finding out how many 
blocks there are in the group. He may have only a vague idea 
of assigning number names to the blocks He may be doing 
nothing more than handling a different block as he repeats, in 
order, the number names which he has learned to say ’oy rote. 
A little later in his practice, he may be able to go through a group 
of objects accurately, merely by pointing to the objects one by 
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one as he repeats the number names in order. In this latter 
stage he still is not enumerating, but merely assigning a number 
name to each object. The truth of this last statement is often 
strikingly demonstrated to those who have had the experience 
of watching a three-year-old learning to count his fingers. 
A-lmost invariably the child will ask something like “Could this 
be four?” when pointing to only one finger. Such a question 
shows that it is a name, a means of identification, that the child 
wants. He is not concerned with finding how many fingers he 
has. 

Thus the designation of objects by name, not the determina- 
tion of the quantity of them, appears to be the goal and the 
result of the child’s fii'st attempt to use number names. To 
apply number names in a fixed order to a group of objects which 
are arranged in no particular order, the child must have com- 
mand of the proper order of the names. Therefore, before the 
child reaches the stage of development in which he really enu- 
merates, he makes much progress in learning to count when he 
learns the number names by rote through imitating what he 
hears his elders say. School officers and teachers should wel- 
come the efforts of parents to teach their children to say the 
number names in the accepted order. They should remember 
that, in learning to count, three essential steps seem clearly 
defined ' first, learning the number names in order; second, apply- 
ing these names as identifying words for objects; and third, 
using the names in determining total quantity.^ 


Ordinal and Cardinal Numbers 

The use of number names to arrange objects in order or to 
identify their places in a scries is known as orchnal counting. 
The use of number names in serial order to find the total number 

' Margaret Drummond, The Psychology and Teaching of Number (Yonkers- 
on-Hudson: World Book Company, 1922), 
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is known as cardinal counting. The true meaning and the place 
of these two forms of counting in learning and in teaching num- 
bers, like so many other phases of arithmetic, are not always 
clearly understood by teachers and writers of texts. For ex- 
ample, one author' states that although both ideas of number 
should be taught, “the primary number meaning is the cardinal; 
it should be taught first.” This same author illustrates ordinal 
and cardinal in the following manner: 


O O O O (Ordinal) 
12 3 4 

O O O (Cardinal) 
O OO OO OO 

12 3 4 


Teaching the cardinal aspect of number first is not in harmony 
with the three essential steps children follow in learning to count. 
The first of these steps is to learn the order of the number names; 
the second is to apply these names as identifying words in 
arranging objects in numerical order; and the third is to use 
the names in determining quantity. The third step is, of course, 
the cardinal idea while the second step is the ordinal idea. 
Indeed, it would be difficult for most children to get the cardinal 


idea of four for the quantity 


OO 

OO 


if the ordinal idea of number 


were not already developed. The child must know that four 
comes after three, or else he must know quantities without benefit 
of counting. While it is possible for a child to recognize groups 
of two, three, or four without use of ordinal numbers, the task 
of recognizing seven, eight, or nine would be almost impossible. 

Practically all texts in arithmetic refer to ordinals only as first, 
second, third, fourth, and so on. Dictionaries also refer to 
ordinals only in that way. In ancient times people had separate 


‘ R. L Morton, Teaching Arithmetic in the Elementary School (New York 
Silvet-Burdett Company, 1937 -38), I, 61 
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ordinal and cardinal names. We retain that difference today- 
in our one, two, three, and first, second, third, but by far the 
greater part of our ordinal and cardinal number names are 
identical. To assume that ordinals are confined to the terms 
first, second, third, fourth, and so on, is an admission of mis- 
understanding of the ordinal uses of number. To demonstrate 
to yourself that cardinal numbers arc used in the ordinal sense, 
consider the meaning of an index reference like “Brick, p. 246.” 
In this case the 246 is an ordinal number. It tells the person 
■who desires information on bricks that something about bricks 
is given on page 246. For that particular purpose, the position 
of the page in the book, not the total number of pages up to that 
point, is the important thing that the 246 tells. Likewise, in 
the ordinal sense we employ cardinal number symbols and 
names for such common uses as designating houses, telling time 
and expressing dates- 123 Pine Street, eight o’clock; June 19, 
1947. We also utilize the cardinal number symbols and names 
in hundreds of other Instances where we wish through numbers 
to show order, to identify, or to locate. Even in enumerating, 
the ordinal scheme is used to find the cardinal — the how-many- 
in-all. To prove this, count a given number of objects, say 
eleven. When you come to the ninth, which you -will call nine, 
stop. Is this one object, which you have just pointed to or 
designated in some other way, nine objects? Of course not, 
but it is the ninth one, and therefore, nine objects in all have 
been identified. The last ordinal applied in identifymg or 
enumerating a group is, therefore, the cardinal of that group. 
(See lesson 3, Chapter 4.) 

Teachers should recognize clearly the distinction between 
ordinal and cardinal as indicated in the above discussion, and 
children should be made aware of the two uses of number even 
if the names ordinal and cardinal are not used. For example, 
even first-grade children can and should learn the meaning of 
page numbers. (See lesson 2, Chapter 4.) 
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This discussion of the terms ordinal and cardinal is really not 
complete without considering the origin of these two aspects of 
number. In ancient times man employed separate ordinal and 
cardinal names. Although no records of the beginning of count- 
ing are available, it seems fairly certain that the ordinal idea 
or plan was responsible for the beginning of counting. A reason- 
able theory holds that it was man’s desire to identify, to order, 
to systematize, which led to counting. Primitive man had many 
uses for a method of placing things in definite order. A hunting 
party stalking game would find it advantageous to have the best 
hunters in strategic positions. Probably the one who was most 
skillful in throwing the spear would be first, the one most expe- 
rienced in close fighting next, and so on. Similar requirements 
for definite order in placing men were even more important in 
time of war. Then, too, various religious ceremonies called for 
a definite order of approaching the altar, the god, or the temple. 
Probably the medicine men went first, then the chief, followed 
by the warriors arranged in some definite order. Early man’s 
need for a universal system of identifying places is well shown 
by the following example of a primitive account: “On the fourth 
day of the journey we reached the mouth of the third of the 
rivers. There we waited for our scouts ” Thus, in the most 
elementary activities of life (hunting, fighting, worshiping, and 
exploring) there was needed a way of identifying the position of 
men, objects, and events. Equally plausible uses of the cardinal 
idea of number do not readily occur. Even in cases where the 
cardinal idea would seem to be called for, as in reporting the 
number of warriors in a war party, the model group plan and 
not the counting plan of telling how many would probably have 
been used. Uses of an ordered system for identifying events and 
places, such as the examples cited above, are independent of the 
cardinal idea of counting. On the other hand, the eardinal idea 
cannot be used very effectively with quantities larger then four 
or five without the use of the ordinal idea. Prom the preceding 
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discussion it should be clear that the writer believes that the 
ordinal idea of number played the major role in the development 
of counting. This belief is contrary to the generally accepted 
idea that man learned to count in order to find out how many of 
certain goods he possessed. The latter theory seems unsound, 
since the idea of quantity in the sense of how many presupposes 
a knowledge of counting. Likewise unsound is the proposal that 
children want to learn to count in order to find how many.^ The 
ordinal, the series idea, is the original idea and must receive the 
first attention. 

In order to give the proper perspective to counting, it is well 
to consider that series rather than quantity is the more impor- 
tant aspect of number. As was pointed out in the section on 
meaning and understanding in Chapter 1, it is the ordinal or 
positional aspect of number that gives us our most usable con- 
cept of quantity. To test the truth of this statement, let us 
consider the quantity Indicated by 83. Few if any of us try 
to visualize 83 separate units. Instead, most of us compare 83 
with some well-known quantity below it, such as 50, or above 
it, such as 100. In other words, our idea of the quantity indi- 
cated by 83 is obtained from its position in the number series. 

The cardinal idea originally developed from the custom of 
using model groups of familiar objects as standards of reference. 
To convey some idea of the quantity in his sight or in his mind, 
a man would say there were as many things as there were petals 
on a flower or pebbles in a heap. To express the idea exactly, 
however, he would have to match each object with a pebble or 

^ George Bruce Halstead, On the Foundation and Technique of Arithmetic 
(Open Court Publishing Company, 1912), chaps. XIV and XVIII. See also 
D. E Phillips, “Number and Its Apphcalion Psychologically Considered,” 
Pedagogical Seminary, 5. 221-8, Tobias Dantzig, Number, the Language of 
Science (New York' The Macmillan Company, 1930), p. 8; Harry Amoss, 
Rhythm Arithmetic m the Primary School (Boston: Bruce Humphries, 1942), 
chap. II, H. G Wheat, The Psychology and Teaching of Ariihmelio (Boston: 
D. C Heath and Company, 1937), pp. 20-23. 
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petal. It requires no great imagination to see the advantages 
and disadvantages of this scheme. The model group gave an 
exact measure of how many; and in the sense that a familiar, 
convenient, and certainly more simple group was substituted 
for the original, the scheme made for simplification of thought. 
But this scheme provided no exact means of comparing model 
groups of different sizes. There was no number system which 
the mind could use, and therefore man’s idea of a quantity was 
dependent on unrelated model groups. All idea of size was 
dependent on sense perceptions. 

The inadequacy of the model-group method of telling how 
many is illustrated by the following anecdote: Two scouts sent 
out in different directions by a hunting party made their report. 
The first said, “South of here is a herd of deer in which there 
are as many deer as there are feathers in my headdress.” The 
second said, “ West of here is a herd of deer in which there are 
as many deer as there are knots in this string.” No doubt, the 
hunters would have been familiar with eaeh of tlie two model 
groups used and would, therefore, have had a pretty good idea 
of the size of each herd. On the other hand, the hunting party 
could find out which scout had located the greater number of 
deer, or how many more were in one herd than in the other, only 
by matching knots with feathers. The application of the ordinal 
idea to the model groups permitted comparison of different- 
sized groups without the cumbersome matching process.^ 

Counting in the Fundamental Operations 

Counting receives relatively little attention in school because 
school people have associated counting with poor achievement 
in addition and to a lesser degree with poor work in the other 
fundamental operations (subtraction, multiplication, and divi- 

* Foi further discussion of this phase of counting the reader is referred to 
Wheat, op. cit, pp 7-12. See also Halstead, op. cit., chap. Ill; Dantzig, 
op cit., pp. 6-11. 
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sion). Children who do not know the addition combinations 
often resort to counting — a perfectly logical and sound method 
of getting the sum. Of course, such a method is a slow one, and 
it embarrasses the teacher by making her pupils seem stupid. 
However, the reason that children resort to counting is not that 
they have done too much counting. It is more likely that addi- 
tion was undertaken before they had had sufficient experience 
in counting to lay the good foundation needed for intelligent 
mastery of the addition combinations. 

The child who loiows enough to count in order to find the 
sum of 4 and 3 possesses a great deal of understanding. He 
should not be denied an opportimity to use his knowledge even 
though the final aim of instruction is to teach him procedures 
that are superior to the counting process. Teachers and stu- 
dents of arithmetic should recognize that adding is a method 
of coimting by groups and therefore a short method of counting. 
Teachers should also remember that simple steps in learning 
precede more complex steps. Then, instead of receiving little 
emphasis because poor students use it as a substitute for addi- 
tion, counting should be recognized as one of the first steps in 
teaching addition. 

Counting to find the answer is considered the foimdation of 
all methods of solution advocated in this book. This assump- 
tion will be made especially evident when fundamental opera- 
tions are studied. It is further assumed that all the problems 
used in introducing each of the fundamental processes can be 
solved by counting. The child who can count is thus assured 
of having at least one solution. Besides being both a starting- 
point and a last resort, counting is also a definite aid to under- 
standing, primarily because it is a process in which everyone 
has confidence. Even adults, when working under extreme 
pressure, often resort to counting. "When children differ about 
the size of a certain quantity, counting can always be used in 
trying to reach an agreement. The teacher confronted with 
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the problem of what to do when a child states that 6 and 7 are 
14 will probably find few procedures as valuable as having the 
child find the total of 6 and 7 by counting. Thus, it can be 
seen why counting is considered the foundation for study of the 
fundamental operations of arithmetic. 

Ndmeration 

Numeration, as used here, refers to the reading of numbers 
expressed as numerals. (In addition to this restricted meaning, 
the term is frequently used in arithmetical literature to denote 
the process referred to previously as enumeration or rational 
counting,) 

Soon after the child enters school, he finds that he needs to 
know how to read numerals in such common things as dates, 
house numbers, page numbers, and prices. In fact, he often 
meets his fii'st reading of numerals as a regular pari of the initial 
instruction in reading. Probably the most important single 
procediu'c used in teaching the reading of numbers is to have the 
pupil touch or point to numbers in a number chart (see page 94), 
taking each number in order and at the time of touching say 
its name. In teaching the reading of numbers, however, it is 
important to do more than develop the pupil’s ability to call 
the symbols by their correct names. To insure his understand- 
ing of the numbers that he reads, the teaching must include 
fundamental procedures to develop meaning for the symbols 
Certainly, in developing the pupil’s ability to read the number 
symbols from 1 to 10, the teacher should see to it that not only 
are the number names, three, four, five, and so on, employed, 
but also grouped concrete representation (actual objects) and 
semi-concrete representation (dots, marks, and the like) of each 
number. For example, in teaching the child to read for the 
number 3 the word three, the teacher might well utilize three 
books, three pencils, or other objects, and three marks or three 
dots. Or such devices as having the pupil tap three times, touch 
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another child three times, or say the same sound thiee times 
may prove helpful. Although the procedures just listed are 
primarily useful in helping the pupil to develop a concept of 
cardinal numbers, they are more than justified as part of the 
teaching of reading of numbers, for they provide repeated oppor- 
tunities for the pupil to see the relation between number symbols 
and the ordinal values and cardinal values for which they stand. 

In teaching the meaning of the larger numbers, such as 6, 7, 8, 
and 9, the teacher should not only employ exercises involving 
objects like blocks and semi-concretc representations like pic- 
tures and marks, but she should also plan the exercises so that 
the pupil will see each of these larger numbers as combinations 
of smaller groups. Such exercises should lead the pupil to 
see that it is easier to identify the number of objects in a large 
group when the objects are arranged in a combination of smaller 
groups. Por example, after a little practice, the pupil will prob- 
ably find that there is a marked variation in the amount of 
effort required to recognize that the quantity in each of these 
illustrations is 8. 

(a) 1 1 1 1 1 1 1 1 (5) 1 1 II II II (c) 1 1 1 1 1 1 1 1 (d) 1 1 1 III II 

For most adults the total number of marks in c and d is easier to 
grasp than the total of the marks in a and b, the greater ease 
being due to the particular arrangement or grouping. But the 
teacher should remember that the arrangement of groups repre- 
senting a number should not be limited to what an adult con- 
siders the best grouping. The arrangement should present a 
large variety of groups and children should be allowed to se- 
lect the grouping that they consider best. While most adults 
might perhaps prefer arrangement c, many children would prefer 
d or b. 

From the prei eding paragraphs it can be seen that economy 
of thought is th" major objective of the grouping of objects 
representing a number. The child’s experience with group 
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airangcments should illustrate to him the economy that results 
from grouping. If, for example, a child is assigned the task of 
giving to each of thirty classmates nine small objects, he will 
sec the economy of counting them out by threes. The economy 
of grouping will be especially evident if he has to check his work. 
If as an additional assigiunent the child is required to record 
first by means of marks and then by means of a figure the number 
of objects given, he is in a position to see the advantage of a 
single easily-read number symbol. 

As has already been implied, such exercises are concerned 
more with number understanding than with numeration, but 
there is little point iti teaching children to read numbers they 
do not understand. Ideally, numeration should not be under- 
taken until children have had much experience with number 
ideas. Practical considerations, however, prohibit such post- 
ponement. From the day of their entrance into school, children 
are surrounded by written numbers. To postpone teaching the 
reading of numbers may deprive them of good learning situations 
and result in keeping useful knowledge from them. 

Closely related to the reading of number symbols is the writing 
of numbers The two operations may be considered as parts 
of the same job. In learning to write number symbols, children 
should see the sense of having such symbols. They should have 
experiences which will enable them to see that the Hindu-Arabic 
numerals are the best means of expressing certain quantities by 
symbols. Such experiences can be provided by letting the child 
draw pictures, squares, “X’s,” dots, or other marks to represent 
quantities. (See lesson 1, Chapter 4 ) In order that the child 
may see sense in what he does, situations must be created in 
which the child will find a need for recording quantities. Such 
situations are illustrated in lessons 4, 7, 10, Chapter 4. 

After the child has learned to read the first nine numbers, the 
collection idea of numbers discussed in Chapter 1 should be 
emphasized. This emphasis can be accomplished by giving the 
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meaning of number names, by using devices like bundles of 
ten sticks each, by grouping into tens a large number of objects 
that are to be counted, by using the tens square (page 109), and 
by using the abacus and the tens block. 

The tens block and the abacus are two devices mentioned so 
frequently in this book that a description of each and a brief 
exposition of their merits seem essential at this point. The tens 
block, as shown in the illustration above, is simply a small block 
of wood which has been only partly cut or graoved into ten 
smaller blocks or sticks. Tens blocks may vary in size from 
I" X X 21'' to l|" X X 3|". Each of the ones blocks 
used with the tens block is the size of one of the ten parts in 
the tens block. The tens block can be made by any person 
who has a small bench saw. The above illustration should be 
sufficient to permit accurate duplication of the block. The chief 
advantage of using a tens block to represent ten lies in the fact 
that the ten ones are bound together into one collection, one 
entity. A glance at the illustration will show clearly how this 
device is of value in teaching the meaning of quantities like 11, 
23, 50, etc. In addition to its use m showing an economical 
way of thinking of tens numbers, this device is very valuable in 
teaching carrying and borrowing and the multiplication and 
division of tens.' 

The abacus used in the lessons described in this book was 
made from the wire of a coat hanger and wooden beads from 
the ten-cent store. Any piece of wire about 36 inches in length 
can be used . The steps in making it are as follows ; Label one 
end of the wire point 1 (see diagram). Four inches from 1 at 

' For eicamples of the use of the tens block see Chapters 5 and 6 For a 
detailed discussion of the uses and merits of the tens block see Herbert F 
Spitzer, “A Device as an Aid m Teaching the Idea of Tens,” School Science ond 
Mathematics, 6S-68 (January, 1948). 
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point 2 make a right-angle bend and put 10 beads on the wire 
below point 2. Next make a bend at point 3, which is about 

7 inches from 2. At another 7 
inches make bend 4 and then 
put 10 beads on the wire above 
point 4. Seven inches from 4, 
at point 5, bend again, and 3^ 
inches farther make a bend at 6. 
Put on 10 more beads below 
point 6 and bend the end of the 
wire over the base wire at 7. 
Using about half an inch of end 
1, bend it around the wire at 6. 
The principles governing representation of quantities on this 
abacus are the same as those used by the ancients. Students 
of the teaching of arithmetic will find it worth while to consult 
one or more references on the use of the abacus.^ 

The following is a brief description of how the abacus can be 
used. The beads on the right represent ones, the middle row 
represents tens, and the row on the left represents hundreds. 




‘ Dantzig, op cil , chap, II, Margaret Drummond, The Psychology and Teach- 
ing of Number (Yonkers-on-Hudson. World Book Company, 1922), pp. 74-76, 
Wheat, op. ext., pp. 40-47. P. H. Wilhama, The Abacus and IIow to Operate It, 
(Kelly and Walsh, Limited: 1916), pp 1-27. 
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To indicate quantity the beads are pushed up. The abacus in 
illustration a shows 204. The abacus in illustration b shows 
451. 

The abacus is an intermediate step between the relatively 
concrete representation of quantities with the tens block and 
the symbolic representation of quantities with numerals. Since 
the beads on different rows represent ones, tens, hundreds, and 
so on, in the same order as do the numerals in the “places” in 
our notational system, the abacus is an excellent device for 
teaching positional value. 

In current practice the symbol 0 is read not only as “ zero,” 
but as “oh,” “ought,” “nought,” and “cipher.” Tor example, 
in giving the individual figures in the number 12,046 any of the 
above terms might he used to indicate the zero. It is difficult 
to justify the use of five different names for the symbol 0. 
Zero alone should be used except in special cases — as for 
example in giving telephone numbers, where custom has estab- 
lished “oh” as correct. In addition to the five different names 
used listed above the symbol 0 is of course read in still another 
way when it appears as an integral part of a number. For 
example, in reading each of these numbers, 70, 204, and 360,008, 
the zero affects the reading, but is not sounded as “zero” or 
“oh.” For many years teachers have tried to teach the reading 
of integral numbers of more than two figures, without the use 
of “and.” For example, they say that 106 should be read one 
hundred six. Outside the arithmetic classroom, however, most 
people read 106 as “one hundred and six.” The latter form is 
more in keeping with the rules of good English and with the 
current emphasis on meaning. The number 10,106 is ten thou- 
sand, one hundred, and six ones. To insure claiity in speech, 
the plan of indicating the last of a series by preceding it with 
an “and” was adopted. Advocates of the omission of “and” 
in the reading of integral numbers wish to reserve the “and” 
for use in the reading of fractions — as. for example, in reading 
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120.6 as one hundred twenty and six-tenths. They say that 
every time that “and” is used m giving a number, the listener 
'hould know that the part following “and” is a fractional num- 
ber. While this practice might have had some merit when 
arithmetic teaching involved dictating many long lists of figures, 
it 110 longer has much value. Even in dictation of numbers the 
u.sc of “point” in decimals rather than “and” has been found 
0 be more effective. Thus, the number 74.9 would be dictated 

seventy four point nine.” The practice of requiring children 
to listen for the “and” may even be detrimental in that it 
divert.s attention from the significant numbers Consider, for 
example, the number which you may read as “eight hundred 
twenty and two-tenths.” By giving “and” the special role of 
indicating a fraction, the reader directs particular attention to 
the relatively insignificant two-tenths. The whole issue of the 
use of “and” is such a minor part of arithmetic teaching that 
no teacher should be criticized for failure to teach a child to omit 
the “and ” i 

The modern arithmetic text gives a great deal of attention to 
the reading of numbers written with figures. Major reliance 
in teaching is placed on the meaning of the number. The usual 
procedure is something like the following “The number 380 
is read three hundred eighty. The 3 means that there are three 
hundreds and the 8 means that there are 8 tens or 80 in the 
number.” 

xVftcr use of such initial teaching procedure as described above, 
the device of a chart labeling the places (see below) is often 
employed in teaching children bow to read numbers. In such 
a chart the numerals in the number to be read are placed under 
column headings beginning at the right. The last number to 
the left is read first. After some experience with the chart some 

' Dorothy Kolston and Herbert P. Spitzer, “Oral and Written Expression of 
Numbers of Three or More Digits,” Elementary School Journal, 17- 116-19 
(October 19-11) 
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teachers try to get their pupils to memorize the names of the 
places (ones, tens, hundreds, and so on). 


thousands 

hundreds 

tens 

ones 

4 

3 

0 

8 


Thus, when confronted with a number that is not easily read, 
the pupil can use his knowledge of the places in figuring out 
what the number is. 


Notation 

A number of references have already been made to our nota- 
tional system. The Hmdu-Arabic is the one wc use for nearly 
all purposes. Briefly, this notational system consists of a plan 
whereby ten different symbols (numerals), nine for quantities 
and one to hold a place, are used to record all numbers. The 
importance of this system of notation cannot be overempha-sized 
Combined with the idea of the base,^ it comprises much of what 
we usually mean when we refer to our number system. For a 
few purposes we use another well-known system, the Roman.® 

The superiority of the Hindu-Arabic system over the Roman 
system can be easily shown by comparing and contrasting the 
two. Both systems use a base of 10, and both use a single mark 
to represent the quantity one. In the Roman system a second 
mark is added to the first to represent two, another to represent 
three, and in the old Roman a fourth to represent four. Then, 
probably because it was difficult to distinguish between four 
and five marks without counting, a new symbol was used for 
five. The adding of ones was then repeated to make symbols 
for the numbers six, seven, eight, and nine. Later the scheme 

^ See pages 15-17 

“ See page 98, Selected Beferences, passim. Many other systems have been 
used fi'om time to tune. The reader is referred to histories of mathematics 
for these. 
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was cBanged to include the subtraction of small amounts from 
large ones. IIII became IV and VIIII became IX. Every 
time the amount represented by known symbols became too 
great to be easily perceived, a new symbol was introduced. 
Thus, fifty came to be represented by L instead of by XXXXX, 
and five hundred by D instead of by CCCCC. 

In the Hindu-Arabic system a separate symbol is used for 
each of the first nine quantities in the series. The tenth is 
represented by using the miit symbol again, but in a different 
position. This is accomplished by using a place-holder (zero) 
in the ones place and designating the second place as represent- 
ing tens. This scheme does for notation what the base idea 
does for counting; that is, it goes back to the easily perceived 
and already known 1. In the tens place, of course, the 1 stands 
for a collection of ten, but is handled just as it is when it repre- 
sents one unit or one. The same principle is used in expressing 
hundreds and other higher numbers. Thus, the value of a nu- 
meral in the Hindu-Arabic system is determined by its position. 
For every change of position to a higher order (one place to the 
left), a numeral represents a value ten times the value it had in 
its vacated position. For example, the numeral 2 represents suc- 
cessively two, ten times two, and ten times twenty as we write 
2, 30, 200. No such multiplication of value is caused by moving 
a Roman numeral from one position to another in a number. 
In the Roman system the value of each numeral is always inde- 
pendent of its position. For example, X stands for ten, no more, 
no less, in XIX, LXXVII, and XL VIII. It is the principle of 
multiplying the value of a numeral by changing its position in 
a number that gives to the Hindu-Arabic system its unequaled 
capacity for expressing in simple form any number, no matter 
how large or how small it may be. The principle of position 
makes possible the writing of any number by using only as 
many different characters as the number of ones in the base 
of the number system. In the Hindu-Arabic system the base 
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is ten. We can write any number we please by using just ten 
characters in various positions. If we used a number system 
with a base of eight, we should need only eight characters. For 
a number system with a base of twelve, we should have to have 
twelve characters. In each system of this kind there must be 
a character for each number from 1 up to and including the 
number which is just one less than the base, and there must 
always be one character which is used as a place-holder. 

For example, the number of letters in the first six words of 
this sentence, if expressed with numerals to base eight, would be 
written 34, meaning that there are three eights and four more. 
If written to base twelve, the number would be 24, or two 
twelves and four ones; and, of com'se, to base ten the number 
is 28. 


The Hole op Zero 

The Hindu-Arabic system of notation with its positional 
value is made possible by the use of a place-holder, our zero. We 
possess no positive knowledge about the discoveiy of zero. We 
are not even certain of the people who first used it. We once 
thought the Arabians discovered it. Then we gave the Hindus 
credit for it. Now we know that the Babylonians had the idea,*- 
and that they probably borrowed it from others. 

Without doubt, the discovery of this principle will always 
rank as one of the major steps in man’s climb to his present 
state of civilization. The idea is so simple that many teachers 
have never given a thought to its significance. Educators have 
sometimes unwittingly hidden the main point by attaching to 
zero connotations such as “zero facts,” “zero the clown,” “the 
tricky fellow.” Some writers and research workers have even 
concluded that the zero facts (such as 0 -f 2, 8 -f 0, and 8X0) 
are the most difficult to teach. The important point to consider 

1 Edward Chiera, They Wrote on Clay (Chicago. University of Chicago Press, 
1938), pp ISl-??. 
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here, and to teach, is that zero is used in notation to hold a place. 
It is not a number in the sense that it represents a quantity. 
This simple fact can and should be taught as soon as children 
learn to write numbers. (See pages 4, 94.) The symbol 1 in 10 
is no different from the 1 representing unity, except that it 
is in the second position from the right. When 10 is first written, 
the attention of children should be called to this positional differ- 
ence either by direct question or through some indirect exercise. 
Children’s understanding of 10 would be enhanced if teachers 
would frequently refer to it as one ten. It really is one ten 
while 20 is two tens. Of course, the expression one ten is redun- 
dant in adult language, but it helps to get across to children the 
collection meaning of 10, 

In order to call attention to the often neglected true uses of 
zero, the difference between zero and the other numerals has 
probably been overemphasized in the preceding paiagraph. It 
was stated that zero was not a number in the sense that it repre- 
sented quantity; but in many other ways, especially m number 
operations, zero is a number. An excellent example of zero 
functioning as a number is its representation of a point on a 
scale such as a thermometer. The place-holder fimction of 
zero is, however, its most important use and should receive 
major attention. (See pages 112, 113.) 


Teaching Procedtjees 

Fortunately for teachers, most children know something about 
counting when they enter the first grade.^ There is, however, 
much in the field of counting, numeration, and notation with 

Josenliine MacLatchy and B. B. Buckingham, “The Number Abilities of 
Children When They Enter Grade One,” Twenty-ninth Yearbook, National 
Society for the Study of Education (Bloomington, Illinois: Public School 
Publishing Company, 1930), pp 472-524, Clifford Woody, “The Arithmetical 
Background of Young Children,” Journal qf Educational Research, 188-201 
(October 1931), 
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which teachers can help children. Obviously, an inventory of 
counting ability should be taken early in the year. On the 
basis of the results of this inventory, different types of procedures 
need to be planned. With children who do not loiow how to 
count even by rote, exercises designed to stimulate attention or 
interest should first be used. For example, the teacher may 
ask the members of the class who can count to enumerate orally 
objects such as new books and crayons, so that the beginners 
may see and hear the operation. She may also have the begin- 
ners learn and repeat rhymes such as “One, two, three, four, 
five, I caught a hare alive,” and “Here is the bee hive, where 
are the bees Of course, there is little meaning of number in 
the learning that results from saying such rhymes, but if the 
exercise motivates children to learn the order of the number 
names, it serves a useful purpose. 

As was indicated in the section on rote and rational counting, 
all children learn first to count by rote. As soon as the children 
have learned a few number names, the teacher should encourage 
the use of these names by requesting different pupils in the 
course of ordinary school experiences to bring 2 things, to show 
3 things, to make 2 things, 3 things, 4 things, and so on. Prob- 
ably some reading-readiness work will require the use of number 
names. For example, “Color three balls blue, color two balls 
brown,” and the like are typical of the assignments made in 
reading-readiness work. The ordinary wall calendar offers 
many possibilities for teaching this phase of arithmetic. The 
inferior counters may be assigned the task of putting marks on 
the date of each school day, then reporting daily by means of 
marks on the board and in other ways the number of days of 
school attended. Counting the number of days until a special 
holiday, the number of days required for seed to sprout, and the 
number of rainy days in a week are other examples of the type 
of exercise which makes use of the calendar. The possibilities 
of using the reading of numbers in these exercises should be 
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self-evident. In every first-grade room there are, of course, 
almost innumerable opportunities for children to do counting, 
as, for example, counting to find the number of chairs in the 
room or the number of children present. While these are good 
counting exercises, teachers should not assume that such exer- 
cises will furnish the initial drive or the first experience needed 
in learning to count. The children who can count chairs either 
already know counting, or they arc not able to see that counting 
is a means of finding how many in all. Much work of the kind 
that arouses interest in counting should precede assignments 
like counting the number of days in November. 

After an interest in counting has been aroused, exercises which 
will help to establish the order of the number names should be 
emphasized. Since without some crutch the human mind is 
able to perceive the exact number of objects in small groups only, 
and because we use a base of 10, the first teaching should empha- 
size counting only to 10. Rhymes have already been men- 
tioned as helps in fixing the order of number names.' Saying 
the names in order is one of the best ways of establishing the 
order of the series. In spite of the rather meaningless procedure, 
children enjoy saying the number names. Since reading and 
other school work require the child to read numerals, exercises 
which employ the written numeral may be used. Placing in 
order a set of numbered cards is one such exercise. Putting 
some of the cards from a series in their approximate position, 
after a few have been placed, is a more advanced exercise of this 
type. Por example, card number 1 and card number 10 are 
placed a suitable distance apart in the chaUc tray. A child is 
given number 9 and asked to put it where it should go if all the 
cards were present. Writing the symbols In order Is an exercise 
that may be employed with older children. Reading in correct 

^ For a list of rhymes see Rosamond Losh and Ruth Mary Weeks, Primary 
Number Projects (Boston. Houghton Mifflin Company, 1923). See also Harry 
Amoss, Rhythm Arilhmtic in the Primary School, chap II 
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order the number names that appear on a number chart or 
calendar is still another exercise. 

The procedure usually followed by children in learning the 
order of number names from 10 to 20 is probably the same as 
that used in learning the first 10; that is, 11 comes after 10, 12 
after 11, and so on Such a procedure is not in keeping with 
the suggestion that teaching is to take full advantage of the 
number system. If that system were utilized, 11 would be 
taught as 10 and 1, 12 as 10 and 2, and so on. Unfortunately, 
the first two number names beyond 10 — eleven and twelve — 
give no indication of the fact that these two numbers arc in 
reality names for ten and one and ten and two. Whether or 
not it would be better to approach the teaching of the numbers 
11 to 19 through the ten-and-ones plan is uncertain. However 
that may be, if the plan of teaching is to present just the next 
number or the number that follows without reference to what 
has already been learned, an early attempt should be made ho 
let the child see what these numbers really mean in the number 
system. Since some grouping is necessary for easy grasp of 
numbers like 11, 12, and 13. it seems logical to use the base 10 
as one of the groups. Eleven, then, becomes one ten and one 
one; two things to be perceived instead of eleven. If this plan 
is to be used and accepted by children, extensive use will have 
to be made of such devices as the tens block. Regardless of 
whether or not the ten-and-ones idea of teaching the numbers 
from 11 to 19 is used, the fact that thirteen means ten and three 
should be emphasized early in the nuinber program. 

When the child has learned to count to 20, the fact that that 
number means two tens should most certainly be emphasized. 
The next step is to count by tens to a hundred. If 20 is two 
tens, it is a logical procedure to ask what is the name for three 
tens. While the names thirty, forty, and fifty are not quite 
the same as three tens, four tens, and five tens, there is enough 
relationship to make the learning of these tens names compara- 
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lively easy. Sixty, seventy, eighty, and ninety are, of course, 
so much like six tens, seven tens, eight tens, and nine tens that 
learning these tens names presents very little difficulty. Few 
adults and practically no children realize that the syllable “ty ” 
in numbers like sixty means tens. Sixty is then just a short 
way of saying six tens or the sixth ten. 

After the child can count the tens to one hundred, he needs to 
learn the ones in combination with the tens. He should now 
learn that the name for the quantity twenty and one more is 
simply twenty-one, and that in a like manner all the numerals 
are combined with the ten’s name to £11 out the series. During 
the period in which the child is learning to count by ones from 
twenty to one hundred, the relation between the new use of 
ones and what the child has already learned about the meaning 
of these ones should be continually repeated. The tens blocks 
can be used advantageously to show the relation. For example, 
23 can be represented by two tens blocks and three ones blocks. 
The two tens blocks will appear as two entities just like the first 
two ones or units that the child learned to call two. And of 
course the three ones blocks used are identical with the first 
three learned. 

Thus, the major task in counting is to learn the ordinal and 
cardinal concepts of the first nine numbers. Procedures that 
emphasize the use of the collection idea (ten as one collection, 
twelve as one ten and two ones, thirty as three tens), the repeti- 
tion of facts learned in the first steps in counting (forty as the 
fourth ten and also as four tens), and the combination of tens 
and ones (sixty-one, sixty-two, and so on) are illustrations of 
the proper use of the number system in the teaching of counting. 
After the numbers to nine have been learned, nothing essentially 
new is presented, for 10 becomes 1 ten, one collection, and all 
the other numbers are combinations of this collection and ones, 
or of its multiples and ones. The child merely uses again what 
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he has already learned. By means of a slight change, such as 
the use of tens for ones, different quantities are of course 
represented. Teaching that tens are collections, and therefore 
can be dealt with just as were ones, is laying one of the important 
foundations of later aritlunetical work. 

The preceding paragraphs emphasize how important it is that 
children in learning to count acquire a thorough understanding 
of the first nine numbers. An adequate understanding of these 
basic numerals is also vital to other areas of arithmetic The 
teacher should therefore be much concerned with the develop- 
ment of concepts related to the nine digits. 


Illustrative Lessons in Counting 

Although most of the early counting exercises involve extrinsic 
motivation, such as saying rhymes and repeating rote counting 
after adults, the first systematic attempt to teach counting in 
school should undertake to make use of intrinsic motivation, 
the kind of motivation which arises from the child’s seeing a 
need for the thing that he is to learn The first lessons that 
follow are concerned, therefore, primarily with demonstrating 
to the non-counter a use for counting. 

Lesson 1 

To begin this lesson the teacher may say "Susan tells me 
that she has eight dolls. I wonder how she knows she has that 
many dolls.” Either some child or the teacher will eventually 
suggest that Susan can find out how many she has by counting. 
"How do you count? Can anyone show me?” the teacher may 
ask. If no child tells how, the teacher says, “I count this way: 
one, two, thi'ee, four, five, six, seven, eight.” She touches 
fingers as she says the number names. 

“Let’s all count fingers. Touch a different finger each time 
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you say a number word. Count with me.” The teacher then 
touches the fingers on one hand with the index finger of the other, 
saying one, two, three, four, five, as she does so. She does the 
same with the other hand beginning with the number six. After 
several tries at this, the teacher remarks: “The last number 
name that you use tells you how many fingers you have touched. 
Let’s try it again to see if that’s true.” Teacher and children 
then touch fingers, stopping at three. The teacher asks some- 
one what number name was used when the last finger was 
touched; then asks how many fingers were touched. 

Lessoii S 

The teacher might begin this lesson by saying: “John says 
this is the sixth day of school. Is that right? How did he find 
out that this is the sixth day of school?” If no child oScrs 
counting as a solution, the teacher suggests it and then asks for 
someone to show how to count If no child Icnows, the teacher 
says' “I count this way: one, two, three, four, five, six,” pointing 
to fingers as she says the number names. “This, then, is the 
sixth finger. Now let’s try it. Say the number names with 
me and touch one finger for each name.” After trying this on 
two or three amounts, the teacher says. “I am going to write 
on the board the names of the days we have been in school. 
Then we will count them.” Teacher and children then count 
the names of days and find that today is the sixth day. 

Teacher then says: “I know another way in which you can 
use numbers. It’s a rhyme most of you know. It goes like 
this: 

One, two, three, four, five, 

I caught a hare alive 
Six, seven, eight, nine, ten, 

I let him go again. 
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Here’s a game I think you will like to play. It, too, uses num- 
bers. ‘Here is the beehive.’” Teacher holds up hand with 
fingers down. “Where are the bees? Here they come, one, 
two, three,” etc. The teacher counts as the fingers of the hand 
are raised. 

Lesson S 

The attention of the children might be directed to number by 
this statement of the teacher; “The other day when wc were 
playing with numbers several of you counted very well. Who 
wants to count for us today?” After the volunteers have 
counted to twenty, the teacher asks some of the others to count, 
assisting them as they falter, or saying each name for them until 
they have reached ten. The fingers are used at least one time. 
The lesson may be ended by using the munber games “The 
Bees” and “One finger keep moving.” ^ 

Lesson Jf 

This lesson may be introduced with the following statement: 
“The first day we counted we found out that it was the sixth 
day we had been in school. I have the names of the days that 
we have now been in school marked on the calendar. Is today 
our ninth or tenth day of school’’ ” After this day (the ninth) 
has been detei-mined, the teacher asks, “Who can tell how many 
days we have been in school?” After the correct answer has 
been given, the teacher remarks, “The last number name not 
only tells which one, but it also tells how many. Let’s count 
some other things to see if that works.” 

The lesson closes with an exercise in oral counting to 20 by 
those who do not already know how to count 

* Jessie H Bancroft, Games for ihe Playground, Bone, and School (New York 
The Macmillan Company, 1010), pp. 270-72. 



THE TEACHING OF ARITHMETIC 


94 

Lesson 5 

A 20 X 24-lnch chart with the numbers to 100 in the following 


positions is before the 

children. 







1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

62 

53 

54 

55 

66 

57 

58 

59 

60 

61 

62 

63 

C4 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

100 

91 

92 

93 

94 

95 

96 

97 

98 

99 


"This chart has the numbers to 100. Some of you already 
know how to count this far. Those who do not will learn very 
soon. All of you know the numbers in the first row. Jack, 
you say them for us.” After Jack gives the names, the teacher 
points to 10 and' asks, “Who knows what this is? Yes, ten is 
right. Look at it carefully. What is the difference between 
the 1 in ten and the 1 up here?” (The units 1.) If no child 
gives the correct answer, the teacher says. “It is no different 
except there is a zero beside it. This 1 means only one, this 1 
means one ten. The zero [points to it] is in the ones place 
because there are no ones in ten. It is only one ten. Who 
can find two tens? Yes, that is two tens. What tells you that 
it is tens and not just two ones'*” Again the answer is that 
zero is in the ones place and, therefore, the two means tens. In 
a like manner three, four, five, six, seven, eight, and nine tens 
are located. Attention is then directed to the other names 
(twenty, thirty, and so on) of these collections of tens. It is 
pointed out that thirty, forty, and so on, are just easy ways of 
saying three tens, four tens, and the like. Individual children 
then take turns counting to 100 by lO’s. 
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Lesson G 

On the day that the abacus is introduced the teacher begins 
by saying: “Today I want to see how good you are at keeping 
records. Put on your paper as many marks as the number of 
fitigers I show.” The teacher then shows very briefly first 
3 fingers, then 2 fingers, then 4, then % and then 2. The teacher 
next asks several different children to tell how many marks they 
have recorded. The exercise is then repeated (again a total 
of more than ten marks is needed), but the teacher records the 
quantity on an abacus. She tells the children who give the 
correct number of marks that that is what the abacus shows. 
The teacher also tells the children that the abacus is a counting 
1 ool; that it can be used to show numbers (numerically identified 
quantities) just as marks and numerals are used, that many 
people once used the abacus for adding sums instead of using 
numbers; and that many Chinese and Japanese children use it 
today. She then says, “Let’s try one more exercise before we 
learn how to use the abacus. Perhaps you can see how it is 
used without further help.” This time twelve marks are needed 
to show the total. A child is asked to put the number of marks 
needed on the board. Another child is asked to write the quan- 
tity, using numbers, and the teacher draws an abacus, marked 
correctly, on the board. “What does the 2 in your number 
show?” “What does the 1 show?” “How have I shown the 
two ones on the abacus? ” “How have I shown the one ten?” 
“What does this row [the ones or right-hand row] of beads stand 
for?” and “What does the middle row stand for?” are ques- 
tions asked during the discussion. Each child is then given an 
abacus. They are told to show 2 ones, 3 ones, and the like, 
on the abacus; then 1 ten, 3 tens, and the like; then a number 
like 1 ten and 5 ones. The children are also asked to show these 
numbers with numerals and marks. In order to add interest 
to the work, individual children are permitted to represent 
numbers on their abacus for the others to read. The one reading 
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correctly the number represented can then present a number on 
his abacus.^ 

STUDY QUESTIONS 

1. Suppose that a six-year-old in trying to enumerate a group 
of objects says ten as he points to the seventh object. Wliich 
of these statements regarding the child’s status is sound? 
(1) Although somewhat retarded, the child’s number achieve- 
ment is good. (^) The child was probably excited and did not 
nican to say 10. (5) The child has been given a poor start in 
that the meaning of numbers have been neglected, (i) Rote 
counting has been emphasized too much with this child. 

3. In the statement, “He was born in the year 1854,” what 
kind of number is 1854? (Jf) Ordinal. (8) Cardinal. (5) Both. 

3. Is the number twelve an ordinal or a cardinal number? 
(1) Ordinal. (S) Cardinal. (3) Both. 

4. Is counting to find how many a matching process? 
(1) Yes. (0) No. 

5. Why do teachers object to children’s use of counting to 
find the answers to addition situations? (1) Because counting 
is not adding. (S) Because it is inaccurate. (S) Because il 
the child counts he is not likely ever to see a need for adding. 

4) N. 

6. What is the second major step in learning to count? 
(1) Using numbers to find how many. 4) Discovering that 
each number is one more than the other. (3) Mastering the 
order of the number names. Q) N. 

7. On what grounds may the teaching of rote counting be 
advocated? (4) It gives to the children the meaning of how 
many. (®) It enables children to become familiar with the 
number names, (3) It provides some elementary enumerating 
experiences. 4) N. 

* For a more detailed discussion on the use of the abacus, see Herbert P. 
Spitzer. “The Abacus in the Teaching of Arithmetic,” Elementary School 
Journal, J/S. 448-51 {February. 1048). 
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8. Why does the ordinal meaning of nnmber have to be 
taught before the cardinal? (1) It does not. (2) Because the 
mind cannot comprehend how many before you know which one. 
(5) Because order is needed to find how many. (4) N. 

9. What is the chief disadvantage of the model-group 
method of telling how many? (1) There is no easy way of 
getting the relation between different quantities. (S) It is 
frequently an inaccurate statement of how many. (3) It is 
difficult to get the meaning or to comprehend the amount 
expressed. (4) N. 

10. The tens block is particularly well suited for teaching 
the meaning of what aspect of number? (1) Positional value. 
(S) Notation. (5) The base. (4) N. 

11 . For teaching which of these phases of arithmetic is the 
abacus especially useful? (!) Positional values. (S) Coimt- 
ing. (.3) The base. (4) N. 

12. What number is expressed on this 
abacus? 

(i) 3032. (S) 233. (3) 503. (4) N. 

13. In reading such a number as 325 should the word “and” 
be omitted? (1) Yes. (S) No. (3) Depends upon whether 
current usage or the arithmetic textbook is being followed. 

14. What is the major difference between the Roman and 
the Hindu-Arabic systems of notation? (1) One uses figures 
while the other uses letters. {2) The use of a decimal base in the 
Hindu-Arabic. (S) The use of positional value in the Hindu- 
Arabic. (. 4 ) The use of fewer different symbols in the Roman. 

15. If we used a base of six and used positional value as we 

now do, how many different numerals or figures would we have 
to use in writing numbers? (1) 5. {B) 6. [3) 7. (4) N. 

16. If the number 21 were written to base 7 how many dots 

would the number represent? (J!) 

(2) (3) a) N. 

17. What people discovered zero? (7) Arabs. (^) Hindus, 
(d) Babylonians. [4) N. 
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18. In teacMng children to count to 100 which of the follow- 
ing should be taught first? (1) Count by I’s from 10 to 50. 
(S) Count by lO’s from 10 to 50. (5) Count by 2’s from 10 to 
SO. (if) Count by 5’s from 10 to 50. 

19. Which of these special advantages can be claimed for a 
number chart (numbers 1 to 100) on which the first row consists 
of the first nine numbers (10, the first number on the second 
row)? (1) The positional value aspect of number is empha- 
sized. (2) The base idea of number is emphasized. (S) The 
order of number is emphasized. Q) The writing of numbers 
is facilitated. 

20. Which of the other names for zero is accepted as correct 
by teachers of arithmetic? (1) Nought. {2) Cipher, (3) Oh. 
(4) N. 
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Building Number Concepts 


Definition and Ciiaeacter of the Program 

In recent years many educators have advocated that a number- 
concept-building program precede systematic instruction in 
arithmetic. By systematic instruction is meant the direct 
teaching of the processes and facts of addition, subtraction, 
multiplication, and division, A number-concept-building pro- 
gi'am is not easily defined, because neither the concepts to be 
developed nor the exercises to be used in developing them have 
been agreed upon by any representative group of educators. 
Authorities who advocate a concept-building program merely 
state that the child needs certain basic concepts before instruc- 
tion in addition or subtraction can be profitable. What are 
the concepts prerequisite to addition, is a question that every 
student of the teaching of arithmetic should ask. More impor- 
tant, however, is a genuine attempt to try to list some of these 
concepts. 

Among the concepts which might be considered prerequisite 
to addition are: (1) the idea of identifying quantities by means 
of number names; (2) the idea of grouping to facilitate counting; 
(S) the idea of substituting one quantity for another; and (4) the 
idea of rearranging two or more quantities into a single group. 
Any experience that will facilitate the development of the ideas 
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just listed M'ould therefore be considered a conccpt-building 
exercise. Such procedures are an important part of arithmetical 
instruction and should receive as much thought as is given to 
the teaching procedures related to instruction in computational 
addition. 

Careful study of any one of the concepts listed as fundamental 
to addition will show that no single experience could be expected 
to develop that concept. For example, consider the idea of 
applying number names to quantities. The child must learn to 
apply the name two to two fingers, to two rocks, to two plates, 
and to the second item in a series. The idea of two-ness as 
applied to all these objects is an abstraction that develops only 
from many experiences. 

From the preceding discussion it can be seen that the concept- 
building program is an attempt to meet the evident need for 
meaning and understanding in the learning of arithmetic. The 
concepts to be built are the ideas that make it possible for the 
child to see sense in such arithmetical processes as counting, 
adding, subtracting, and dividing. Adults are so familiar with 
such ideas as applying the name two to any pair of objects that 
they may make the mistake of taking it for granted that chil- 
dren have the same concepts. To provide experiences that give 
children an opportunity to learn these “taken for-granted” 
number concepts is the purpose of the program described in this 
chapter. The reader should note that the four concepts listed 
as prerequisite to addition deal with only one of the many areas 
of arithmetic. Subtraction, multiplication, fractions, measure- 
ment, and other phases of arithmetic also require the develop- 
ment of concepts. The reader should also note that many of 
the suggestions and exercises listed in the chapter on counting 
make for the development of important number concepts. The 
most important of those developed in counting arc : (1) the series 
idea of number; (2) the use of counting to find quantity; (3) the 
relation between the names of ones and the names of tens; and 
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(4) the collection idea. Close examination of the first two of 
these concepts developed in counting shows that they contribute 
directly to the first of the four basic concepts listed as pre- 
requisite for addition. 

The suggestion that a concept-building program precede 
systematic instruction in arithmetic is a bit misleading. The 
concepts listed in the preceding paragraph and many other 
number concepts need to be developed as systematically as any 
other part of the subject. It is, therefore, better to refer to the 
concept-building program as preceding systematic instruction in 
learning and applying the basic facts of the four fundamental 
processes. Since concept-building is to furnish the ideas essen- 
tial to an understanding of facts and processes, it should be 
evident that concept-building deserves to be an integral part 
of instruction in every phase of arithmetic. Because major 
emphasis on systematic concept-building is found in the pri- 
mary grades, the program described will be limited to those 
grades. 

The procedures suggested in the following pages are difficult 
to classify. The title of each exercise identifies one concept, 
but many of the procedures may be well suited to building a 
better understanding of several concepts. For example, the 
counting of a large number of objects may be assigned with the 
main idea of illustrating to a child the fact that one-by-one 
counting is an inefficient way to count. Through such expe- 
riences, however, he may learn also that that type of counting 
is not as accurate as group counting, and he may discover the 
meaning of number words like one hundred one and one hundred 
two. No attempt will be made to identify all the particular 
ideas that an exercise may help to develop. The gradation of 
the exercises is also difficult. Some concepts might be developed 
in kindergarten, but if these concepts arc not developed before 
Grade Three, the exercises might be suitable at the third-grade 
level, 
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Suggested Exeecises 

1. Ways of expressing the idea of how many (Kdg., 1) 

“James said that there are ouly four more days until his birth- 
day. I wonder who can show me with his fingers how many 
days that is?” One chdd showed four fingers on one hand. 
The teacher quickly sketched on the board a hand showing four 
fingers and then wrote the child’s name underneath it. Other 
combinations were shown and recorded on the board. 11, 11; 

111 I; and 1 1 1 1. The class then look part in a discussion in 
which the fact that these ways, as well as the written word four 
and the figure 4, wore means of telling the number of days until 
James’s birthday. Counting the number of marks one by one 
was the usual way of testing the accuracy of a representation, 
although some children used faster methods, such as counting 
by groups and adding, “Two and two are four,” and “Three 
and one are four.” 

This exercise not only exhibited different ways of representing 
four, hut it also Illustrated how marks and other symbols are 
used for days. 

2. Developing the meaning of a number symbol (Kdg , 1, 2) 

“The story we want to read is on page sixteen. In what part 

of the book will you look for this page?” After the answer, 
“Sixteen is near the front,” had been given, the teacher askel 
how they knew that sixteen was near the front. “Because you 
count from the front, and a book has lots of pages,” represents 
the gist of the answers. 

After the page was found, one of the children was then asked 
to tell how he knew that was page 1C. When he answered by 
saying that the “16” meant sixteen, the teacher asked how 
the book-maker knew that was to be the sixteenth page. The 
children eventually counted the pages. 
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3. Relation between cardinal number names and ordinal idea (1, 2) 

“Who can tell me why I used the number 8 in the date 
today? ” When one child suggested that it meant the 8th day, 
the teacher asked him to show by pointing to the days on the 
calendar those that were aheady past. The other meaning of 
the 8 in the date, October 8, was then brought out by the follow- 
ing question; “How many days of this month have already 
passed if you coiiiiL today?” The answer, “Eight,” was vol- 
unteered by several. 

4. Counting and developing the idea of time (1, 2) 

The class kept a record of the number of days since a certain 
event (such as when a ripening tomato first began to change in 
color) bad taken place. Each day an X was placed on that 
date on the calendar and the children were asked to tell the 
number of days that had elapsed Sometimes these children 
were asked to show by marks and figures the number of days. 

5. The ordinal idea of numbers (2) 

“Alice can’t find her locker. Her number is 56. Between 
what two numbers will she find her locker?” When this ques- 
tion was answered, the two pupils who had these numbers were 
asked to show Alice her locker. Upon their return to the room, 
the teacher asked Alice if she knew bow the class knew that 
her locker was between those of the two others. The class 
explanation was something like this: 56 comes after 55 when 
you count, and 57 comes after 56. 

6. Developing the idea of tens and ones (1) 

“Today let’s count the way the men of long ago did. They 
used their fingers as counters. Ronald, you may be the counter. 
Let’s count the children in the room.” After this beginning. 
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Ronald counted children by matching a finger with a child until 
he had touched all his fingers. Since there were still more chil- 
dren, another counter was selected to go on with the counting, 
and Ronald was told to stand aside, but to hold up his ten digits 
to indicate the number he had counted. A third child was 
required to finish the counting He used eight of his fingers. 
The teacher then said, “The men of long ago would have said 
‘there arc as many children as two pairs of hands and eight 
more.’ How many children do you say there are in all? ” With 
a little help, the children decided that each pair of hands was 
10 and therefore the total was 2 tens and 8, or 28. The children 
were then asked to show by marks the number of children in 
the room. Since none of the children grouped their marks, the 
teacher complained that it was hard to see whether they had 
the right number. She told them to try to make their marks so 
that counting would be easier. Even then the best grouping 
was not given. After the various suggestions of the children 
were put on the board, the teacher said; “I’m going to group 
mine the way men used to do. Here is a group for one pair of 
hands; here is a group for another pair, and here are the eight 
ones. Now which of these methods shows twenty-eight most 
clearly.?’’ The grouping into two tens and eight ones was, of 
course, by far the most simple. 

7. Relation between number names, numerals, and quantities (1, 2) 
In answering the question, “How many more days until 
Hallowe’en?’’ Tommy wrote the word seiien. What other ways 
might Tommy have used to show the number of days until 
Hallowe’en? The following ways were suggested: 7, 1 1 1 1 1 1 1, 

five fingers and two fingers, and O O O O O O O. The 
teacher emphasized the five-finger and two-finger arrangement 
and said there are other ways of showing seven The children 
were then told to show seven with sticks in as many ways as 
they could. 
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8. Substitution of one quantity for another (1, 2, 3) 

“In Bruce’s statement, ‘The tomatoes in our garden are high,’ 
we don’t really tell people much about the height of the tomatoes, 
do we? Let’s try to think of a way of saying this so that people 
will Imow what wc mean.” 

Among the many suggestions the following were accepted by 
the class as being worth while: 

(a) The tomatoes are as high as the table. 

(5) The tomatoes are as high as my desk. 

(c) The tomatoes are as high as Ann’s shoulder. 

(d) The tomatoes arc as high as my arm is long. 

At this time the teacher made no attempt to introduce a standard 
measure. Procedures of the type used by the children arc pri- 
marily to promote growth of the basic idea of measurement; 
namely, that another thing can be used as a substitute for a 
needed dimension of the real thing. 


9. Use of measures to make for easy comparison of quantities (2, 3) 

In a discussion period Tim and Jane got into an argument 
regarding the size of their rabbits. The class attempted to help 
settle the argument. First, points to be considered in deciding 
size were treated. From big and bigger, specific points like 
length, height, and later weight were considered. Since the 
height and the length of a rabbit are difficult to get, the group 
instructed Tun and Jane to get someone to help them weigh 
their rabbits. 

The next day after the weights had been reported, different 
children were asked to find one or more books that weighed just 
what each rabbit weighed. The books representing the weight 
of the rabbits were then compared by lifting and by looking at 
the size of each. The fact was brought out that size according 
to sight showed the rabbits to be about the same size, but that 
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a scale stowed that Jane’s rabbit weighed a little bit more than 
Tim’s. 

This exercise, too, is designed to promote the idea of sub- 
stitution in measurement. 


10. Exercises to show the sense of using numerals (1, 2) 

The names of children absent from the room were written on 
the blackboard. The teacher asked how else she might have 
shown that there were that many people absent. Suggestions 
were; (a) to make a mark for each child absent, (6) to put all 
the empty desks together; (c) to write the figure 11; (d) to write 
the word eleven; and (e) to show eleven sticks. (These sticks 
had frequently been used to represent quantity.) The children 
were then asked to indicate which of these ways showed most 
clearly the number of children absent. It was decided that the 
marks and sticks were better than the names and desks because 
you could see the marks and sticks more easily. Some children 
thought the figure 11 was best. The teacher agreed, but only 
if they really knew what the 11 meant. She then asked what 
11 meant. The answer “1 ten and 1 one” was given. The 
teacher then showed the class a tens block (see illustration, page 
79) in which sticks the same size as those used in showing 
eleven were partially sawed out. After a brief explanation of 
the tens block, the teacher asked if someone would show what 
11 means by using the tens block and the sticks or ones block. 
When 11 was represented in this way, the children all agreed 
that the numerals provided the best way to record the number 
of children absent. “By using the figure 11, you have to write 
only two things; one to show the ten and one to show the one,” 
was the teacher’s summarizing statement. 

Other quantities like 21, 22, and 52 were then shown objec- 
tively by using both tens blocks and ones blocks and by using 
the ones blocks alone. 
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11. Rearrangement of numbers to represent the same quantity (2) 
As a part of an oral exercise in the second grade, children were 

asked to tell how they arrived at certain sums and remainders. 
Many different methods were revealed. For example, one 
child said he knew that 3 and 4 equal 7 because 3 and 3 made 6 
and 4 was one more than 3; therefore, the answer was one more 
than 6. In dealing with sums greater than 10, the method of 
maldng tens and ones was illustrated in 8 plus 5. The child 
said: “I took 2 from the 5 and put it with the 8 to make 10. 
Then there were 13 in all.” 

12. Meaning of twice (1, 2) 

“Jean says her overshoes are twice as heavy as her shoes. 
How can we find out whether she is right.'”’ After some dis- 
cussion in which both the method to be used and the meaning 
of twice were considered, the teacher suggested that they weigh 
Jean’s overshoes and her regular shoes. The two shoes weighed 
a little more than one overshoe. In the discussion, the teacher 
stated that if one overshoe weighed as much as two regular shoes, 
then the pair of overshoes must weigh twice (two times) as much 
as the pair of regular shoes. The children then engaged in a 
weighing experience to find two objects that weighed the same 
or one of which weighed twice, three times, or four times as 
much as the other. The weight evaluation was made by com- 
paring the distance that the marker on the scales moved. 

13. The meaning of tens numbers (2, 3) 

Toward the end of an oral exercise in the second grade, some 
examples like 20 plus 30 were given to challenge the better pupils. 
Those children who gave immediate answers were asked to tell 
how they thought. The explanations either involved knowl- 
edge of 20 and 30 or a counting by lO’s as in 30, 40, 60. The 
teacher then asked the class for another way of saying 20 (2 tens) 
and 30 (3 tens). She then asked how much were 2 tens and 
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3 tens. She then asked for another way of saying the answer 
5 tens (obviously fifty). 

14. Using a number chart (1, 2) 

Each of the following directions refers to the number chart 
(page 94) ; (a) Find the number that means 2 tens and 3 ones. 
(6) Find the number that is 10 more than 2 tens and 3 ones, 
(c) Find the sixth ten. (d) What number comes just before O?? 
33? (e) What number is 3 tens larger than 36? (/) Show the 
row of numbers witli only 3 tens and ones in it. 

15. Thinking of combinations that equal a certain number (2, 3) 
The teacher began the lesson by saying . “I’m thinking of two 

numbers that make 8. Can you tell what the numbers are?” 
Children offered different combinations such as 4 and 4, 6 and 2, 
and 7 and 1. The teacher did not accept the first combinations. 
She said; “Those numbers do make eight, but I’m thinking of 
two other numbers that make 8.” After a combination for 8 
was accepted, the teacher thought of other numbers. When a 
wrong combination like 7 and 5 for 11 was proposed, the teacher 
asked the child who had given that incorrect combination to 
go to the board and show by means of marks and counting that 
7 and 5 equal 11. The teacher then asked the child that had 
given the last correct response to take the teacher’s place. After 
that, each child giving the accepted correct response was per- 
mitted to suggest a number. 

This exercise can be varied to include three numbers and even 
four numbers can be used occasionally. Teachers will find that 
if children suggest the numbers, certain rules (for example, no 
numbers larger than 18) must be set up. It is well for the 
teacher to offer combinations when a child has suggested a 
particularly difficult number. 

The exercises may also be changed to require subtraction. In 
order to avoid having only one possible correct answer, the 
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teacher would say, “I’m thinking of two numbers that have a 
difference of 4.” 

16. Using the tens square (1) 

The lesson was introduced by passing out tens squares to all 
of the children. 



The tens square was about 8 inches on a side. Every child was 
also given two cardboard markers, each the length of one side 
of the square and about the width of one row of squares. 

The children were asked, "How many dots do you think there 
are on your square’’” Several children volunteered estimates, 
which were written on the blackboard. Then the teacher asked, 
“How can we find which of these numbers is correct?” The 
children suggested counting. They counted the dots and dis- 
covered there were 100 in the square. 

The teacher then asked several children how they counted, 
and received the answer that they had counted by ones. The 
question was then asked of a little boy who had counted very 
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rapidly. He replied that he had counted by lens. When asked 
to show the children how he did this, he placed his marker under 
each row of 10 dots, saying, as he did so, “Ten, twenty, thirty,” 
and so on. The children all counted their squares by tens and 
discovered there were 10 rows of 10 on the square. They also 
discovered that there were 10 columns of 10 each. The teacher 
then placed the marker on her number square thus: 


• « « « • 


‘T have made a picture of the number 15 on my number 
square, for I have 10 dots and 5 more. Can you make a picture 
of 15, too?” 

After this had been done, the children were asked to show the 
following numbers on the square; 21; 60; 9; 77; 100. In com- 
menting about the various amounts shown, the teacher brought 
out the fact that tens and ones were shown. For example, for 
the 21, the teacher said, “Yes, that’s right because here are your 
two tens, and there’s your one. That makes twenty-one.” 

The lesson was concluded by asking the children to show any 
number they wished, up to 100, on the number square. Each 
showed his square to the whole group and told which number be 
had shown, thus : 





“I have a picture of 23, for I have 2 tens and 3 more.” 
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Instead of two markers a single long marker of tke design 
skowii below may be used. 


17. Showing what nmibeis mean (1) 

This lesson was introduced by the teacher’s asking the children 
to show the number 5 with the fingers of one hand. One child 
then went to the blackboard and drew marks to show the Wcuy 
his hand had looked. The children counted the marks to make 
certain that there were five of them. 

Then the teacher had the children show 5, using both hands. 
The children did not all show 5 in the same way. Some 
showed 2 fingers on one hand and 3 on the other; one showed 
4 fingers on one hand and 1 on the other, and so on. As the 
teacher noted these different combinations of 5, she had the 
children go to the blackboard and draw pictures of the way their 
fingers had looked. The following arrangements of marks were 
used: 

III II 

III! I 

mil 

11 III 

I nil 

Then the teacher said, pointing to the first group of marks : “This 
is the way Tom’s hands looked. Let us count and see if he has 
shown 5.” One child touched each mark as all counted. The 
other groups of marks were similarly counted. Since the 
emphasis in this lesson was on counting as a method of checking, 
the teacher did not emphasize the tact that “2 and 3 are 5,” 
“4 and 1 are 5,” and so on. Other groups of marks were simi- 
larly counted. It should be noted that at no time did the teacher 
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say, and 3 are 5.” The emphasis was placed entirely upon 
counting as a method of checking. 

The children were each given five toothpicks. They were 
asked to count them and then to arrange them m Lwo groups. 
Various groupings were given and “pictures” of these, using 
circles, were drawn on the blackboard. 

OOO OO 

O OOOO 

OO OOO 

One child was permitted to check each “picture” to determine 
whether or not it was correct. The lesson was concluded by 
having the children use paper and pencil and show the number 5 
in as many ways as they could. 

18. The meaning of zero (2, 3) 

"Several times I have asked different members of the class to 
show what figures like 6 and 8 mean. I wonder if anyone can 
tell me what the figure 0 (zero) means? Does it stand for a 
quantity as the other figures do?” 

A brief discussion following this introduction revealed that 
many of the children were not certain about the meaning of 
zero. The teacher then suggested that they write the symbols 
1, 2, and 3, and put marks underneath each symbol to show what 
it means. She then asked that they write the symbol zero and 
then show what it means. Of course, the children could not 
write anything to show what zero means. The only place where 
zero can have any meaning is as a place-holder; therefore, zero 
cannot be used alone to show meaning or function. Children 
who tried to show the meaning of zero by writing it alone were 
challenged by questions like this: “If there is no quantity to 
write, why write at all?” Children who used zero in numbers 
like 10 and 20 had little difficulty in telling that zero held a place 
and thereby made it possible for a person to be able to tell that 
the 1 and the 2 referred to tens. The children who did not 
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immediately see this use of zero were directed to write under- 
neath the 1 and the 2 the amounts they represented. They 
were then asked to explain why the 1 in 10 meant ten, whereas 
in a drawing done earlier in the period it meant only one. That 
is, how did they know that they should read one 1 as a one and 
another 1 as a ten? In order to emphasize this point the teacher 
directed the attention of the entire class to the number chart 
(see page 94). She asked different children to find two ones 
on the chart, then two tens, and so on. Those who performed 
this assignment successfully were asked to tell others how they 
knew that this particular 2 meant two tens. After these points 
were fully discussed, the teacher asked, “Then what does the 
zero do?” It was decided that holding a place was its real job. 

19. The advantage of a 'place-holder (2, 3) 

Soon after the preceding lesson on the meaning of zero, another 
lesson was opened with the following remarks: “Many people 
did not use a zero, a place-holder, in writing numbers the way 
we do. The Roman numerals, as you well know, do not have a 
zero. Do you know what advantage there is in our way of 
writing where we use a place-holder? Let’s write the Roman 
numbers to 12 to see if we can see any advantage.” 

The class with the aid of the teacher then wrote the Roman 
numbers to 12 on the board. Just above each Roman number 
the teacher placed the corresponding Hindu-Arabic. 

“Now let’s see. What do we use to show ten?” 

“A one and a place-holder or zero,” was the accepted answer. 

“And what did the Romans use?” 

“They used an ‘X,’” was the children’s reply. To that the 
teacher added that the “X” was a new symbol and used only 
for tens. She then asked for someone to write thirty, using 
Roman numerals and Hindu-Arabic. This was followed by 
the writing of fifty, seventy, and one hundred. The teacher, 
of course, wrote or helped with the last three numbers. She 
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then directed the attention of the class to the essential difference 
between the two schemes by questions like the following; “What 
did we use in writing thirty that we had already used before?” 
“What did the Romans use?” “How did we show that we 
were dealing with thirty or three tens ? ” “ How did the Romans 
do it? ” The same type of questions was used for fifty, seventy, 
and one hundred. Following the showing of these differences, 
the teacher asked this final question. “What, then, is the advan- 
tage of using a place-holder?” The answer is, of course, that 
with the Hindu-A.rabic system a person can write any number 
no matter how large as soon as he learns to use the ten symbols. 

20. Learning what a fraction means (1, 2, 3) 

“Sally, will you get this cup about one-half full of water?” 
asked the teacher as she and some of the children worked at the 
table preparing tomatoes to be cooked. When Sally returned 
with the glass half full, the teacher stopped and asked the chil- 
dren if Sally had the right amount. When one boy did not know, 
the teacher asked another to explain. 

The explanation was something like this: “When it is full it 
is up to here. Half full would be only halfway up to here. It’s 
half full and half empty.” 

“That’s right,” said the teacher. “The part that is empty 
is just as much as the part that is filled with water.” 

Other exercises involving the concept of one-half grew out of 
the need for boards one-half as long or half as thick, an object 
one-half as heavy, one-half as tall, one-half as many books. Of 
course, many of these situations can only result from careful 
planning by the teacher. She must be on the alert for concept- 
building occasions. 

21. Number games 

A number of games which children play are excellent for build- 
ing number concepts. A few of the more desirable and popular 
of these games are listed below. 
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(а) Dominoes. One of the simplest games played with domi- 
noes involves simply matching the dominoes correctly until all 
dominoes have been used. The object of the game is merely to 
play aU the dominoes. From one to four players may partici- 
pate in this game. In a variation of the above (involving two 
to four players) the object is to be the first to get rid of all 
dominoes. A fm'ther refinement makes getting the highest 
score the object. Scores are obtained either by counting the 
largest number of dots that appear on any one domino or by 
counting only fives or multiples of fives. These games of 
dominoes develop the ability to see groups without counting, 
to match, to count, and to add. The double six set of dominoes 
will be found simpler than the double nine. 

(б) Hide and seek. In this game one child is the seeker while 
the others hide. The time permitted for hiding is determined 
by the length of time it takes the seeker to count to 10, 20, or 
some other number by ones, or to count to 100 by fives. Major 
concepts developed are the order of number names and a feeling 
of the place of numbers in a series. For example, the child who 
is to hide soon learns that when the seeker says 85 or 90, it is 
time to be hidden. 

(c) Number autlms. A pack of cards using only numbers 
through 6, 7, 8, or 9 is used. Each child is dealt a specified 
number of cards. On each card is one number. Players take 
turns asking for a card from others. If the player asked does 
not have the card, the asker draws from the deck. The object 
of the game may be to get pairs of numbers or to get cards to 
total 10 (or other number) in value. 

(d) Twinks. This game is played with a deck similar to that 
for “number authors,” but all cards are dealt. Play proceeds 
by having each player in turn place a card face up before him. 
The object of the game is for a player to get a group of cards 
showing numbers that total 10 (or any other number). As soon 
as this happens the person who first says “Twinks” gets the 
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cards tliat total 10. The child having the most cards when all 
cards have been played is the winner. 

(e) Lotto, keno, or hingo. This game is played with rec- 
tangular boards on which arc numbered squares. When a num- 
ber is called which appears on a player’s board, he covers that 
number with a marker. The player who first gets a row, eolumn, 
or diagonal of squares covered wins the game. Recognition of 
numbers is probably the most important thing developed by 
this activity. 

(J) Bean-bag. To play this game a canvas bag containing 
beans and a section of floor with numbered partitions are needed. 
Children take turns tossing the bag on the numbered section 
of the floor. The object is to have the bag stop on the partition 
marked with the largest number. There are many variations 
of this game. It may be played by individuals or by teams. 

An important thing to note about these games is the fact that 
each furnishes the child a lifelike setting for the use of numbers. 
The child plays the game for the purpose of winning it from his 
competitors. The use of numbers or number ideas is an integral 
part of the game. 

22. Number devices 

Teachers of arithmetic have devised a great many game-like 
situations for the purpose of teaching various phases of arith- 
metic. These devices differ from the games described above 
in that children do not engage in them in order to win by doing 
better than other players. A few of the devices that are of 
value in developing number concepts are listed below. Care 
should be exercised in the uses of such devices, for they may 
easily become merely a disguised form of drill. 

(a) The circle game or flay teacher. A circle such as the one 
shown is used. One child plays the part of the teacher, pointing 
to various numbers on the circumference, and calling upon differ- 
ent classmates to give the sum or difference between the number 



building number concepts 


117 


pointed to and the number in the center. There are many 
variations of this device. It makes for familiarity with sums 
and differences and gives the child a better 
idea of the combination of numbers and of 
the composite nature of numbers. 

(b) Placing ■peo'ple in homes. The teacher 
draws three houses on the board stating 
that eight people live in the three. She 
asks different pupils to show (first with 
marks and later with numbers) the number of people that live 
in each house 

(c) Climbing the stairs to thefaiiy’s castle. In one form of this 
device a series of steps leading to a castle is pictured. On each 
step is a number or group of numbers. The child who is able 
to read each number on a step is permitted to go the next step 
and if able to do all is said to reach the fairy’s castle. 



23. Systematic exercises 

Theie is a large number of systematic exercises which undoubt- 
edly aid in the development of number concepts. Examples of 
these are listed below. One concept related to each exercise is 
mentioned. 

(а) Draw a circle around the word that tells how many dolls 
there are in the picture. One concept: Coimting to find a 
number. 

(б) Make as many marks as there are rabbits in the cage. 
Write the number that tells how many rabbits there are. One 
concept: substituting one quantity for another. 

(c) Draw four windows on the house. One concept: The 
cardinal idea of four. 

(d) Put a circle around the box that has the most dots in it. 
One concept: Eecognition of use of counting numbers to find 
most. 
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{e) Make as many dots in tke circle as there are in both the 
boxes. One concept: Equivalence between two quantities and 
a single quantity. 

(/) Color four of tlie balls green. One concept: Recognition 
of use of ordinal series to find how many 

(s') Write the missing numbers in the blanks. One concept: 
The position of numbers in the scries. 

(ft) Color the second ball red. One concept: The ordinal idea 
of number. 

(i) Connect the numbers in the correct order and find out 
what animal is hidden on this sheet of paper. One concept: 
The ordinal idea of number. 

STUDY QUESTIONS 

1. In coimting a large number of objects (e.g., 150) what 

number concepts will the child acepnre? (i) The meaning of 
number names above 100. (2) That onc-by-one counting is 

likely to be Inaccurate. (5) That group counting is more effi- 
cient than one-by-one counting. (4) The concepts which chil- 
dren might acquire cannot be identified with much assurance. 

2. The tens square (a square of 100 dots or squares, 10 on a 

side) is especially suited for the development of what number 
ideas? (2) That ten tens equal 100, (2) The meaning of 100. 

(3) The meaning of the tens numbers. (4) N. 

S. WTiat distinct advantage does the exercise in which chil- 
dren guess the number others are thinking (c.g., ‘T am thinking 
of two numbers that equal 9”) have over the exercise in which 
the child is asked the sum of two numbers such as 7 and 2? 
(i) The approach is from the sum, the natural way to study 
numbers. (2) Since the sum is already given, the child sees the 
whole fact. (3) It requires the use of both addition and sub- 
traction. (4) N. 

4. Number games are often very useful in teaching arithmetic. 
Wliat is it that games provide? (I) l,ifelike settings for the 
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use of numbers. (S) Practice wbich is painless. (S) Excellent 
illustrations of the meaning of numbers. (4) N. 

5. When children engage in such activities as giving the 
sums of numbers as a means of climbing the stairs to a “fairy’s 
castle,” is the motivation intrinsic or extrinsic? (1) Intrinsic. 
(S) Extrinsic. 

6. In the exercise in which the teacher says, “Who can tell 

me why I used the number 11 in the date for today?” what 
concept is most likely to be developed? (1) The cardinal 
meaning of 11. (S) The ordinal meaning of 11. (3) That 

cardinal and ordinal are closely related. 

7. Should the teacher emphasize by stating verbally the 
concept that children are to acquire through use of a given 
exercise? (J) Yes. (S) No. 

8. Could the number chart be used to help children in learning 

to read such numbers as 17 or 43!* (I) Yes. (^) No. 

9. In the exercise with a tens square where two cardboard 
markers are used to show such numbers as 2S, would there be 
any advantage in using only one marker of this type : 

(i) Yes. (£) No. 
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The True Nature of the Fundamental Processes 
The four fundamental processes — addition, subtraction, multi- 
plication, and division, with whole numbers and fractions — 
comprise the major part of present-day arithmetical content. 
Since the chief contribution of arithmetic is in the simplifying 
of concepts, it follows that the purpose of these processes is one 
of simplification. In Chapter 1 it was demonstrated how one 
of these processes (addition) is used to simplify (see pages 3 ff.). 
In the situation described, a group of 6 ones and a group of 
8 ones were regrouped into 1 ten and 4 ones. Thus addition is 
really only the regrouping of two or more groups into a single 
group, or into groups of tens and ones. The simplicity of this 
rearrangement of two or more groups into one group or into 
groups of tens and ones can be demonstrated visually through 
the use of the tens blocks in such an exercise as the following: 
Add 7 -|- 4 6 -|- 5. 

Subtraction, too, involves regrouping. In this case, however, 
a single number or group is divided into two groups, the size 
of one of these two groups being known. Multiplication and 
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division are also simply forms of regrouping in order to express 
more clearly the desired quantitative situation.^ 

The fact that these processes are merely accepted ways of 
regrouping or rearranging quantities cannot be overemphasized. 
Par too many who have studied arithmetic think of the addition 
and multiplication processes as something done to numbers to 
“get more,” and of subtraction and division as processes which 
“give less.” As an interesting check on the foregoing state- 
ment, ask several of your friends whether multiplication of two 
or more numbers means “making more.” The answer will 
usually be yes. Yet, by definition, it cannot mean more. Pour 
threes equal twelve. They are not more than twelve.^ To say 
that the fundamental processes merely give regroupings is not 
in any way to detract from their importance. Regrouping 
always results in simplifying the numerical situation by stating 
the result in standard terms, thereby making easier any further 

thought about the quantities in question, 

• 

Begimsting Systematic Instruction in Addition and 
Subtraction 

In the preceding chapters most of the simple examples and 
most of the exercises were concerned with addition. The 
reader should not infer from this fact that instruction in addition 
should precede instruction in subtraction. The author of this 
book recommends that the two processes be developed simul- 
taneously, Because they are complementary processes, the 
learning of the two together should aid the understanding of 
each. That more references have been made to addition is 
merely a reflection of the fact that in life more addition than 
subtraction occurs. 

^ Harry G. Wheat, The Psychology and Teaching of Arithmetic (Boston: D C. 
Heath and Company, 1937), p 132. 

® Hoy Edgar Adams, A Stvdy of the Comparative Value of Two Methods of 
Improving Problem-Solving (Tliesis, University of Pennsylvania, 1930), pp. 
CO-SI. 
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In a preceding paragraph, addition and subtraction as proc- 
esses of regrouping were stressed. To this idea of the processes 
should be appended their relation to counting. In the counting 
exercises and in the exercises for building number concepts, 
many of the basic ideas of both processes were learned. Tor 
example, in exercise 17, page 111, where different ways of showing 
5 arc considered, the child can see that when one of five objects 
is moved away from the group, four remain (;•; ; ; .); that 

4 + 1 = 5; S — 2 = 3 (;•; ); 3 + 2 = 5, and so on. 

Likewise in the type of exercise in which the child is to find 
the group of objects that has two less than another group, he 
can learn that 8 — 2=6. 

While exercises and experiences of the type icf erred to in 
Chapters 3 and 4 are prerequisite to systematic instruction in 
addition and subtraction, they cannot of themselves be depended 
upon to insure the child’s learning of these two processes. Note 
that the term •prerequisite was used. A good foundation in 
counting is essential to efB'cicnt learning of the processes. This 
does not mean that some arbitrarily established standard in 
counting must be reached before any work in addition and sub- 
traction is to be undertaken. To prevent such rigid compart- 
mentalization of number instruction, the various exercises in 
Chapters 3 and 4 were suggested. 

After the child has had experience of the type referred to, 
exercises designed primarily to promote addition and subtraction 
should be used. Such exercises can be easily introduced in 
the oral arithmetic period. For example, the teacher may say : 
“I see a number on the chart that is 3 less than 5; or 2 more 
than 6; or 10 more than 30.” (See lesson 1, Chapter 14.) The 
following are other ways of centering attention on the processes. 
“Who can tell me how much 4 and 4 are? 6 and 2? 4 take 
away 1?” and so on. Frequently children may be asked to 
show with blocks or other objects or by marks on the blackboard 
that their answers are correct. 
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Problems staled orally can be used advantageously in these 
initial exercises. The chief advantage of a problem is to furnish 
a setting that children can visualize or otherwise imagine. 
Either the children or the teacher can diagram such a problem 
on. the board. Por example, the problem, “Yesterday we had 
no arrowheads. Today Nancy brought five and Jane brought 
four. IIow many do we now have'’” was illustrated in thin 
way by members of a second-grade class. 


The following are examples of other exercises which may play 
an important part at this stage of instruction; 

1. Each child is given a number card (one to nine marks on 
one side and the numerals 1 to 9 on the other). One child is 
appointed leader. He takes his place at the front of the room 
and invites another child to come up. These two show their 
cards to the class. The leader then calls on some volunteer to 
give the sum or the difference of the numbers, whichever process 
is being emphasized. If the child gives the correct answer, 
he comes to the front of the room. The first leader goes to his 
seat while the child already at the front becomes leader. At 
first only marks are used. Then numbers and marks are mixed, 
TinaUy only numbers arc used. Later, in addition practice, 
tlrree children may appear together at the front. 

2. The teacher asks the children to add a number such as 
3, 4, or 8 to the number of fingers shown; or she asks them to 
add to a specified number such as 8 the number of fingers shown. 

3. The teacher asks the children to find the number of objects 
in two boxes; to find the box that has two fewer objects than in 
the circle she puts on the board. 

After foundation work of the type described above, the sys- 
tematic program of instruction may be started in the following 
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■way; Problems involving addition and subtraction facts are 
■written on the board or those found in a textbook are considered. 
In either case the teacher reads the problems aloud. In this 
way the usual handicap under which the poor reader operates 
will be avoided. The directions given may be something like 
the following: “Instead of asking que.stions today and letting 
just one of you at a time answer, I have written several problems 
on the board. You are first to write just the answer to the 
question in each problem. If you do not know the answer, 
draw a picture showing what the problem tells and then try 
to answer the question. If you would rather use the actual 
objects to solve the problem, you may do that.” Those who 
solve the problem without a diagram are told to prove that their 
answer is correct by drawing diagrams or marks. Later they 
are asked to show with numbers or marks a record of how they 
thought. A sample of the illustrations or diagrams and the 
record of thinking made by children in working two problems 
appear below: 

Problem 1. Jane read the first six pages of a book and Bob 
read the next three. How many pages did the two read? 

Illustrations; 

(.)□□□□□□ □□□ 

Jane Bob 


(=)□□□□□□□□□ 

Number record; 

(a) 6 and 3 make 9 
(&) 6 

±t 

9 

(c) 6 and 3 = 9 
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Problem, 2. Pour of the seven new books have already been 
given to children. How many have not yet been given away? 

Illustrations; 

(a) i 1 1 i i 1 i 3 not given away 

(«□□□□ □ □ □ 

3 

(c) I 1 1 3 

Number record: 

(a) 7 take away 4 is 3 

{h) 1 

- 4 
3 

Examples of these various records should bo put on the board 
and the children asked to decide whether or not the record agrees 
with what the problem states, and whether or not the record is 
clear enough to enable others to tell how the pupil thought. 
The latter can be determined by asking pupils other than the 
one who made the record to tell how the thinking was done. 
Such a procedure puts a premium on clear records of thought. 
If the record of thinking is clear but the pupil asked to read the 
record fails to understand it, the teacher may say, “ I believe I see 
how it was done. You just don’t see it at this moment; perhaps 
that is because you don’t think about the problem in the same 
way as the person did who made this record. Let’s see if his 
reading of his record will make it clear to you?” The person 
who has made the record then reads it and others ask questions 
if there are points they do not understand. 

As indicated by the above description, the teacher should 
take an active part in guiding the evaluation, but she should 
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not hurry the children to some generalization they do not under- 
stand. For that reason every correct method should be accepted, 
but eventually the discussion should be directed toward the 
selection of the best method. Although this best one should, 
of course, be recommended to the class, it should not become 
immediately the only accepted procedure. The various records 
of thinking, many of which will be crude, furni.sh the child some 
basis for accepting the short adult record as the superior one. 
In order to help those who are having special difficulty making 
and reading records of thought, the actual manipulation of ob- 
jects such as pages and books should be permitted or required. 
Some of the better students can also be asked to do such 
manipulation. This procedure will demonstrate to them more 
forcefully the economy in writing, reading, and thinking that 
results when the shortest arithmetical procedures are employed. 

In connection with many of these problems the idea of regroup- 
ing should be illustrated For example, in a problem calling 
for the addition of four sticks and three sticks, to find how many 
altogether, the children should be asked to do what the problem 
suggests; that is, put them all together. Then the question, 
“How many more sticks are there now than when you had them 
in two groups?” should be asked. The children will see that 
no new sticks were added and that the quantity is therefore 
the same. The next question, “Does addition mean ‘more’?” 
would be as easily answered by the children. Time should also 
be taken to discuss the reason for regrouping into only one 
group. The fact that one group (number) is easier to say, to 
write, and to think with than are two groups (numbers) is the 
primary reason for the regrouping (addition). Another and 
probably equally important reason for regrouping in such situa- 
tions is that in common usage that is the only procedure em- 
ployed. The simplifying effect of regrouping quantities into 
standard groups can be more easily demonstrated if sums larger 
than 10 are used and if the tens block is used. 



1^8 


THE TEACHING OE AEITIIMETIC 


That the process of subtraction means the separation of one 
specified group from a larger group is made obvious in a real 
problem situation such as the following: “Six of the eleven dolls 
belong to the second-grade room. The others are Mary’s dolls. 
How many dolls does Mary have?” To show objectively the 
answer to the question, it is necessary to separate the six dolls 
belonging to the room from the entire group of eleven. In this 
way the dolls belonging to Mary may be identified and enumer- 
ated. 

In problems involving addition facts with sums above nine, 
the children should be required to show frequently that in adding 
two or more numbers they are rearranging the numbers into 
groups of teas, or of tens and ones. The tens block is a good 
device for demonstrating this outstanding characteristic of 
number. Sticks tied into bundles of ten can also be used to 
advantage. The circling of marks on the board or on paper to 
segregate groups of ten is a desirable procedure for semi-con- 
crete representation. Each of the three methods of showing 
that addition is a matter of rearranging into tens and ones is 
shown below. The addition fact 7 -f- 6 = 13 is illustrated 
(o) with a tens block and ones blocks, (h) with bundles of sticks, 
and (c) by circling marks. 



(b) 





(c)||||||| + nil 


(HD 
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In each illustration the last arrangement of one ten and three 
ones stands out sharply -when compared with a single group of 
thirteen ones. 

Basic Addition and Subtraction Facts 

All the basic addition and subtraction facts, with perhaps the 
exception of the very easy ones, should be demonstrated in the 
manner described in the preceding paragraphs. By basic addi- 
tion facts are meant the combination of each of the numbers 
from 1 to 9 with every other one-figure number and with the 
number itself. 

The basic addition facts are given on page 130. The facts 
with sums of 10 or less are generally referred to as the easy facts. 

The basic subtraction fads are given m the accompanying 
table (page 131) and are, of coiuse, the reverse of the addition 
facts. The facts with minuends of 10 or less are usually referred 
to as the easy subtraction facts. 

Attention is called to the fact that no so-called “zero facts” 
are included in either the list of addition facts or the list of sub- 
traction facts. The child has no need for the addition zero 
facts until he undertakes the addition of two-place numbers. 
Likewise, the zero subtraction facts are not needed until the 
subtraction of two-place numbers is begun. It is therefore 
recommended that the teaching of the zero addition and sub- 
traction facts be postponed until after a use for them has arisen 
in work with two-place numbers Such postponement is not 
only in harmony with the belief that the child shall sec sense 
in what he does, but it might prevent some of the misconceptions 
regarding zero that are now fostered in attempts to teach zero 
facts meaningfully. For example, one course of study ^ advo- 
cates that the pupil be “kept clear in the concept of zero by 
teaching that it means nothing, none, not anything . . . develop 

I- Mathematics Curriculum, Watertown Elementary School, Watertown, New 
York, 1938. See first and fifth pages of First Grade Outline. 
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FACTS 
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1 
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4 

5 

6 

7 

8 

9 
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2 
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2 

2 

2 

2 

2 

2 

2 

1 

3 

3 

4 


6 

7 

8 

9 

3 

4 

5 

6 

7 
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3 

3 

3 

3 

3 
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3 
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concretely by tbe use of actual instructional materials the fol- 
lowing combinations 

0 0 1 
-h 0 -h 1 -h 0 etc,” 
Oil 

Perhaps a great many people think of zero as meaning nothing 
because of the fact that when it is used it signifies that there 
are no unitSj tens, hundreds, or whatever place the zero occupies 
in the number. Note that this use of zero involves numbers of 
two or more places which do express quantities. The zero is 
a place-holder in these numbers. As was pointed out in Chap- 
ter 2, the place-holder aspect is the important role of zero. How 
one can develop concretely and through actual instructional 
materials the concept that “nothing” plus “nothing” equals 
"nothing” is not easily seen. 

The use of zero to indicate failure to score in games is a situa- 
tion frequently employed in illustrating the zero addition and 
subtraction facts. Critical examination of such illustrations 
will reveal that even here the use of zero is more a case of show- 
ing that the child or team has had a turn than it is a case of 
showing that zero means nothing. 

As has already been indicated in the preceding discussion, 
the first use of zero in addition and subtraction in life occurs 
when two-place numbers are encountered. Therefore, the 
teaching of zero in addition and subtraction should be delayed 
until that phase of arithmetic is undertaken. After a use for 
the zero facts has been encountered and the pupil sees a need 
for knowing the facts, systematic attention should be given to 
mastering the facts. Unlike the procedures recommended for 
mastery of the basic addition and subtraction facts the pro- 
cedures recommended for mastering the zero facts place great 
reliance on generalizations. The two generalizations, that zero 
added to any number equals the number and that zero sub- 
tracted from any number equals the number, may be stated in 
various ways. Some teachers prefer to emphasize the fact that 
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zero is not a number but a place-holder and therefore when it 
is encountered in an addition situation there is no addition and 
the one number is just recorded. This is the procedure that 
many adults use. 

In case the child has difficulty in grasping the generalizations 
regarding zero in addition and subtraction, systematic study of 
the separate zero facts such as 5 0 = 5 and 8 — 0 = 8 may 

be recommended, Such emphasis on individual facts should, 
however, be a sort of last resort. 

As the basic addition and subtraction facts are developed 
from problem situations, the children should begin using tlic 
conventional ways of expressing these basic facts; that is, 

4 4 

d- 2 , 4 -h 2 = 6, ^ 

6 2 ’ 

and 4 — 2 = 2 should have been selected as the most efficient 
ways to write or record the thought-processes. The use of 
and, take away, less, and other words that mean jiliis and minus, 
need not be entirely abandoned because the conventional expres- 
sions have been introduced. Here, as in other phases of instruc- 
tion, a situation must be created in which the children will see 
a reason for using the conventional means of stating the facts. 
Perhaps direct consideration of different ways of writing the 
facts that the children have learned and demonstrated is one of 
the best procedures for showing the advantages of conventional 
ways. After all the children’s ways of expressing a fact have 
been written on the board, consideration of the best method 
should be undertaken. 

Intensive Study of the Basic Addition and 

SUBTEACTION FaOTS 

Wlien the teacher believes that the majority of the class under- 
stand the processes of addition and subtraction and know how 
to prove any fact, a test on some of the facts should be given. 
This test may be a sampling from all the facts or it may include 
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only a sampling from the easy addition and subtraction facts. 
Not all the facts arc used because the time required for such 
a test would be too long. The following instructions indicate 
the procedure to be used in testing. “Today you are going to take 
a test on some of the addition and subtraction facts you have 
been using. Write each answer as quickly as you can. As 
soon as you have finished your work, write on your paper the 
last number your teacher has written on the board. Then sit 
quietly while others finish.” 

As the children take the test, the teacher keeps time. At 
the end of each minute the teacher writes on the board the 
number which indicates the minute just ended. When all or 
nearly all the children have finished, the teacher calls time. 

The procedure may vary from this point. Either the papers 
may be collected to be scored at a later time by the teacher or 
they may be scored immediately by the pupils as the teacher 
gives the correct answers. After the papers are scored, the 
scores and the time required by some of the pupils should be 
written on the board. Those children who made a high score 
in a relatively short time should be asked to tell how they 
got the answers. The same question should be asked of 
those who either scored low or took a relatively long time to 
finish. The children who made high scares quickly will invan- 
ably state that they “just knew” the answers. Those who 
worked slowly will usually describe some method like putting 
down marks, breaking the numbers into parts, and making 
several operations out of one. The more cumbersome pro- 
cedures should not be condemned, but the teacher should use 
this opportunity to call attention to the loss of time that 
results from the use of such methods. The need for knowing 
the facts automatically will be made clear through this emphasis 
on the difference in time. 

The problem of how to learn the facts should next be raised 
with the class. The children should be permitted to make sug- 
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gestions before the teacher offers a learning or study procedure. 
The suggestions of the children should be written on the board. 
The following is typical of lists that children offer in addition: 

1. Make marks to show how many and then memorize that. 

4+ 3 = 7 
1111 + 111 = 1111111 

2. Write all the facts. 

3. Hold your finger over the answer and try to say it 

4. Say “4 and 3 are 7” over and over. 

5. Play games like twinks. 

C. Play guessing numbers with someone. 

The teacher should call attention to the value of each of these 
suggestions, or, if a certain procedure is poor, point out why it 
should not be used. Letting ehildren themselves offer study 
techniques has several purposes. It centers the attention of 
the child on how to study, the major thing that he will be doing 
for the next ten or fourteen years. It also gives the child con- 
fidence and some basis for evaluating the study procedure that 
the teacher or the textbook offers. 

After emphasizing the value of the children’s suggestions, the 
teacher can introduce one of the most important study tech- 
niques in the following way. “I have a method of study that 
some of you may like. I’ll explain it. Each of these cards 
has a combination on it. On one side only the combination is 
given. [See illustration a.] You are to give the answer. The 
other side has the combination and the answer. [See illustra- 
tion b.] One of the best ways to study with these cards is to 
take a pack with the ‘combinations only ’ side facing you. Try 
to give the answer to the combination. If you can, put it aside 
in your ‘known stack.’ If you cannot or are not sure, turn 
the card over. Look at the answer; say the whole fact; then 
close your eyes and try to see the whole fact; say the whole fact 
— ‘Four and three are seven’ or ‘Four plus three equal .seven.’ 
Next, open your eyes and see if you were right. IE not, start 
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over. Continue until you can see the combination and the 
answer with your eyes closed. Then lay the card aside in your 
‘doubtful or unlmown stack.’ When you have gone through 
all the cards and located the ones you are not sure about, begin 
to study them, following the plan I’ve given you. 


4 


4 

+ 3 


+ 3 



7 



L 

S + 


^ + 

I 


1' 


(a) ih) 


“For the next few days we are going to take time for you to 
study the addition and subtraction combinations. You may 
follow any of the suggestions we have made. I believe it would 
be a good plan for you to show first by drawings that you can 
find the answers to items you missed on the test.’’ 

Permitting the children to select their own study procedures 
is done to foster interest and a good work spirit. It is admitted 
that some children will use the less efficient methods of study 
(by adult standards), such as games or writing the combinations. 
If, however, the use of these procedures makes for a better atti- 
tude toward work, the loss of effort will be justified. From what 
has been stated, it should be clear to tbe reader that the flash- 
card method suggested by the teacher, or a similar method of 
study of a list of examples in a book, on a sheet of paper, or on 
the blackboard, would be the best way to learn the basic addition 
and subtraction facts. Several approaches to the job of master- 
ing a basic fact produce more interest in learning and therefore 
a more thorough learning of the fact than one method can, how- 
ever economical of time and effort that method may be. Con- 
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sequently, a teacher is justified in tolerating some methods that 
may seem inefficient. The maintenance of interest is so impor- 
tant that the teacher may even suggest some of the less efficient 
means of study that children like to engage in. One of the most 
popular of these inefficient learning procedures is that of letting 
one child present the flash cards while another tries to give the 
answer to each combination. In this procedure the child pre- 
senting the cards learns very little. 

From these remarks it should be evident that the writer thinks 
no hard-and-fast rules can be applied to a class that is learning 
the basic facts for automatic mastery. The mam things for 
the teacher to be concerned about are: (1) that the children 
understand what they are doing; (2) that they know why they 
are doing it, and (3) that they have at least one systematic 
method of study. In studying the basic subtraction facts the 
question of how to “say the whole combination” arises. Con- 
sider, for example, 8 — 5. Should the child say, “Eight minus 
five,” “Eight less five,” “Eight take away five,” “Five from 
eight,” “Five and what number equal eight,” or some other 
statement? The first four of the five statements given indicate 
a take-away method of subtraction. The last one indicates an 
additive method. Since the take-away method is the one in 
most common use, and is the one most likely to be used by 
children, that is the method recommended. Again, on the basis 
of frequency of use, the statement “Five from eight” is recom- 
mended. 

In the description of the systematic study procedures given 
above, both addition and subtraction facts were to be studied 
simultaneously. Many teachers, however, prefer to work first 
on addition and then on subtraction during the period when the 
facts are being studied for automatic mastery. This separation 
during the intensive-study period and a simultaneous presenta- 
tion of the two processes during the developmental period is 
not inconsistent. Since the intensive-study period is a time for 
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fixing facts, little is to be gained m the way of providing relation- 
ships by studying the two processes simultaneously^ 

If children have done the many number-concept-building 
exercises and the problem-demonstrating exercises in which they 
should engage before beginning the systematic study of number 
combinations, the teacher is justified in feeling reasonably sure 
that they understand the facts which they will try to master. 
However, because a class must move along without waiting for 
every pupil to reach a specified’ point of knowledge and expe- 
rience, it is almost certain that in every class there will be some 
pupils who have not achieved as thorough an understanding of 
the basic facts as they need before practicing to master them. 
As a precautionary measure, therefore, the teacher should fre- 
quently require all children, as they study, to demonstrate with 
objects or marks the truth of the facts they are stating with 
numbers. During class periods of oral work, a similar use of 
objects or other means of demonstrating the truth of answers 
will also promote and check pupils’ understanding of the facts. 

If the time tests recommended earlier have been used ade- 
quately and the results discussed thoroughly, the pupils will 
probably have established in their own minds good reasons for 
acquiring automatic mastery of the basic facts. 

To reinforce the necessity, however, the teacher may give one- 
item oral tests in which each pupil raises his hand as soon as he 
knows the answer to the question or in which he writes down 
the answer as soon as he has it. In work of this type, those 
pupils who do not know the facts will require more time for their 
indirect solutions and will, therefore, appear at a disadvantage. 
The teacher can then motivate this situation by emphasizing 

^ The reader should note that in the presentation of the teaching of addition 
and subtraction nearly all the examples used were from addition The two 
processes, however, are so nearly alike tliat to repeat the corresponding sub- 
traction teaching situation would be practically a duplication of what bos 
already been said. 
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how easily the slow worker caa overcome the disadvantage 
through learning the basic facts so that he can give them with 
promptness and accuracy. 

Often children make slow progress in learning the basic facts 
because they are not following any systematic learning proce- 
dure. Children who either have not learned good methods of 
study or have not been convinced of the superiority of such 
methods will be found even in classes in which study procedures 
have been discussed and adequately demonstrated. In order 
to ascertain the methods of study used by those who are having 
difficulty in learning the niunber facts, the teacher should ask 
them to study aloud or to tell how they study. Even these 
means will not always reveal to the teacher the method or lack 
of method that the child follows. Children are frequently 
aware of good procedures and under test conditions will use them. 
For example, one child when asked to study aloud gave an illus- 
tration of the best study procedure, but as soon as he resumed 
unobserved study, he omitted the important steps of closing 
his eyes, saying and trying to visualize the whole fact. This 
child devoted the same amount of time to every combination 
he was studying. That he knew all combinations to the same 
degree of learning does not seem probable. The teacher, there- 
fore, must be very much on the alert when making an inquiry 
into methods of study that a child uses. 

The child’s recognition of the values of undivided and intense 
effort in studying facts should be one of the goals of teaching. 
Like so much of the work of the teacher, this end is not accom- 
plished by admonition alone or by any other single procedure. 
It is reached through constant and careful attention to the many 
opportunities for guidance which occur in the everyday teaching 
situation and by creating situations which will give children a 
chance to have the satisfaction that comes when a task is tlior- 
oughly done. 

Because drill or practice is often considered to be in disrepute, 
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special attention is called to the emphasis given to practice or 
drill procedures recommended to fix the facts during the inten- 
sive-study period. Drill on the basic facts is necessary if the 
child is to have that mastery which is essential for good work in 
arithmetic. If he is to work eflSciently in the subject, the han- 
dling of these frequently used facts should require little thought. 
The drill or intensive-learning period is then a means of meeting 
the child’s needs. Automatic mastery of the facts is desirable, 
and intensive drill or practice is one of the most economical ways 
of acquiring such mastery. For further discussion of the place 
of drill in the teaching procedure, see Chapter 14. 

To help motivate this intensive-study period, the teacher may 
suggest that as soon as children arc sure they Imow all the facts, 
they may time themselves on one or several tests, A few 
moments of rapid group flash-card testing may also be used. 
In such a test the teacher presents flash cards before the entire 
group of pupUs so rapidly that only those who have real mastery 
of the facts can give the correct responses. Usually the cards 
are taken from the front of the stack, although the placing of 
a new card in front of the last one presented is equally effective. 
The teacher should recognize that the use of flash cards with the 
group is only for motivation. There is no point in having the 
whole class drill on the same combinations. Flash cards then 
have little value as a class or group teaching device. 

During the intensive-study period many uses can be made of 
lists of the basic addition and subtraction combinations. With 
such lists the procedure described below has been used to ad- 
vantage. 

“Here are the 81 basic addition examples for which you must 
know the answers if you are to add well. Try to give the answer 
to each example as soon as you look at it. If you cannot give 
the answer immediately, mark that example with your finger 
and then copy it on a piece of paper.” 

After the child has tried each example as directed above, he 
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is told to study tlie combinations he has written on his paper 
by one of the methods described on page 135. 

A second procedure involving a list of the combinations is given 
in the following directions- “A good way to find out whether 
you really know the facts is to tap your desk or table with your 
finger as you give the answer to each combination. If you know 
the facts your tapping will be regular. If you do not know all 
your facts your tapping will not be regular.” The children arc 
then directed to study combinations they do not know by one 
of the methods already de.scribcd. In this procedure a pupil 
may give wrong responses without in any way interfering with 
his tapping rate. However, it should be recalled that tbis study 
procedure is only one of many. 

Although not the best type of material to use for intensive 
study, some problems introduced at the right time can be very 
valuable in that work. Problems can be used to bring the class 
back together (see lesson 4 tor third grade, Chapter 14). They 
may also be used to provide a setting for number statements 
which are to be proved. 

In learning those basic facts of addition in which the sum is 
greater than ten, and in subtractions in which the minuend is 
more than ten, children who have learned to regi-oup numbers 
into tens and ones will often resort to complementary methods 
of adding and subtracting the numbers involved. For example, 
instead of thinking directly the answer to 8 and 5, they regroup 
it as 8 and 2 and 3. And instead of thinking directly 13 minus 
5 equals 8, they regroup the numbers as 10 minus 5 plus 3. 
Whether to discourage this roundabout procedure is a question 
on which teachers disagree. The writer believes it is a distinct 
advantage to let children use this method, especially in the 
second and third grades. Pupils who use such a procedure 
understand it. Speed at this level is a factor of only minor 
importance. The pupils’ understanding of the procedure and 
the freedom from doubt about the results of its use are major 
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aims at this stage of learning. In later school work, the basic 
facts will be used so frequently that the direct method of think- 
ing the answer, without any intervening stop, will become 
automatic.^ 

Teaching Addition and Subtbaction Together 

In the instructional procedures described, addition and sub- 
traction have been dealt with simultaneously. As was pointed 
out earlier, this is believed to be an advantage. Critics of the 
plan contend that confusion will result. They contend that the 
child confronted with 4 — S = 1 before he has learned 4 -4- S = 7 
is likely to use 7 and 1 interchangeably. If the use of abstract 
number symbols is uudertaken before the child has had adequate 
experience in counting or with the concept-buildmg exercises, 
confusion may result from teaching the two processes together, 
but if a meaningful program has preceded systematic learning 
of the facts, there need be no fear of confusion. The child who 
understands 4 knows not only such facts as that it is made up 
of 2 and 2; 3 and 1; 2, 1, and 1; but also that 4 is 2 less than 6, 
3 less than 7, and so on. Thus teaching the two processes 
together makes for better understanding. 

Order of Teaching 

It should be noted that no special order of difficulty of the 
facts was used in the recommended plan of instruction. The 
facts involving small numbers (the easy addition and easy sub- 
traction facts) should be the first concern of every beginner. 
This recommendation is in harmony with the general belief 
that initial work should deal with the simpler aspects of a process 
and it is also in harmony with one of the major characteristics 
of our number system; namely, that the first numbers are dealt 
with as ones. Furthermore, the primary emphasis in counting 
and in the conccpt-bullding program was on the ones numbers. 

‘ For a similar point of view see H G Wlieat, The Psychology and Teaching 
of Anlhxnelia (Boston; D. C. Heath and Company, 1937), p. 806. 
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Aside from this division of the facts, no attempt is made to 
present facts in any order. Children should have many expe- 
riences with a fact before they are asked to learn the abstract 
statement of that fact. If these fundamental number experiences 
are derived from lifelike situations, they will not involve first 
the easy and then the more diflScult facts. Furthermore, since 
every basic fact must be learned, the relationships that will be 
recognized as children work with all facts will be beneficial in 
getting an understanding of a specific fact. Thus, order of 
difficulty cannot be a major determinant in teaching the basic 
addition and subtraction facts for mastery. It should be recog- 
nized that the doubles in addition arc usually easy and that 
children then use these facts in determining other addition facts. 
For example, 8 -f 9 is recognized as being one more than 8 8. 

As was recommended in the case of the complementary method 
of addition and subtraction, children should be permitted to 
use an indirect method of this type. 

It should also be noted that addition and subtraction work 
up to this point has not been limited to the basic facts. Two- 
place numbers, as in the oral addition of one ten and two tens 
to a number on the number chart, are used in the latter part 
of the first grade and in the early part of the second grade. 
While the major work is on the basic facts, the development of 
the idea that tens can be handled in the same manner as ones 
is very important. Then, too, this addition of tens is important 
in developing an understanding of numeration and notation. 

The recommendations concerning the order of teaching are 
not made without considcratiou of the findings of the many 
studies ^ which have attempted to ascertain the order in which 

^ Frank L, Clapp, The Number Combinaliona. Their Relative Dijjlculty and the 
Figuring of Their Appearance in Texibaols (Madison, Wisconsin' University of 
Wisconsin, 1924), F. 13 Knight and Minnie Behrens, The Learning of the 100 
Addition Combinations (New York. Longmans, Green and Company, 1928), 
H, V Holloway, ^in Experimental Study to Determine the Relative Difficulty of the 
Elementary Number Combinations in Addition and Subtraction (University of 
Pennsylvania, 18141 
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facts should be learned. These studies have been examined, 
but their value has been rejected on the grounds that they were 
based on learning procedures very different from those recom- 
mended by the author of this book. For example, none of the 
studies was concerned with developing the idea that tens can 
be added just as ones are. Furthermore, the studies give no 
indication of the practice of stressing relations between facts. 
During study of facts for automatic mastery, the lists of addition 
or subtraction facts arc often divided, because the entire lists 
are too long for convenient instructional or learning procedures. 
In making the division, the easy facts are taken up first. If 
further division is necessary, a random selection of facts for each 
lesson or assignment is recommended. 

Summary op the Methods Used 

Now that the procedures to be used in learning the basic addi- 
tion and subtraction facts have been given, it seems appropriate 
to summarize the major features of the method of instruction 
used. Since an adequate foundation for addition and subtrac- 
tion is a basic factor of the method of instruction, the summary 
includes a review of that foundation. 

1. The foundation for addition and subtraction consists of 
the following important items: Children who are to be taught 
the addition and subtraction facts are given the benefit of the 
concept-building program, including an adequate counting 
experience. In counting, they are given a procedure by which 
they can solve any addition and subtraction situation. They 
are also given much experience with different ways (objects, 
marks, dots, drawings, pictures, words, and symbols) of repre- 
senting number. In addition, the children have experience in 
putting groups of objects together into one group and taking 
them apart to make new groups. Through the use of objects, 
they solve menially many addition and subtraction problems. 
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Following the foundation program, systematic instruction 
is begun in the following manner; First, the children are pre- 
sented with problem situations which they solve by methods 
already known. Second, they then make records of the thought- 
processes by which they arrive at the solutions. These records 

4 

of thinking are evaluated and one (c.g , + 3 or 4 -f 3 = 7) is 

7 

selected as the best statement of the fact illustr.ated. The pupils 
also learn, as a result of this demonstration of the problem situa- 
tion, the nature of each process and the reason why the process 
is of value; that is, they learn that addition and subtraction are 
a way of regrouping quantities and that this grouping makes it 
easier to think further about the quantities involved. Third, 
through the tuned test situations, the children are shown the 
advantage of learning the facts so thoroughly that each fact 
can be given automatically when the combination is presented. 
Fourth, in addition to being made aware of a reason for master- 
ing facts, the children are confronted with the problem of finding 
methods for intensive study of the facts. Although permitted 
to use their own methods of study, they are also acquainted 
with the most efficient methods of study known. Throughout 
the intensive-study period, the children are frequently asked to 
demonstrate their understanding of the facts they care trying to 
master. 

3. A summary of the recommended method used in teaching 
the basic addition and subtraction facts would be incomplete 
without considering, first, how this method differs from those 
generally used, and second, how it may be adapted to or made 
a part of the generally used methods. The outstanding differ- 
ence between the method recommended and those m common 
practice is in the initial systematic instructional procedures. 
Instead of considering that it is the function of problems to 
create situations out of which a need for more efficient ways of 
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handling such situations may arise, the conventional methods 
utilize problems to illustrate the addition or subtraction facts, 
and then provide various procedures for learning the facts so 
illustrated. The other differences are not so marked. Conven- 
tional methods do not include the use of proof, emphasis on the 
nature of the processes, or children’s suggestions and use of 
various "ways of study. With slight changes in or additions to 
textbook procedure and with corresponding explanations and 
suggestions in the teachers’ manuals, J-hese last three features 
of the recommended method might be easily incorporated with 
commonly used methods. 


Addition and Subtraction with Two-Puacb Numbers 

The child’s first experience with the addition of two-place 
niunbers occurs in the first grade in connection with study of 
the number chart. For example, children are asked to find the 
number that is two tens more than 30. In oral exercises early 
in the second grade, children are asked to add such numbers as 
20 and 30, 22 and 40, 26 and 31. These exercises are concerned 
primarily with emphasizing the idea that tens are a collection 
and that they can be handled just like ones. Nevertheless, the 
procedure docs involve the addition of two-place numbers. 
Systematic instruction in addition and subtraction of two-place 
numbers does not begin, however, until the children have had 
systematic instruction in the basic facts. 

This new work is introduced by presenting the childi'en with 
four or five problems that contain cjuantities requiring the use 
of two-place numbers. The first problems should involve the 
addition and subtraction of even tens. By even tens is meant 
such examples as 30 -p 20, 20 -j- 40, 40 — 20, and 60 — 30. 
The children are asked to write their answers to the problems. 
They are then told to show by diagram, by the use of tens blocks 
or other means, that their answers are correct. Finally, they 
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are asked to stow with numbers what their diagrams show. In 
other words, a number record of their thinking is required. 

The procedure is well illustrated by the following methods 
which one class used to record how they thought out the answer 
to a problem 

Problem: At the party last week, there were 20 children from 
the second grade and 20 from the third grade. How many 
children were Lhere at the party? 

Solution by u.sing marks and blocks: 

<''>llll!l!lllllllllllll llllllllllllllllllll 

second grade third grade 

wllllllllli llllllllih"‘=°"'^ 



third 



(tens blocks) = 40 


Solution by using numbers; 
(a) 20 + 20 = 40 

(h) 20 
40 

(c) 2 tens 
2 tens 

4 Lens = 40 

(d) 20 + 10 = 30 
30 + 10 = 40 
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After the solutions of several problems had been discussed by 
the class, the teacher gave the following assignment- “How 
does the addition and subtraction of tens differ from the addition 
and subtraction of ones?” The gist of children’s answers to 
this question is summarized in the following. “It is the same 
except that you have to write a zero to show that it is tens you 
arc working with.” 

In order to test the truth of this generalization, a number of 
examples involving the addition and subtraction of tens and the 
corresponding ones were then solved. After the children had 
worked sufficient examples to prove that the addition and sub- 
traction of tens was very similar to the addition and subtraction 
of ones, the teacher directed attention toward the selection of 
the best method of writing such examples. Of course, type b 
of the number records was the method accepted. 

Following these exercises, problems involving tens and ones 
(no borrowing or carrying) were introduced. The following 
are examples of this type; 21 -|- 42, SS + S6, and 82 — 21. The 
records of the way the children thought thi-ough these examples 
were similar to those shown above, except that in type c the 
number of ones had to be written. Practice examples were then 
worked so that the children might have an opportunity to fix 
the process. 


Carrying and Borrowing 

This new phase of arithmetic should be introduced through 
problems just as was initial instruction in addition and sub- 
traction with two-place numbers. Furthermore, the procedures 
arc similar to those already used. Of couisc, the children will 
encounter more difficulties than they did where no carrying or 
borrowing was involved. Those who use the inefficient counting 
method (examples a and b, using marks, page 147) will not have 
much trouble in arriving at the answers, but will get little help 
from this method when they start to make their number records. 
Those who use tens blocks will probably also get the answers 
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without difficulty, especially if they have had much experience 
using the blocks to show the sum of numbers such as 7 and 4. 
Some of these children may even be able to explain their number 
records. However, most groups will need some help in discover- 
ing the nature of carrying. This help should not be given imme- 
diately. The children should struggle with the difficulty. In 
this way they will be prepared for the explanation. If the best 
record of thinking is not presented or understood by the class, 
the teacher should invite the whole class to share in the solution 
of one problem. 

Suppose this problem involves 37 -h SG. Some children may 
be able to give the answer orally and may commonly explain 
their steps something like this: 30 -j- 20 = 50; 50 + 13 = 03. 
The procedures such children use in adding the numbers orally 
seldom help to explain carrying. They are asked, therefore, 
to show with tens blocks and ones blocks the quantities involved. 
Then the familiar procedure of doing what the problem requires, 
putting all the quantities together into a single group, should be 
followed. The simplest way of showing this c^uantity is the 
next issue to be raised. Of course, the substitution of 1 tens 
block for 10 ones blocks will simplify the situation. The teacher 
should then say, "Now, let’s do that with numbers.” The 
quantities are first written thus: 

3 tens 7 ones 

2 tens 6 ones 

6 tens 13 ones (13 ones = 1 ten and 3 ones) 

5 tens and 1 ten and 3 ones 

6 tens and 3 ones = G3 

After several problems have been worked in this way, the num- 
bers should be written in the conventional manner and the 
addition performed as follows: 


37 
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7 and 6 equal 13, but we can write only ones in the ones place, 
so only the 3 is written. The one ten is wi'iLten as a small 
number with the other tens and then added there. 

The abacus is also a good device Tor teaching carrying. The 
following illustration shows how the abacus would be used in 
adding 37 and 26 : First, 37 is registered on the abacus by sliding 
up the appropriate ones and tens beads (see figiue a). Then 
an attempt is made to put 26 on the same abacus. Of course. 



(a) (b) (c) 


the 2 tens can be added without difficulty, but when the child 
attempts to register the 6 ones he finds only 3 ones beads that 
have not already been used. These 3 ones are used. The 
abacus then appears as in figure h. The ten ones can of course 
be represented by 1 bead in the tens row. This substitution 
or change is made and the 3 remaining ones of the 6 ones are 
then registered on the ones row. The abacus after completion 
of this operation is shown in figure c. 

Borrowing is introduced and taught in a manner quite similar 
to that followed in carrying. Again chief reliance is placed on 
the explanation with the tens blocks and on writing the numbers 
as tens and ones. 

The method is well illustrated in the description of the pro- 
cedures followed by one third-grade class. Along with other 
problems the following was presented: “We set out 36 tomato 
plants, but now only 19 are alive. How many have diedf” 

In the illustrations showing how this problem could be solved 
the usual device was employed of drawing marks and counting. 
Tens blocks were also used, and subtraction was done by tens. 
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Since Ibe cbildien bad difficulty in finding a good numbei record 
of thought, the teacher suggested recording -with numbers what 
was done with the tens blocksd Here is the procedure with 
tens blocks. 

st'x set out) 
(nineteen 
still living) 

In this step the children mciely represented with blocks the 
number of plants set out and the number that remained. 



In this second step the blocks representing the remaining plants 
were paired with blocks representing plants set out. Three of 
the ones blocks representing plants remaining were left unpaired. 



For one of the tens blocks left unpaired in step i> was substituted 
its equivalent of ten ones blocks and then the three blocks 
representing remaining plants were paired. 

In this procedure the tens and ones of the subtrahend were 
paired with the tens and ones of the minuend. Since there were 
three more ones in the subtrahend than in the minuend, one of 
the tens of the minuend had to be changed to ones. In an effort 
to shorten the procedures, .steps h and c were combined as 
follows; 



1 Bundles of sticks (ten to a bundle) and individual sticks could be used in- 
Stead of tens and ones blocks. 
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The number record of this procedure is shown here. 

3 tens and 6 ones = 2 tens and IG ones 
1 ten and 9 ones = 1 ten and 9 ones 

1 ten and 7 ones = 17 

Shown entirely with numbers, this record becomes 

1 9 
17 

Questions such as the following will help children to clarify 
their ideas of the all-niunbcr record. “What does the little 
one beside the 6 mean? ” “Where does it come from? ” “Why 
is a line drawn through the 3 and a little 2 written above it? ” 

In answering tliese questions frec^uent reference should be 
made to the blocks and to the intermediate number record. In 
so doing, it should be made clear that the little 1 is read with the 
6 as sixteen; that it corresponds to the sixteen ones blocks; that 
marking out the 3 and writing a 2 is the same as removing one 
of the tens blocks and putting in its place ten ones blocks. 

The topic of borrowing usually raises the question of the type 
of subtraction to be used. There are at present several different 
methods of subtraction, but all are essentially variations and 
combinations of a take-away or an addition plan. In solving 
a basic subtraction situation such as 8 — 3, a pupil using the 
take-away method would reason somewhat as follows; What 
number remains when 3 is taken away from 8? A pupil using 
the addition method would reason somewhat as follows : Wliat 
number added to 3 will result in 8? 

In situations involving borrowing the two basic methods of 
subtraction require markedly different procedures and the varia- 
tions within each method entail different steps. The solutions 
of the same example using one form of the take-away method 
and one form of the addition method illustrate the main differ- 
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ences. Considerj for example, the following subtraction situation : 

36 
- 19 
17 

In the take-away method the procedure would be explained 
as follows: Since 9 ones cannot be taken from G ones, a ten is 
borrowed (changed to ten ones) from the 3 tens, making 1C ones. 
Nine ones from 16 ones leaves 7 ones. The 7 is written in the 
ones place. One ten from the remaining 2 tens leaves 1 ten. 
The 1 ten is written in the tens place. This form of subtraction 
is commonly called the take-aioay borrow method. 

In one form of the additive method the procedure would be 
explained as follows. Since no positive number can be added to 
9 to equal 6, the 6 must be only part of the number 16. Nine 
ones and 7 ones equal 16. The 7 is written in the ones place. 
One ten (from subtrahend) and 1 ten carried from 16 equal 2. 
Two tens and 1 ten equal 3 tens. The 1 ten is written in the 
tens column. This form of subtraction is sometimes called the 
complementary addition method. 

In the take-away borrow procedure the two number questions 
to be answered are; (1) “9 from 16 equals what number.’” and 
(2) “1 from 2 equals what number? ” In the addition procedure 
the two number questions are: (1) “9 and what number equal 
16?” and “2 and what number equal 3?” Of course, those who 
are proficient in cither method do not think such questions but 
think immediately “9 from 16, 7” or “9 and 7, 16.” 

A. major issue in subtraction is concerned with how the min- 
uend number is increased by ten. In the take-away borrow 
situation described, one of the 3 tens was changed to 10 ones 
leaving only 2 tens in the tens place of the minuend. In the 
addition situation it was assumed that the 6 in the minuend 
was only the ones part of 16. For both the take-away and the 
addition methods of subtraction there is another widely used 
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mettod of increasing the minuend numbers by ten. In brief, 
this other method consists of increasing the ones minuend num- 
ber by adding a 10, and then, to balance this addition, adding 
a 10 to the tens number of the subtrahend. This is known as 
the method of equal additions, that is, equal amounts are added 
to both minuend and subtrahend. The procedure when the 
equal additions method is used in solving 36 — 19 (take-away 
subtraction) would be somewhat as follows: “9 cannot be sub- 
tracted from 6. Add a 10 to the 6 to make 16. To maintain 
the same conditions between minuend and subtrahend, add 10 
to the 1 ten of the subtrahend. Then 2 lens are subtracted from 
the 3 tens.” If the addition method of subtraction is used, the 
procedure would be somewhat as follows; “There is no number 
to be added to 9 that equals 6. Therefore, 10 is added to the 6. 
To balance this addition of 10 to the minuend a 10 is added to 
the tens figure of the subtrahend.” 

While this method of equal additions is mathematically sound, 
teachers of arithmetic should recognize that children who are 
just being confronted with borrowing in aritlimetic have not 
had the algebra which wUI enable them to see the fundamental 
principle involved. The method of equal additions is therefore 
more difficult for children to understand than is the borrow 
method, To convince yourself of the truth of this statement, 
try using both methods in explaining to a child or to a class how 
13 is secured as the answer to the following problem: “Of the 
32 fifth-grade pupils, 19 are present. How many are absent? ” 

The purpose of addition is to find a total or the result when 
two or more numbers are combined into a single group. But 
in this case that total, 32, is already given. This 32 must be 
divided into two groups, one of which is known (the 19 present). 
The logical thing to do is to identify the 19 and then find how 
many of the 32 are left. In other words, 19 of the 32 are removed 
— taken away. Removal or taking-away, either by actually 
moving objects or by marking, or by identifying in some other 
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way, is the process children will use if asked to show how such 
a problem can be solved. Notice the illustrations for the sample 
problem on page 156. To show the steps in the additive method, 
either by means of marks or objects, without taking away, is very 
difficult. Two rows of marks, each containing 32, would be 
required. The reasoning would be something like the following ; 
“Here are 32 marks representing the children of the fifth grade. 
These 19 (in row below the first) show how many children are 
present. These others (remaining marks in second row) show 
how many children are absent because the marks show how 
many must be added to 19 to make it ecpial to 32 (the total in 
the first line) .” 

A great many proponents of the additive method contend that 
it should be taught because it is the method used in making 
change. Making change, however, is not a process of subtrac- 
tion at all, but merely of counting. Consider, for example, the 
procedure when you purchase a 20-cent article and hand the 
clerk one dollar. If there is a one-cent sales tax, the clerk hands 
you your purchase, saying, “twenty-one, twenty-two, twenty- 
three, twenty-four, twenty-five, fifty, one dollar.” At no tune 
did the clerk subtract 21 from 100. Instead of being evidence 
in favor of the additive method of subtraction, the method of 
making change is good evidence for the counting method. Since 
“take-away” is the method that most of us use and because 
it is more logical, that method is recommended. For a detailed 
discussion of methods of subtraction, the reader is referred to 
Morton.^ Other references that deal with certain phases of this 
topic will be found at the end of this chapter. Special attention 
is called to the work of E. A. G. Lamborn and of .1 T. Johnson, 
and to the report of the Joint Committee of the American Educa- 
tional Research Association and the Department of Cla.ssroom 
Teachers of the National Education Association. 

‘It L Morton, Teaching Anthmelic in ihe Elementary School (New York: 
Silvor-Burdett Company. 1937-38), I, 176-88 



156 


THE TEACHING OE ABITHMETIC 


Borrowing Is such a difScult phase of subtraction to teach that 
more detailed consideration of the topic seems worth while. To 
give discussion of the topic a practical setting, an illustrative 
problem and a children’s solution of that problem are presented. 

Problem. Of the 32 fifth-grade pupils 19 are present. How 
many are absent? 

Examples of illustration; 

(a) 13 absent 

+H++++HH++++m-|- null I I Mil I 32-19 = 13 



2 tens 12 ones 

— 1 ten 9 ones 

1 ten 3 ones 


Examples of number record: 

(а) 33 - 19 = 13 

( б ) 

li 

1 3 

(c) 3 tens 12 ones 

— 1 ten 9 ones 
1 ten 3 ones 

The explanation for the example of illustration c was some- 
thing like this; First, the 32 was represented by 3 tens blocks 
and 2 ones blocks. Then the 19 present were represented by the 
1 tens block and 9 ones blocks. It was clear that there were 
not enough ones to match the nine ones to be removed. In 
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order to supply the necessary ones, ten ones blocks were sub- 
stituted for one of the three tens blocks representing the thirty- 
two. The rest of the operation is obvious. In the niunbcr- 
rccord explanation h, the term borrow does not have to be used 
Instead, the pupil can say one of the tens in the 3 is changed 
into ones. To show this, we write a small 1 in front of the 2 
in the ones column. To show the remaining 2 tens, we cross out 
the 3 and write a 2 above it. Change instead of borrow would 
be a much better word to use with beginners. But because the 
term borrow is so commonly used today, it may be wise to rel ain 
it even though it is a misnomer. 

The writing of the borrowed 1 is often strenuously opposed by 
teachers of arithmetic on the ground that it is a usek'ss crutch. 
From a logical and practical point of view, however, it seems to 
be an aid to understanding and its use should be permitted. It 
relieves the mind of the burden of remembering that one ten 
has been removed from the tens and it is certainly easier to 
subtract from a visible than from an invisible number The 
writing of the borrowed 1 is no more a crutch than is the long 
form of division in problems with one-figure divisors. Since few 
people now oppose the teaching of the long form of division 
before the short form, one may safely assume that the writing 
of the borrowed 1 will be accepted by teachers who are gen- 
uinely concerned about teaching arithmetic in a meaningful way. 
Of course, children should eventually acquire enough confidence 
in their ability so that they can abandon the writing of the 
borrowed 1. However, many an adult writes the borrowed fig- 
ure when making a subtraction that is crucial; and the practice 
should not be denied children. 

To show the meaning of borrowing as well as carrying, teachers 
will find the abacus a helpful device. The five figures which 
follow illustrate how 19 is subtracted from 32. Figure a merely 
shows the 32 registered on the abacus. In figure b, two of the 
9 ones have been subtracted, and in figure c one of the 3 tens is 
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changed to 10 ones. The remaining 7 ones arc then subtracted 
by dropping 7 of the 10 ones, as in d. The one ten of the 19 
is then subtracted by dropping one of the tens beads. The 


completed process is 

shown in e. 




i ii 

1 * 

1 

J 

ii! 

n 1 

1 

1 

1 

1 

(a) 

(b) 


(c) 

(d) 

(e) 


When the processes of carrying and borrowing are understood, 
the children should practice with examples. The textbook is 
probably the best soui’ce of such practice examples. Good sets 
of examples can also be constructed by teachers or supervisors. 
The children should be required to show during the intensive- 
study period that they understand the process they arc attempt- 
ing to fix. 

Column Addition 

Column addition is taught before addition and subtraction 
with two -place numbers receives much attention. In fact, the 
beginning of column addition is found in the exercises requiring 
the child to put the proper number of people in thi'ee or four 
houses, or to think of three numbers that make up one number 
such as 8. There are also many life problems that arise in the 
first and second grades which require column addition. 

Systematic instruction should follow the same lines as those 
recommended for the basic addition facts. Objects, marks, and 
the making of tens should all be employed. The work in the 
second grade, except in the special case of class projects, should 
not involve more than four or five numbers. 

Examples of only four or five numbers will involve higher 
decade addition (the adding of ones to tens; e.g., 17 + 2, 24 + 2, 
etc.). Many texts and courses of study require children to 
learn these higher decade addition facts. If some attention 
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needs to be given to a higher decade addition fact, the relation 
between that fact and the basic fact should be emphasized. For 
example, 17 + 2 is connected with 7 + 2. Teachers who wish 
to have their pupils work with higher decade addition facts 
should give special attention to such of those facts as are used 
for carrying in multiplication. For example, when a pupil is 
using G as a multiplier and meets 6 X 4. m a problem, he may 
have to add to the product 24 a 1, 2, 3, 4, or 5, and add the 
carried 2 to 12, 18, 24, 30, 3G, 42, 48, or 54 In multiplying, 
the pupil needs to know how to add quickly and accurately 
certain carried numbers to 12, 14, 15, 16, 18, 21, 24, 25, 27, 28, 
30, 32, 35, 36, 40, 42, 45, 48, 49, 54, 56, 63, 64, 72, 81, but not 
to other higher decades such as 23, 20, 29, which are not prod- 
ucts used in basic facts. Higher decade addition examples are 
commonly classified into two groups, those without bridging 
(e g., 27 4" 2 = 29 and 32 4- 6 = 38) and those with bridging 
(e.g., 27 4" 6 = 33 and 46 4- 8 = 54). Bridging occurs when 
the sum is in the decade higher than the larger addend. 

In column addition the chief difficulty arises through the fact 
that one of the munhers added after the first addition is not 
visible. Unfortunately, no satisfactory way to avoid this diffi- 
culty, has yet been found. Emphasis on oral work may be one 
procedure that will help children to master the difficulty. How- 
ever, there is no evidence to show that oral work makes for 
greater skill in column addition. 

A question which frequently arises in the teaching of column 
addition is whether or not children should be taught to group 
numbers. For example, when a child is confronted with 3 4-6 
4-7-1-24'34"5, should he make 10 out of the 7 and 3 and 
then add the 6? This practice has not proved very helpful 
and usually makes for errors. Ideally, in adding a column like 
the above, the children should say 9, 16, 18, and so on, not 3 
and 6 are 9, 9 and 7 are 16. As in other phases of arithmetic, 
there are many steps through which a child may pass before the 
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best procedure is accepted. In adding long columns (upper 
grades), children sometimes exceed their attention span. They 
should be taught to place a finger or a pencil on the last num- 
ber added, keep repeating the sum, and glance away for a 
moment. 

In column addition the question of whether to add up or down 
is usually raised. The question is really of minor importance, 
since children should establish early the habit of adding first 
down or up and then checking by adding in the opposite direc- 
tion. Which way to add first appears to be of little conse- 
quence.* Those who favor adding down seem to have the best 
arguments on their side when it is considered that downward 
addition moves in the direction that we read, and if a pencil is 
used to hold the place the hand is in position for writing the 
sum. On the other hand those who add up insist that the pencil 
hand is at the bottom of the column when the last number is 
written and therefore it is natural to start adding up. Further- 
more, there are good computers who add up on some columns 
and down on others. 

Oral serial addition of the same one-figure number has been 
used with marked success to improve column addition. The 
following example will illustrate the procedure: In an oral exer- 
cise the teacher may say; “Begin with 9 and add sevens.” The 
pupil responding correctly will say, “Sixteen, twenty-three, 
thirty, thirty-seven, forty-four,” and so on. Note the various 
bridging that occurs in the above example. The numbers S, 
6, 7, 8, and 9 can be profitably used in such exercises, and by 
using various starting numbers (all teens except the double of 
the number to be added) a great many different situations are 
available. 

I- The Implication o/ Research for the Classroom Teacher, Joint Yearbook of the 
Department of Classroom Teachers and the American Educational Research 
Asaeciation of the National Education Association (1939), p 194. 
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Use of Cues in Teaching Addition and Subtraction 
Problems 

Many arithmetic books make extensive use of cues or key 
words to help the child to decide which process to use in solving 
problems. For example, children are told that addition is used 
to find the sum, the total, how many altogether, and how many 
m all, and subtraction is used to find how many more, how many 
less, how many left, and how many remain.^ The author ques- 
tions the use of such cues. It takes the attention of the children 
away from the conditions stated in the problem by immediately 
directing their attention to the getting of the answer. While 
there is nothing wrong with getting an answer, that answer can 
be of little value if the child does not see the whole problem sit- 
uation. In such instances answers merely enable the child to 
satisfy the artificial conditions set by text or teacher. Use of 
cues short circuits the essential analysis of problems. To illus- 
trate, consider the following division cues: (a) “Find the aver- 
age (given total).” (6) “I- square mile == , . . acres” (and the 
like), (c) “A articles cost B cents. One article wnll cost . . .” * 
Teaching pupils that division is to be used when such cues as 
those just cited appear in a problem is giving problem-solving 
greater emphasis than the author of this book advocates. 

On the other hand, textbook writers may have resorted to the 
use of cues because the problem-solving ability of pupils is so 
notoriously weak. Some of the cues suggested, as for example 
that addition is used to tell how many in all, are partially incor- 
rect. If problems are used to illustrate mathematical facts and 
procedures, the need for cues will be to some extent eliminated. 
Further discussion of this situation will be found under the topic 
of problem-solving in Chapter 7. 

•For a book which recominencls the leaching of cues see W. J. Osburn, 
Corrective Anthmelio (Boston: Houghton MifBm Company, 1929), II, 169-71. 

• W J. Osburn, op, mi., p, 227. 
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Other phases of addition, such as -work with numbers of three 
or more digits, addition of addends of unequal length, and the 
like, do not confront the learner with any radically new pro- 
cedures. The principles governing instruction as described in 
the preceding pages apply similarly to these new phases of arith- 
metic. Since it is difficult for the child to use the type of proof 
employed in beginning addition, he should be given other oppor- 
tunities to evaluate and understand the procedures with which 
he is learning to work. To make the addition of large numbers 
significant, some room project which requires the use of such 
numbers should be introduced. A record, compiled as a part 
of a social studies unit, of the number of livestock received at 
some near-by packing center will help to make the addition of 
large numbers significant. Such a project has the further 
advantage of introducing the rounding of large numbers as a 
reasonable procedure. Other means of representing quantities, 
such as the pictograph and the bar graph, will help the child to 
grasp the idea that numbers can sometimes be rounded without 
a loss of essential information. In order to emphasize and give 
practice in the rounding of numbers, the addition and subtrac- 
tion of large numbers should occasionally be used in the oral 
arithmetic period. 

The subtraction of numbers of three or more places introduces 
one new difficulty; borrowing from zero, that is, when the figiue 
from which borrowing would normally take place is a zero. The 
situation is illustrated in the following examples: 306 — 198 
and 3000 — 1654. The long mental process of first changing 
one hundred from the three hundreds (see first example) to 
ten tens and then changing one of these ten tens to ten ones 
leaving only nine tens is perhaps essential in the first solutions 
of .such problems, but eventually pupils should follow a procedure 
such as the following: "8 from 16, 8; 9 from 9, 0; 1 from 2, 1.” 
Obviously, 6 can be made into 16 only by borrowing or changing 
a ten. Instead of thinking change one of the three hundreds 
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to ten tens it probably is best to think of the three hundreds as 
thu'ty tens. Then when one is changed, twenty-nine remain 
Some textbooks use money situations to introduce this phase of 
subtraction. For example, a problem involving the subtraction 
of $2.75 from $4.00 is presented and solved by changing one of 
the four dollars to nine dimes and ten cents and then removing 
or identifying the $2.75 and noting the remainder. 

The student of the teaching of arithmetic will find it profit- 
able to consult a number of third-grade arithmetic books on 
this phase of arithmetic. The actual teaching procedures pre- 
sented in these textbooks will show the steps which the authors 
of the books intend for children’s use. Regardless of how the 
procedure is presented and explained, subtraction when borrow- 
ing from zero is required is a difficult process for many children 
and therefore merits the careful consideration of teachers of 
arithmetic. 

After the initial study of various phases of addition and sub- 
traction, primarily in the third and fourth grades, the amount 
of practice required to maintain reasonable efficiency must be 
considered. No program of instruction has yet been developed 
in which the regular arithmetic work will be sufficient to main- 
tain all pupils at a high level of efficiency in these two funda- 
mental operations. Throughout the upper grades, then, some 
attention must be given to teaching addition and subtraction. 
The teacher should not feel apologetic about taking time for 
such worlc. The children should be led to see the need for the 
review or practice, should be provided with appropriate practice 
material, and should even be required to show that they under- 
stand the work on which they arc practicing. The review 
exercises in texts and ■workbooks arc good sources of such prac- 
tice material. No attempt should be made to bring all children 
up to the same level of achievement, but some description of 
the child’s achievement should become a part of his permanent 
school record. It is tlirough such records that a teacher and 
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administrator get a good picture of a child’s progress from year 
to year. The child should continue to progress in his ability 
to add and subtract as long as he studies arithmetic. Of course, 
if he becomes very proficient m the two processes, no further 
growth should be expected. 

STUDY QUESTIONS 

1 Three boys owned 16, 18, and 12 marbles respectively. 
Why is 46 a better statement of how many marbles the three 
boys had than is 16, 18, and 12? (/) Because 46 tells how 

many in all. (S) Because 46 is easier to visualize than 16, 18, 
and 12. (5) Because 46 is a tens and ones number, (^•) N. 

2. Why is 6 + 3 = 9 a basic addition fact while 16 + 3 = 19 
is not? (1) Because the sum of the first is a one-digit number. 
(2) Because you can add 16 and 3 without knowing that 
16 3 = 19. (S) Because 16 and S are used only in column 

addition, (i) N. 

8. Why is it logical to argue for teaching 6 -b 1 = 7 before 
teaching that 6 + 0 = 6? (1) Because 6 + 1 is needed m the 
addition of one-figure numbers. {£) Because 6 + 0 is a zero 
fact. (5) Because 6 + 0 is more difficult than 6+1. (.4) N. 

4. Which of these is classified as an easy addition fact? 
(7) 6 + 6 = 12. (2) 8 + 4 = 12. (3) 9 + 3 = 12. (-1) N. 

5. For what reason should a child be asked to drill or prac- 
tice a basic subtraction fact such as 8 — 6 = 2 if he already is 
able to figure out the fact and understands what he is doing^ 
{1) There is no reason. (2) To save thought. (3) To make 
his answer more accurate. (4) N. 

6. If you do not include the zero facts, how many basic 
addition facts are there? {1) 36. (2) 45. (S) 81. (4) N 

7. What is the most serious disadvantage of the flash-card 
method of studying the basic addition facts? {1) It is an indi- 
vidual method. (2) It is difficult to motivate. (3) A wrong 
answer appears just as right to a child as does the right answer. 

(4) N. 
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8. For teaching which of these phases of addition, are tens 
blocks most useful? (1) The hard facts. (S) Addition of 
tens and ones — no bridging. (5) Addition of two-place 
numbers with carrying. (4) N. 

9. Wh&t makes the use of counting especially desirable in in- 
troductory addition work? (1) Counting is more closely related 
to addition than to any other process. (S) Children will have 
just finished their study of counting and will therefore not have 
forgotten how to count. (3) Children understand and have 
confidence in their ability to count. (4) N. 

10. What is the major argument against the simultaneous 
teaching of addition and subtraction (basic facts)? (1) There 
are too many facts to learn. (S) Addition is the foundation 
for subtraction. (3) The process of subtraction is more difiicult 
and should therefore follow addition. 

11. Is it considered desirable practice to ask a child who is 
studying the basic facts for automatic mastery to prove a fact? 
(1) Yes. (g) No. 

12. The complementary method of subtraction has one dis- 
tinct advantage. What is it? (I) It is a rapid method. (^) It 
makes for accuracy. (5) Only the easy basic facts have to be 
mastered. (4) N. 

13. The order of presenting the basic addition facts is not 
considered very important by the author of this book. What 
is one of the chief reasons for this lack of emphasis on order? 

(1) Recent research has shown that order has no great value. 

(2) Experiences with many facts before work for mastery 
emphasize relationships. (3) 9 -}- 6 = 15 needs more atten- 
tion than 6 -f 2 = 8, and therefore should be presented early. 

(4) N. 

14. What is the difference between an addition combination 
and an addition fact? (I) There is none. (2) Facts involve 
two-figure numbers while combinations involve only one- 
figure numbers. (3) Facts do not include answers while the 
combinations do. (4) N. 
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15. What is the purpose of giving the tuned test at the be- 
giuning of the period for intensive study of the basic addition 
and subtraction facts.? (i) To give the child and Leacher a 
benchmark from which to measure progress. {£) To set a goal 
for the child to work for. (5) To provide evidence which will 
help the child to see that he needs to master the facts. H) N. 

16. Since there are only very rare occasions when all children 
in a class will need to drill on the same fact, how can even a 
few minutes of hash-card drill with the whole class be Justified.? 
(1) It cannot be Justified. (S) For purposes of motivation. 
(5) To fix the most essential facts, (4) To provide a pacing 
or timing device for the children to use. 

17. In the systematic study of the basic subtraction facts, 

which of these should come first? (1) A. problem using the 
fact. (2) Proof for an example such as 7 — 3 = 4. (5J The 

development of the fact from rearrangement of a group of 
objects. (4) Counting out objects to develop the fact. 

18. Should the child’s first experience in adding two-place 
numbers be oral or written? (1) Oral. (2) Written. 

19. What advantage does the 2 tens have over 20 

form -h 3 tens the form ^? 

5 tens 50 

(1) The first harmonizes with the number system. (S) The 
first is similar to the addition of one-digit denominate numbers. 

(3) The first containing fewer numbers is more easily written. 

(4) N. 

20. What argument is there for teaching the addition of 
even tens before teaching the addition of tens and ones? (1) No 
carrying is involved. (2) It is less difficult to rationalize the 
addition of even tens. [3) There is no convincing argument. 
It is merely a matter of opinion, (i) N. 

21. What is the learning problem to be mastered in the 
child’s first lesson on the addition of two-place numbers? 
(1) How to add first the ones and then the tens. (_2) How to 
get the answer. (S) How to show or prove that his answer is 
correct. (4) N. 
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22. Which device, the tens block oi' the abacus, is most ef- 
fective in teaching carrying? (1) Tens block. (^) Abacus. 
(5) N. 

23. Is use of the method of making change as performed by 
clerks good argument in favor of the additive method of sub- 
tracting? (1) Yes (2) No. (3) N. 

24. Teachers who wish to have their pupils rationalize 
processes that are being taught find the equal-addition method 
in subtraction undesirable Why? (J) Because adding a ten 
to the ones numbers is contrary to the notation with which the 
child is familiar. (^) Because adding to the subtrahend is 
contrary to what the child has learned about borrowing. 
(3) Because the child is not familiar with equations. (4-) Be- 
cause adding is the opposite of subtracting. 

25. The take-away method of subtraction is favored by 
most teachers because it is the method they were taught. 
What other important argument is there in favor of the take- 
away method? (1) It is faster. (^) It is more accurate. 
(3) It involves fewer steps when borrowing is encountered. 
U) N. 

26. The writing of the borrowed 1 in subtraction problems 
is opposed by many teachers. Why? (7) It isn’t essential to 
the process. (^) It interferes with development of mastery of 
subtraction. (3) It creates difficulties in checking or verifying 
work. (4) N. 

27. The exercise in which children indicate the number of 
people that might live in three or four houses is considered a 
better exercise for introducing column addition than is the 
exercise in which children guess what three numbers equal 
another number. Why? (1) Because use of people makes 
visualization easier. (3) Because some numbers are visible 
in the house exercise. (3) Because guessing is not compatible 
with teaching. (4) Because there are too many possible com- 
binations in the guessing exercise. 

28. Higher decade addition facts are needed in column 
addition. Where else are they needed? (1) In addition of 
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three- and four-place numbers. (S) In short division. {$) In 
the addition check of subtraction examples of two or more 
figures. (4) N. 

29. Which of these higher decade addition facts should re- 
ceive most attention? (J!) 26 -t- 6. (S) 29 -f- 3. (3) 23 -f 9. 

U) 24 -f- 7. 

30. What makes such exercises as “Count by 7’s to a hun- 
dred, beginning at 15” especially good for practice in column 
addition? (J) Long columns of 7, because there are 7 days in 
the week, are frequently encountered. (8) Because every addi- 
tion involves bridging. (3) Because every addition involves 
a higher decade addition fact. (|) Because addition of 7 with 
every other numeral is involved. 

81. Subtraction of three-place numbers is more difiicult 
than subtraction of two-place numbers because three instead of 
two subtractions have to be made. Is it more difficidt in any 
other way? (1) Yes. {S) No. 
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Multiplication and Division 


Vabiations in Present Methods op Teaching the 
Basic Facts 

Current practice is sharply divided on a number of issues relative 
to the teaching of multiplication and division. In the mam, 
the issues relate to the procedures used in initial instruction, the 
question of teaching the two processes simultaneously, ancUthe 
order and number of facts to be included in the first teaching 
block. Varying practices on initial instruction are well illus- 
trated by the points emphasized in the first lessons in multiplica- 
tion. Some tests emphasize counting by 3’s, 3’s, 4’s, and 5’s; 
others emphasize the relation between multiplication and adding ; 
while still others emphasize multiplication as something new — 
number facts similar to and just as important as the addition 
and subtraction facts. Some texts develop all the facts — for 
example, all the facts for 3 — before introducing the 3’s, others 
introduce the 2’s, 3’s, 4’s, and so on, simultaneously. Although 
most instructional programs begin multiplication with the study 
of the 2’s, the I’s and the 5’s are used first in some programs. 
The use of 1 as a multiplier is omitted from some initial instruc- 
tional programs and emphasized in others. The doubles (2 X 1, 
2 X 3, 2 X 3, and so onj are made the foundation for the teach- 
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ing of multiplication by some texts and are neglected or less 
emphasized by other texts 

Equally divided practice is found with regard to the simul- 
taneous teaching of the processes of multiplication and division. 
Most textbooks teach first the easy multiplication facts and 
then, four or six weeks later, introduce the easy division facts. 
Others separate the teaching of the two processes by only a few 
days. A few texts introduce both processes at the same time. 
This is the plan recommended by Morton.^ Wheat recom- 
mends that the division idea be developed first.* 

Not only is there disagreement as to whether multiplication 
and division should be introduced simultaneously, but there 
are also marked differences in the order in which the fact.s of 
the two processes are taught and in the rate at which the facts 
are introduced. In the paragraph above, where variations in 
initial practice were listed, it was pointed out that some programs 
begin with the 3’s, others begin with the 5’s, and still others use 
the I’s first. In addition to such differences in the order of 
presentation, the following occur (1) Some programs teach facts 
without reference to the converse of that fact. For example, 
5X3 = 15 is taught, but the child is not at the same time shown 
that 3 X 5 = 15. On the other hand, some texts emphasize 
both facts as soon as one is introduced. (3) Most texts present 
only the so-called easy facts (multipliers and multiplicands of 
1, 3, 3, 4, and 5, and quotients and divisors of 1, 3, 3, 4, and 5) 
in initial instruction. Some texts present all facts through 9 
as soon as the group — for example, the 2's — is introduced. 
(3) In some programs the multiplication and division of lO’s is 
begun as soon as two or three groups (2’s, 3’s, 5’.s) have been 
taught. In other programs all the basic facts are taught before 
work with lO’s is begun. 

'R L. Morton, Teaching Arithmetic in the Elementary School (New York; 
Silver-Burdett Company, Ifl.ST-SS), I, 21.S 

®H. G. Wheat, The Psychology and Teaching o/ Arithmetic (Boston. D. C. 
Heath and Company, 1037), p. 300. 
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Learning Prior to Systematic Instruction 

In tlie number-concept-building exercises described in Chap- 
ter 3, the ideas of multiplication and division frequently occur. 
First-grade children use the terms tioo times, three times, and 
twiee as much. They count by lO’s, 6’s, 2’s, and 3’s. In arrang- 
ing objects they frequently arrive at a total number, such as 15, 
by grouping in 5’s and then counting 5, 10, 15. During study 
or use of such exercises, expressions such as “In 10 there arc 
two 5’s'’ and “Three 5’s are 15” are heard. The exercise in 
which pupils indicate the number of people that might live in 
three houses when the total number is given is another expe- 
rience tliiough which ideas of multiplication and division might 
be developed. Many other such exercises may also contribute 
to a better preparation for this phase of aidthmetic. 

Since exercises of this type contribute to phases of arithmetic 
other than multiplication and division, they arc not postponed 
until the child is ready to begin the study of these two processes. 
Instead, they are a part of the concept-building program which 
begins in the jBist grade. Additional background material for 
multiplication and division is provided In the oral exercises and 
class projects which confront third-grade pupils. The rather 
impressive list of learning experiences presented in the preceding 
section is not incidental to any first- and second-gi'ade program. 
Such experiences result only from careful planning. Programs 
which include the features described above are illustrations of 
the principles of allowing a long time for children to learn and 
of providing the essential experiences for understanding a 
process. 


Beginning Instruction in Multiplication 
AND Division Facts 

Even though the child has had extensive experience in a con- 
cept-building program and in solving ordinary quantitative 
situations of life with the multiplication and division facts, it 
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is not likely that he will have developed a systematic plan for 
using them or that he will have gamed an adequate understand- 
ing of the two processes. There is, then, a real need in the early 
school experience (preferably the third grade) to teach multi- 
plication and division. 

Teachers who follow the plan of teaching recommended by 
the author of this book begin the study of multiplication and 
division by assigning .several problems involving situations 
which require use of these two processes for mo.st efficient solu- 
tion of the problems. The main points of procedure in such an 
introduction can be presented best by a description of the learn- 
ing experiences of a class beginning the study of multiplication 
and division. 

“Write the answer to the six problems in this exercise. If 
you do not know the answer, make a drawing to show what the 
problem tells with words. Then get the answer in the best way 
you can. Count it you need to.” 

These are the directions that were given to the class. Two 
of the problems used are reproduced here 

1. Henry made three trips to the stage, carrying four chairs 
each trip How many chairs in all did he carry to the stage? 

2. We are storing the ten best candles we made in boxes. If 
each box holds only two candles, how many boxes do we need? 

As the children worked on the assignment, the teacher went 
about the room to locate those who needed help. She made 
suggestions such as, “Take chairs to the corner of the room. 
Be sure to carry the same number Henry did and make only as 
many trips as he did ”, and she raised such questions as, “Does 
your drawing show the same thing that the problem told?” 
After work had been going on for a time, she held up some of the 
children’s papers so that the class could see the ways that were 
being used to answer the questions. As she showed the papers, 
she commented on them in order to motivate the work and to 
give hints to those who seemed to be having difficulty in getting 
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the idea. For those who were able to answer the questions with- 
out the use of diagrams and therefore finished in a relatively 
short time, the following assignment was given: 

1. With marks or a drawing show that your answer to prob- 
lem 1 is correct. 

2. Show with numbers what you showed with a drawing. 

The same assignment was given for the remaining five prob- 
lems. Those who finished their work quicldy were also encour- 
aged to find other ways of showing that their work was correct. 

During the class period the teacher had children place rep- 
resentative diagram and number solutions on the board. An 


attempt was made to get different ways of showing how the 
answer was obtained. The following are representative of the 
work of the children: 

(a) 


rlrl^hk 


13 

(b) 

bkhk 

hhhln 

hlikh 

12 

(c) 

1 1 1 1 

Tripl 

1 1 1 1 
Trip 2 

1 1 1 1 

Trip 3 

12 

(d) 

1 1 1 1 

4 

1 1 1 1 

8 

III! 

12 



(e) The actual chair arrangement was also used — that is, 
the three groups of fom chans each were placed at the 
front of the room. 


Most of the number solutions were simply the addition of 
three 4’s. One child offered 

4 

3 

12 
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but this was rejected by the pupils because they said it looked 
too much like adding 4 and 3. 

In tbe discussion of solutions these questions were asked. 
“Does tbe solution show what the problem told? Does it 
answer the question? ” In some cases, notably solutions c and 
d, there was a question about the validity of u.sing marks for 
chairs. The teacher answered by saying that marks were quite 
all right if the person using them knew that they represented 
the chairs. 

At the close of the discussion of the “number solutions” the 
teacher said, “Here wm have .shown the same number fact in 
several w'ays. Who can tell me what the number fact is that 
has been demonstrated?” 

“Three 4’s are 12” was selected as the best statement of tbe 
fact. This statement and the statements of other facts w’ere 
written on the board. The teacher remarked that these number 
facts would be used again and again. 

The diagram and number solutions for problem 2 appear 
below. For convenience, problem 2 is repeated here. 

“We are storing tbe ten best candles we made in boxes. If 
each box holds only two candles, how many boxes do we need? ” 


(a) 







(b) 






5 boxes 


(c) 







5 
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Not all the children offered number solutions, but the follow- 
ing are representative of those offered: 


(a) 10 

(h) 10 

(c) 2 (1) 

_2 

- 2 

2 (2) 

5 

8 

2 (3) 


- 2 

2 (4) 


6 

2 (.5) 


-8 10 
4 


- £ 

2 

- g 

Number solution a was explained by the statement: “Because 
in 10 there are five 2’s.” The solution was rejected, however, 
because "it looked too much lilce addition.” Solutions b and c 
were accepted, although c was questioned by the teacher because 
it showed that five 2’s make 10, not how many 2’s in 10, which 
was the original situation raised by the problem. The teacher 
called attention to the length of the two solutions accepted. 

The children experienced difficulty in trying to make a short 
statement for the number fact of their solutions. “In 10 there 
are five 2’s” and “five 2’s are 10” were statements they most 
frequently offered. The similarity between the second state- 
ment and the statements for the fact of problem 1 was noted. 
When the children decided that the two were different types of 
problems, the first statement was selected as the better one, and 
the teacher wrote the second statement in parenthesis just 
beneath the first. The importance of writing this second state- 
ment will be seen when the question arises of how to justify the 
long-division form as a record of thought. 

In the next several assignments for this class, problems involv- 
ing other multiplication and division facts were used, and facts 
were developed in the manner described above. For a short pres- 
entation of the actual procedures, see sample program III, Chap- 
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ter 2, In that sample only multiplication was used. The steps 
for division, however, would be very similar. In the introductory 
procedures just described, several points are important enough 
to warrant separate consideration. Instead, then, of consider- 
ing further the learning experiences of one class, the remainder 
of this section is given to a discussion of special issues in the 
teaching of multiplication and division. 

In the teaching situation outlined above, the processes of mul- 
tiplication and division were introduced simultaneously. Wlille 
the two arc related processes and consideration of them together 
may make for better understanding than as if they were treated 
separately, there is no evidence to support this conclusion. 
Simultaneous treatment has the advantage of providing a longer 
period of time between introduction and learning for mastery 
than would be true if separate teaching were done. On the 
other hand, many teachers see an advantage in concentrating 
on one process. They claim that the value of clear and forceful 
introductions to processes is lost if many other facts and even 
other processes are brought in before the child has an oppor- 
tunity to master the first fact introduced. The question of 
simultaneous or separate treatment of multiplication and divi- 
sion is, then, a matter on which it is impossible to make a recom- 
mendation that is backed up by evidence from research or 
unanimity of practice. Since children work at different rates, 
it IS obvious that not all the children in the class referred to 
above finished the assignment at the same time. It should be 
noted that some procedures used in the program were included 
primarily to give the slower pupils more time — for example, 
using several problems and suggesting that pupils try to discover 
more than one way of finding the answers. Additional work was 
introduced which consisted: (1) of showing with Lens blocks and 
ones blocks that such statements of fact as “four 3’s make 12” 
are true; (2) of making additional problems to illustrate the 
facts, (3) of finding other ways of proving; (4) and of making a 
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list of all tile forms of proof for one fact. Even with extensions 
of time, not all the problems were solved and illustrated by the 
slowest workers. Every pupil, however, had an opportunity 
to try to solve at least one multiplication and one division 
example before an explanation was given Even if some pupils 
do not solve any problem.^, the author believes that they are m 
a belter position to profit from an explanation than if they were 
given the explanation before trying to solve the problem. 

The use of tens and ones blocks shows especially well that 
niultlpliealion is a regrouping process. In the class referred to 
above, every fact was (k'lnon.strated at least once with these 
materials. The value of the blocks in .showing how multiplica- 
tion nuike.s feu' simplicity in expresising quantities is shown in the 
illiLstration fur the problem, “How many sandwiches do we have 
if each of the six boxes contains four sandwiches?” The sand- 
wiche,s in each box were represented by four single blocks. The 
complete semi-concrete representation then appeared thus: 

nil 1 1 1 1 1 1 1 i lilt 1 1 1 1 1 1 1 1. 

To show the total by putting all the ones blocks in a single group 
answers the question “How many?” but not in a way that 
makes it easy to recognize the total and to name it in the stand- 
ard terminology of the number system. This fact is shown by 
the following arrangement of the onc.s blocks: 

tm = KmMAmmm90m9QaQQ& 

On the other hand, the total can be recognized easily and 
can be named in -standard terms when it is shown by tens blocks 
and ones blocks: 

Erora suoli an arrangement of blocks, it i.s an easy step to 
representation on a blackboard by marks for -single blocks and 
blank n’ctangles or squares for lens blocks ; 
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The simplicity of this representation as compared to the first 
is obvious. 

There may be some who will want to argue that the sand- 
wiches could never be grouped that way, and that, therefore, the 
reprcseutatiou is misleading. To hold thus closely to the con- 
crete would eliminate practically all the u.ses of number. The 
abstractness demonstrated in the illustration represents the 
way in which number renders its service to man. By dealing 
with symbols limited in meaning, a person is left fine to rlo the 
necessary reflection, Besides, the que.stion iii the problem asks 
for the total, which means that the reader's attention is directed 
not to each individual sandwich but to the aggregate. Siieh 
rearrangement of groups into tens and ones as that used in the 
illustration will show children the meaning of multiplication and 
also its function — that it is easier to thial't of twenty-four than 
it is to think of six fours. 

Explanation of the nature and function of division can also 
be made easier through the use of blocks or other objects. For 
example, consider the problem, “If twenty -one pieces of candy 
are to be divided equally among seven girls, how many pieces 
will each girl receive?” lu accordance with the basic principles 
of our number system, the simplest representation of the quan- 
tity 21 with blocks would be 

an arrangement of three groups not all of the same size; but to 
show the share of each girl requires a rearrangement into sei^n 
groups of the same size. In other words, if each girl is to receive 
one-seventh of the total, the entire amount must bo composed 
so that it may be separated into .seven parts, each of which will 
contain the same number of units or of units and parts of units. 
To divide the quantity into seven parts, the pupil will have to 
change the two tens blocks into an cquivident number of ones. 
Then by distributing the single blocks into seven equal group.s, 
he performs the division. This regrouping makes it easy to see 
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each girl’s share and makes clear to the pupil the meaning of 
this type of division. In order that children may not miss the 
simplification role played by division, the teacher should call 
attention to it. 

Thus, through the study of illustrative problems, the children 
not only arc able to identify the multiplication and division 
facts, but they arc able also to learn the functions of each process 
and to see that each i.s a regrouping process. 

After the introductory lessons additional multiplication and 
divi.sion should bo developed through the solution of problems. 
Not .so much time .shoukl be required for discussion, and, as the 
children become more familiar with the procedure, not so much 
time should be required for actual solution of the problems. 
Teachers should be on guard, however, against the adult’s 
tendency to generalize; that is, to assume that because two or 
three of the multiplication facts for the fours have been demon- 
strated, the others may be written on the board by the teacher. 
The most difficult task of the teacher during this period of in- 
struction is to keep from giving too much aid. To challenge 
pupils and to direct thinking, the teacher may often ask children 
who have a wrong number solution or an erroneous diagram to 
put their work on the board or show it to some other pupil to see 
if that pupil vill accept the solution. A procedure similar to 
that described in Chapter 5, page 126, will be of value in center- 
ing pupils’ attentiott on the limitations of proposed records of 
thought. The pupils with the help or direction of the teacher 
should do the evaluating, not the teacher alone. It is only as 
a last resort that the teacher points out errors, “Do not be 
in a hurry and thereby rob the child of the thrill of discovery ” 
is a warning that all instructors should heed. 

As each new fact is demonstrated, it is written on the board. 
Following the pattern set in the first discussion, the multiplica- 
tion facts are written in one column and the division facts in 
another. The facts should appear in the order in which prob- 
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lems are discussed; because the problems do not present facts 
in any special order, the facts will not be arranged systemati- 
cally. After a number of facts have been demonstrated, the 
issue of a shorter way of writing the facts is raised. 

The need for a shorter or belter way of writing the multiplica- 
tion facts might be introduced in the following manner; “When 
you first used addition facts, you wrote them this way, ‘4 and 
3 equal 7.’ Do you still use that long form?” 

4 

Of course, the 4 -f- 3 = 7 or -j- .3 are considered more con- 

7 

vcniciit ways of writing than the long form. The task may 
become, then, a case of trying to write the multiplication facts 
without words. The need for a better form may also be raised 
by calling attention to the mistake that might be made if “3 4's 
are 12” were read “ 34’s are 12.” If none of the children know 
the accepted arithmetical way of vTiting multiplication facts, a 
textbook is a logical source to consult. Even though the forms 
4 

S X 4 == 12 and X 3 are adopted and the children express 
12 

the fact in words, as "three times four are (or equal) twelve,” 
the expression “Three fours are twelve” should be continued 
during the period of Initial instruction. This language more 

4 

nearly represents what is actually done. The form X 3 is 
introduced almost as soon as is “3 X 4” in most children’s 
texts. An important point for teachers to watch in use of the 
4 

form X 3 is to see that children read this, not ]'u.st as three 
times four but as a question, “How many are 3 4’s?” or “3 4’s 
are how many?” 

In finding a way of writing a division fact without the use of 
words, textbooks will be of little value, for few texts give the 
two statements that the children will have written. It should 
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be recalled tliaL the two stiitements arc “In 10 there are 
5 2’s” and “5 2’s are 10.” Since the formal horizontal form 
10 -i- *2 = 5 omits one of the statements and because it uses 
tlie little-understood symbol which is read “divided by,” it is 
for the time being rejected. Jnstcad, the form 2)10 is used 
for the question, “How many 2’s in 10?” and the answer 5 is 
written above the line to complete the first statement, “There 
are 5 2’s in 10.” Then, in order to include the second state- 
ment, a 10 i.s written underneath the original 10. The complete 
que.stion and slatcineiit 

r> 

2)10 

10 

i.s read, “How many 2’s in 10? Five. Five 2’s make 10.” 
Tlirough this procedure the child is given a reason for using the 
long-division form and a useful relationship is emphasized. 

It is recommended that a fair-sized group (twenty to thirty) 
of the multiplication facts of the 2’s, 3’s, 4’s, and 5’s be intro- 
duced before study for automatic mastery is attempted. To 
prepare for this later stage of the instructional procedure, a 
period .should be taken to arrange the facts in systematic order. 
This will result in the familiar multiplication table, or at least 
a part of it. The division facts are not so easily organized and 
the organization is not so useful. Nevertheless, a table form of 
organization seems worth using. When the facts to be mastered 
have been developed, a procedure similar to that used in learning 
the basic addition and subtraction facts is followed. Briefly, 
thi.s procedure involves the creation of a situation which demon- 
.strates the value of knowing the facts, a plan of concentrated 
.study, and the study period itself interspensed with procedures 
which te.st the children’s understanding of the facts being mem- 
orized. For a complete description of the learning procedure, 
.see “Method of Learning,” Chapter 2, and the topic, “Intensive 
Study of the Basic Addition and Subtraction Facts,” Chapter 5. 
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Order of Teaching the Basic Multiplication and 
Division Facts 

The basic facts involving 2, 3, 4, and 5 as multiplicands and 
divisors are usually referred to as the easy multiplication and 
division facts. The facts involving 6, 7, 8, and 9 are called the 
harder multiplication and division facts. The statement has 
already been made that the children themselves should develop 
tables of these facts. For stufly exercises and for test purposes, 
the facts in table form have little value. For such purposes an 
arrangement that presents the combinations or number questions 
in mixed order is far more useful. An example is presented 
below 

EASY multiplication COMBINATIONS 
3 2 3 5 2 2 3 S 3 

2 3 44523 22 

2345 5 45 5 4 

LAAAAAJLA.! 

5 4 4 5 4 

5 8 9 9 2 


EASY division NUMBER COMBINATIONS 


2)T 

4)8 

2)8' 


4)12' 

4)20 

3)(i 

5)M 

5)To 

2)^ 

3)iJ 

4)10 

Shis' 

sJU 

5)35 

2)10 

2)12 

5)45 

4)3^ 

SilS" 

3)27 

2)T8 

4)3(r 

2)16 

5)40 

4W 

5)^ 

3)2r 

2)l4' 

3)^ 

4)^ 

5)20 
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Jilany lists include the facts involving 1 in the list of easy facts. 
They are not included in the lists above because children have 
little use for them until multiplication of lO’s is begun or until 
division problems involving quotients greater than 9 are encoun- 
tered. Purthcrmorc, it is difficult to teach multiplication by 1 
in a meaningful way. Considerable difficulty is also encoun- 
tered in trying to present with meaning the division facts having 
a quotient of 1. 

The harder multiplication and division facts include the G’s, 
7’s, 8’s, and 9’s, and of course the I’s if they are not included 
with the easy facts. A list of the harder combinations is given 
below; 


HARDEE MULTIPLICATION COMBINATIONS 


7 

7 7 

6 

C 

9 

9 

7 

6 


7 



JL i 

1- 

± 


8_ 

_7_ 





8 

9 9 

6 

6 

8 

9 

8 

8 


6 

8 

1_ 

± A. 

A 

JL 


i 




_9_ 

2 

9 

0 e 

7 

6 

7 

9 

9 

8 


6 

8 


± JL 


7_ 



_S_ 

± 


_8_ 

_9 

7 

7 8 

8 









8 

9 7 

6 










HARDER DIVISION 

NUMBER 

COMBINATIONS 




GjW 

7)5ir 

synr 

6)6" 

7)^ 

9)T8' 

Sj8~ 


7)28 

6)M 

SjlT 

7H!r 

8)40 

9j72 

eyis' 

7y42' 

8)16 


7)7 


9)36 

QjSi 


6)24 

9)81 


8)W 

9515 


9)9 


7)14 

eW 

0)M 

7)63' 

7J35 

8)l8 

8)72 

9)W 


8)24 

sW 
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Notice that no zero facts are Included in this list. (A method 
of handling zero in both multiplication and division will be dis- 
cussed in the treatment of multiplication of tens and in division 
where quotients include zero.) 

Just as was true in the case of the addition and subtraction 
facts, the order of teaching the multiplication and division facts 
is not a crucial issue. All the facts are so important that they 
must be mastered. According to present practice, the major 
part of this learning is a.ssigncd to the third and fourth grades. 
It has been demonstrated again and again that children of this 
mental age can understand and memorize the basic facts of 
multiplication and division. Little will be gained by postpon- 
ing the introduction of the difficult facts to the last weeks of 
the fourth grade. The increased mental age of the children 
will hardly compensate for the shortened period of study. 


The Long Form Versus the Short Form of Division 
In the preceding description of the teaching of the basic divi- 
sion facts, the long-division form rather than the more com- 

6 

monly used short-division form was used. The form 2)12 

6 2)12 

is the long form of division, while 2)12 or 6 Is the short 
form. The difference between the two forms becomes more 
obvious if a larger dividend is used. The following examples 
illustrate this point. 

147 147 

Short Form; 3)441 Long Form: 3)441 

3 

14 

12 

21 

21 
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All well-known autkoritics now advocate teacklng the long 
form of division before the short form. Even though practically 
all textbooks since 1935 state that the long form of division is 
to be taught first, they present the basic facts in the short-divi- 
.sion form. The long form i.s usually not introduced until quo- 
tients with remainders or two-place quotients are introduced. 

In this book the decision in favor of using the long rather than 
the short form for beginning work in the writing of division 
examiiles is bused upon logical analysis of the difficulty of the 
two processes and on research data relative to use and difficulty. 
The writer not only recommends the teaching of the long form 
of division before the short form, but also recommends that 
.short division be taught only as a .short cut. As was indicated 
in the teaching procedure, the long-division form is recommended 
for even the basic facts. This procedure is suggested for its 
intrinsic merit and because teachers have found it difficult 
to get children who have used the short form with the basic 
facts to use the long form when easy, two-place dividends are 
used as introductory material for teaching the long-division 
process. Children who have been using the short form often 
fail to see why the teacher insists that the long form should now 
be used. If, on the other hand, the long form is used from the 
beginning, this particular point of confusion is avoided. 


Multiplication Tables 

A point in the teaching of the multiplication facts that needs 
clarification is the use of tables. Arithmetic instruction has 
been severely criticized becau.se of the manner in which tables 
have been used in the teaching of the multiplication facts. This 
criticism has been ju.st when directed at the meaningless mem- 
orization of the facts in table form. Too often, before the mean- 
ing of the [acts has been developed, the assignment has been to 
‘Team the 4’s for tomorrow,*’ or the classroom procedure has 
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consisted of having pupils lake turns reciting the tables while 
the other members of the class listen for errors. For such use 
of tables, there should be only words of condemnation. 

There is, however, a very useful role that tables can play in 
learning the facts. After multiplication facts have been illus- 
trated through problems and the nature of facts demonstrated 
through use of objects and marks, a systematic arrangement of 
the.se facts in tables is desirable. Any organization (system) 
that makes for easier learning — whether that learning be done 
through the more ready visualization of relationships, through 
the use of facts already learned, or through some other advan- 
tage made possible by organization — should become a part of 
the instructional program. The method of instruction advocated 
in this book puts emphasis on the use of relationships. The 
multiplication table expresses in an efficient manner the relations 
among the multiplication facts. For pupils who understand 
the meaning of these facts, there is no harm in studying the facts 
in the serial order of appearance as in the table. 

The serial order of learning tables is criticized because pupils 
supposedly go back to 1 X 7 and say all the intervening “7” 
facts in order to give the answer to 6 X 7 correctly. A few 
children probably do on occasion go through such a long and 
tedious procedure to get one fact. In fairness, however, it should 
be pointed out that even the critics of the procedure admit that 
the child gets the correct answer. On the other hand, many 
children who study by the isolated-fact method are never able 
to give the answer to 6 X 7. A long way of getting an answer 
is better than none at all. Practically all adults, in working 
long problems, sometimes reach the end of their attention 
span or momentarily forget what 6X7 equals. Few of them 
go back to 1 X 7, but they do refer to 5 X 7 or 7 X 7. For 
such related facts, the table form of organization is ideal. Mul- 
tiplication tables are recommended, therefore, as an integral 
part of the learning materials of arithmetic. Every child should 
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make his own table and use it in learning or fixing the facts. As 
a check on understanding, children can be required to show the 
truth of facts thes' learn from a table. 

]\Iea.surement and Partition in Division 

Two division problems used in the discussion of beginning 
instruction, pages 173 and 179, illustrate the two kinds of divi- 
sion commonly referred to as measurement and partition. The 
first — “We arc storing the ten best candles in boxes. If each 
box holds only two candles, how many boxes do wc need ? ” — 
is an example of measurement division. Here the operation is 
very definitely a case of finding how many two-candle measures 
can be filled from a total stack of ten candles. In other words, 
one dips into the supply, filling the desired measures until the 
supply is used up. From this analysis, it is easy to see why 
the name measurement has been applied to this type of division 
problem. The problem, “If twenty-one pieces of candy are 
divided equally among seven girls, what is each girl’s share?” 
is an example of partition division. To find the answer in this 
problem each girl’s share or part is determined. 

The thought process required in the solution of problems in 
measurement division differs from that required in partition 
division. Procedures correspondingly different are also fol- 
lowed by children in explaining with objects how to solve 
problems representative of the two types of division. 

In order to show just what difference in thinking occurs, two 
problems using the same division fact will be used. 

1. How many 3-cent stamps can be bought with 15 cents? 

2. If 3 stamps cost 15 cents, how much will each stamp cost? 

The thinking that children (and adults also) employ in solv- 
ing the first problem will take one or the other of these two 
courses: (a) To find how many 3-cent stamps I can get for 15 
cents, I find how many 3’s are in 15; (b) I’ll get as many stamps 
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as the number of 3-cent piles I can make from this pile of 
15 cents. 

Thinking as in a, one adds 3’s until 15 is obtained for a total 
and then counts the 3’s used. Children demonstrate the b 
kind of thinking when they put down 15 marks and then circle 
3 marks at a time until all are grouped. This type of problem 
is then clearly a case of measuring to find how many measures 
of a given size (3 cents) arc contained in the total (15 cents). 

The thinking used in solving problem 2 may be of these two 
types; (a) To find the cost of each stamp, I’ll put one cent at 
a time on each stamp until all the 15 cents are used. (5) Since 
there are 3 stamps, each stamp will cost one-third of the total, 
or one-third of 15. 

Study of the illustrations of thinking used in solving the two 
types of problems will show that the thought-processes are dif- 
ferent and that that required for the partition-type problem 
is more difficult. In measurement problems the task is to find 
the number of parts or measures contained in the total while 
in partition problems the task is to find the size of one part. 

It is obvious that no difference in solution or thinking will 
occur if the children are taught to solve partition division prob- 
lems such as this by finding the number of 3’s in 15. If such 
a plan is followed partition problems should not he used to 
illustrate the division process, for the partition problem does 
not require finding the answer to such questions as how many 
3’s in 15. Tor further discussion of this fundamental difference, 
see section on “Methods of Learning,” in Chapter 2, and section 
on “Purpose of Problems,” in Chapter 7. 

Since the thinking required for the solution of partition prob- 
lems is more difficult than that required for measurement, the 
latter type should be used in the finst illiustration of division 
facts. Since partition problems occur so frequently in life, 
however, this type should also be used before children have com- 
pleted the systematic learning of the division facts. It should 
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be noted that the common form of writing division number 
questions such as 4)12 is not applicable to partition problems. 
The foregoing number question asks. “How many 4’s in 12?” 
— a measurement question. In partition, the question is “ One- 
fourth of 12 is how many?” or, “12 divided by 4 is how many?” 
Thus, when partition problems arc introduced, a logical reason 
for introducing the form 12 -f- 4 is provided. Following intro- 
ductory work in division the distinction between the two forms 
of division is of no significance. The two forms are inter- 
changed in much the .same manner that multiplier and multi- 
'plicand arc interchanged in multiplication 

While it is not nece.ssary to acquaint children with the differ- 
ence between mea.surement and partition, teachers should cer- 
tainly recognize the difference if they are to be of service in 
guiding the thinking of children. The need for understanding 
the distinction will be especially evident if children are asked 
to prove their work. Then, too, both types of thinking are 
prerequisite to an understanding of the division of fractions, 
A specific example of a difference in teaching that is brought 
about through knowledge of measurement and partition is foimd 
in the initial leaching of the division of tens (see page 199). 

Summary of Procedures Used in Learning Basic 
Facts 

After a long period of concept-building and after thorough 
study of counting, addition, and subtraction, the multiplication 
and division facts are introduced through the use of problems. 
The facts discovered or demonstrated by the children from dia- 
grams and number solutions are identified and written on the 
board. In cla.ss discussion the best ways of writing and organ- 
izing the facts arc selected. "When all or a large part of the 
basic fadts with 2, 8, 4, and 5 for both multiplication and division 
have been demon,strated and identified, a test is given to show 
in what way automatic mastery of facts is of value. A discus- 
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sion is tlien devoted to methods of learning the facts for auto- 
matic mastery. The most important of these learning pro- 
cedures are' (1) studying facts from flash cards; (2) studying 
facts given in textbook, in workbook, on the board, or on indi- 
vidually prepared practice shect^, (3) writing the facts ; (4) study- 
ing the multiplication table and division table; and (5) taking 
tests on the facts. 

During this period of intensive study, children are frequently 
asked to show their understanding of the facts and their under- 
standing of the processes by making drawings or other forms 
of illustration. 


Lbakning 6’s, 7’s, 8’s, and 9’s 

If the learning of the 3’s, 4’s, and 5’s is completed in the third 
grade, the learning of the remaining facts is the first new major 
task of the fourth-grade child. After a review of the previously 
learned facts, these harder facts are studied by a method 
quite similar to that used in learning the easier facts. Because 
all products except the first one with each number are a ten 
and one number, perhaps a little more emphasis is given to the 
idea that multiplication is a process of rearranging equal groups 
of one into lO’s and I’s than w'as the case with the 2*s, 3’s, 4’s, 
and 6’s. However, not as much time is needed in the demon- 
stration phases since the pupils are already familiar with the 
multiplication procedure and with ways of showing facts. The 
same study procedures recommended for learning the easy facts 
will prove useful for studying the 6’s, 7’s, 8’s, and 9’s. 


Remaindehs IN Division 

The problems used in illustrating the basic facts of division 
come out even. In life, however, there are far more problems 
with remainders than without. The exclusive use of problems 
without remainders during the period in which the basic facts 
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are being learned is justified on the ground that the fewest pos- 
sible difficulties should confront the learner of a new process. 
Soon after the period of intensive study of the first group of 
facts, however, problems which involve remainders should be 
assigned. If these are problems which the children understand, 
they will offer various logical ways of showing the amount left 
over. For example, in a problem involving the division of 
seventeen sandwiches among four boys, one child suggested 
that the “extra one” be given to one boy’s mother, because she 
had made the sandwiches. The fact that each boy can share 
equally in this left-over sandwich can be brought out by using 
pieces of paper or other divisible materials to represent the 
sandwiches. 

The problem of how to write this divided unit is one that 
should receive the attention of every member of the class. Since 
a fraction is an indication of division, the best method is prob- 
ably the fractional form. For problems such as the division of 
sandwiches, where the pupil can readily see that it is sensible 
and practicable to divide the remainder into smaller parts, 
children should begin to use this form in the third grade. There 
are, however, some situations, such as the division of marbles, 
where the division of the left-over part or remainder would be 
foolish. Children must, therefore, also learn to write remainders 
as R = 2, or 2 left over. 

The solution of problems with remainders also will demon- 
strate the need for trial quotients. Since the dividend of such 
a problem will not be a number that occurs in a basic fact, the 
child will resort, of course, to the best-guess method of determin- 
ing the quotient. Although this best guess should be an intelli- 
gent one, based on a “near” basic fact, there are limes when 
the guess or trial quotient will be wrong. Children should 
he helped to face this situation intelligently — that is, to con- 
sider whether the trial quotient was too large or too small. For 
example, the child confronted with the task of determining the 
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number of 3’s in fourteen should be led to think of numbers close 
to fourteen that contain an even number of 3’s. Since twelve 
and fifteen are two such numbers, the child should base his 
estimate of the number of 3’s in fourteen on the number of 3’s 
either in twelve or in fifteen. If the latter is used, the estimate 
will, of course, be wrong, but it is from such an experience that 
the child learns to use the smaller of tlic two near numbers. As 
soon as chddreii understand the proces.s of division with remain- 
ders, an intensive practice period should be undertaken. Here, 
as in other phases of arithmetic, set.s of examples are extremely 
useful. A sample set is given below: 


DIVISION EXAMPLES REQUIRING REMAINDERS 


2)15 

3)W 

4j9 

5)16 

3)10 

2)Tr 

4)14 

6)15 

dJTT 

4)'T3 

5)22 

3)rr 

2)9' 

4)2T 

7)15 

2)17 

2)T3‘ 

4)25 

6)2{r 

4)23' 

5)19 

4)U 

5)27 

6)T6 

sJTo 

6)^ 

7)l8' 

3)22 


Because of the need for interpreting the remainders, problems 
should be used extensively during this period. 

Multiplication op Two-Place Numbers 
When children, in learning to count, discover that twenty is 
2 tens, thirty is 3 tens, and so on, they are laying the foundation 
for multiplication of two-place numbers. This idea is further 
developed when children find on the number chart the number 
that means 7 tens or 9 tens. In both these procedures, the idea 
basic to multiplication of two-place numbers is implied if not 
actually used. This is the idea that tens are handled just as 
ones are. For example, the fourth ten (forty) comes just after 
the third ten (thirty), just as the fourth one comes after the 
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third one, and the fourth ten is composed of four things just as 
the fourth one is. The teaching of the multiplication of tens 
is not undertaken, however, until after the children have had an 
opportunity to learn at least the first group of the basic facts. 

The actual instructional procedure is similar to that for teach- 
ing the basic facts and therefore does not have to be described 
again. The first problems should involve the use of even tens 
only and not ten.s and ones, for example, 4 X 30, not 4 X 31. 
This recommendation is not in harmony with the procedure 
^ven in most children’s texts and is not recommended by most 
writer.s on Iho teaching of arithmetic. If the idea of ten as a 
collection has been developed and of zero as a place-holder, the 
use of tens only should be easier than the use of tens and ones. 
Fir.st problems, then, should involve the multiplication of 20, 
30, or 40, and not 31, 33, 31, 33, and so on. 

Children will not immediately employ the multiplication idea 
as it should apply to tens. For example, in solving 8 X 20, a 
favorite procedure is to double 20 and then double that and 
then add the two 80’s. This doubling and adding is done with- 
out the use of pencil and paper. Written number solutions are 
usually of these types : 

(a) 30 (6) 8 X 20 = 160 (c) 3 tens, no ones 

X 8 ^ 

160 16 tens, no ones 

Here the children evidently follow the pattern they have learned 
in studying the basic facts. Their oral solutions are far more 
valuable in the discu-ssion of methods of solving multiplication 
problems than in previous learning procedures. For example, 
in telling how they know that 8 X 30 = 160, children usually 
say, “8X3 tens = 16 tens and that’s 160.” The word-presen- 
tation used in solution c emphasizes the idea that it is multipli- 
cation of tens. 

Note that solution a is the first case in which a so-called “zero 
fact” in multiplication is encountered. If the children do not 
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raise the question concerning whether the 0 is multiplied by 
the 8, the teacher should. In helping the children answer, the 
teacher should refer to word solutions or to one of the oral solu- 
tions. Since the zero was not multiplied in those solutions, 
the pupils may conclude that zero is not needed in the pencil 
and paper number solution. Such a conclusion has some merit 
and should receive careful consideration. In this consideration, 
the fact should be brought out again, preferably through a 
question, that the zero is holding a place and that it is used 
because there are no ones in the number. Therefore, in order to 
keep a person from mistaking the 2 for ones, the zero is used in 
the ones place. Since zero is not a numeral representing quan- 
tity, there is no quantity there to be multiplied. 

If zero is not multiplied, what is the actual procedure that the 
children are to follow? Ideally, they are to think, “There are 
no ones: therefore, I put a zero to hold the ones place.” The 
situation in most classrooms is, however, far from ideal. There- 
fore, most teachers will find that it is advantageous to show that 
zero can be multiplied. In fact most adults use 8 X 0 = 0 in 
exactly the same manner as 8X2= 16 is used. While this 
use of a verbal statement such as “eight times zero equals zero” 
may be of value in teaching the multiplication procedure, it 
can hardly be claimed that such statements are essential to 
understanding. 

The introduction of the multiplication of zero as presented in 
the preceding section is then a part of the introduction to the 
multiplication of tens. In such situations a need for multiplica- 
tion of zero is created. After several zero facts have been pre- 
sented, development of the generalization that zero multiplied 
by any number equals zero should be fostered. Just as is 
true of other arithmetical procedures, introduction through 
demonstration of a need, explanation of the facts, and develop- 
ment of a generalization will not once and for all solve the multi- 
plication of zero by an integer. Tor most children there has to 
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be systematic practice. Tbe use of cards on wbicli zero com- 
binations and facts appear has a place, although not nearly so 
important a place as such cards have in the learning of other 
multiplication facts. 

The multiplication of an integer by zero and zero by zero 
should be taught in a manner similar to that outlined above 
for the multiplication of zero by an integer. The multiplication 
of an integer by zero, of course, will not arise until multipbcation 
with tens is undertaken. 

From tbe various number solutions, the children should 

20 

eventually choose the type X 8 as the best form. As a 

160 

result of the evaluation and discussion of solutions, two con- 
clusions should be readied. First, the best method of solution 
should be selected and labeled “to be learned”; and second, 
tbe generalization that tens are multiplied just as ones are, 
should be formulated and accepted. In connection with this 
generalization the following precaution should be stressed: A 
zero must be used to bold the ones place, lest tbe tens be read 
as ones. 

Following work with tens only, problems involving tbe multi- 
plication of tens and ones (no carrying) should be presented to 
tbe class. As in the previous introduction of new phases of 
arithmetic, the method of confronting the child with a problem 
situation should be followed. Since the solution of a problem 
involving tens and ones illustrates a new procedure, some of the 
work of children in such a situation is shown below. To solve 
a problem involving 8 X 31, one group of children suggested 
tbe following procedures: 



(tens blocks) 8 

■'■(^'tens) 8 “^^^ 
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(&) 8 31 ’s added 

(c) 31 
X 8 
248 

(d) 3 tens 1 one 
X 8 

24 lens 8 ones 

After the procedures for multiplying tens and tens and ones 
have been discussed and evaluated and the class seems to have 
a good understanding of them, class time should be used in 
considering the question, “How does the multiplication of tens 
differ from the multiplication of ones?” 

As soon as a satisfactory answer has been agreed upon, the 
teacher should call the attention of the children to the fact that 
new procedures are quickly forgotten unless precautions are 
taken to fix them in mind. Intensive work on examples should 
then be undertaken. During this intensive practice period, 
some problems may be used to furnish a setting for the proofs 
that are constantly needed as a check of understanding. This 
requiring of proof for problems is more than a test procedure. 
Through such exercises the child finds and fixes new relation- 
ships. The requirement of proof also affords an opportunity 
to show the child the limitations of his knowledge. If, for 
example, the child has only a superficial idea of what he is 
doing, the questions that the teacher or other pupils ask about 
his proof will quickly show him his limitations. Addition, use 
of tens blocks or diagrams, and various forms of doubling are 
examples of acceptable types of proof. Purther work with 
multiplication of two-place numbers will be found as a part 
of the maintenance and review exercises in all texts. 

Following the work described in the preceding section, multi- 
plication of two-figure numbers Involving carrying should be 
introduced. Here, as in previous introductions to new proc- 
esses, a problem situation should be used In initial instruction. 
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Since the children will already be familiar with carrying in 
addition, this new use of the process will not be difficult. Chil- 
dren usually find that the tens blocks and ones blocks or the 
bundles of sticks arc the best means of showing what they do 
"when they carry in multiplication. A solution of the type used 
in example d, page 197, has also proved a valuable aid in show- 
ing why carrying is e.ssential. 

After the process of carrying is understood, a period of inten- 
sive study is essential to fix the process in the minds of the 
children. For this intensive study, examples are the most 
economical means of jiracticc. However, to maintain interest 
and to provide the essential hctling for situations where proof 
is required, some problems may be used. A set of examples 
of the types suitable for practice is given in the list : 


18 

20 

17 

24 

22 

35 

23 

35 

s. 

g 

3 

4 

5 

5 

4 

_4 

23 

35 

42 

33 

25 

12 

22 

34 

e 

0 

7 

6 

8 

9 

8 

6 


The examples above may be used as guides in constructing 
problems. 

Division op Tens 

In learning the basic division facts some division of tens 
numbers occurs. However, in such division the tens numbers 
are always divided into ones (e.g. 32 4 = 8) . This section is 

concerned with the division of lens numbers into tens or tens 
and ones. The division of such tens will introduce the use of 
two-place quotients (e.g. 70 -t- 2 = 35). 

Like other new work, the procedure is introduced through use 
of a problem situation. The first problem used should involve 
only quotients of even tens, such as 10, 20, 30. In order to 
demonstrate the fact that tens can be divided just as ones are, 
only partition problems should be used in the introductory 
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lessons. For example, solving the problem, “If 3 pencil sets 
cost 60 cents, how much does each set cost?” by the use of tens 
blocks will show that each part will lie two lens or twenty. 
When this solution is transferred to or written with numbers, 
the fact that we deal only with the tens is more evident. On 
the other hand, when the problem, “If one stamp costs 3 ceuts, 
how many stamps can you buy for (iO cents? ” is .solved by mi'ans 
of objects, the (iO mu.st be presented a.s ouc.s; otherwise, the 
measure .3 (cents) cannot be applied. (See also “Mea.surement 
and Partition.”) Children’s thinking in solving the jiartition 
problem would run somewhat as follows; “Each of tlu' pencil 
sets would cost one-third of six tens, or six tens divided by three. 
The answer is two tens.” They then should .show how to write 
the process with figures: 

20 

3)00 

00 

A number of problems should be solved with tens blocks and 
with numbers before problems involving quotients with tens 
and ones are introduced. 

The introductory problems in which quotient.s tens and ones 
occur should also be of the partition type and .should be solved 
by such indirect means as with the ten.s and ones blocks before 
a number solution is undertaken. If a mea.surement problem 
were used, the diagram or other indirect solution would almost 
certainly .show the changing of terns to onc.s. Such a procedure 
is of little value in w'orking from the indirect to the accepted 
number solution The operation with numbers presents no 
new features other than the second division. For example, in 
30 -f- 3, the first step of finding how many 3’s in three tens has 
already been learned, as have the multiplication and siiblraetion 
processes and the comparison of the divisor with the remainder. 
In previous division examples, when the remainder wa.s found 
to be larger than the divisor, a new quotient figure was tried. 
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In this case, however, a second divisor is needed. To make 
this second division in the same example clear to children, careful 
■work vnth the tens blocks or their equivalent should be done by 
every child. Just one demonstration to the class is not suflSi- 
cient. It should he remembered that in much of this early 
work pencil and paper arc used primarily to make a record of 
solutions. This function of written work, plus the fact that 
children have learned that number solutions aid in simplifying 
work, arc reasons that teachers can give in explaining why the 
pciicil-and-papor method i.s important enough to be learned. 

Teaching the division of hundreds follows very closely the 
plan ju.sL described for tons. The division of hundreds intro- 
duces one new difficulty — that of a zero in the tens place of the 
quotient. Here, as in previous lessons, the exact reason or 
need for the zero should be discovered or demonstrated by 
means of a problem in which collections of objects or marks 
may he used in showing how the actual division can be per- 
formed. The solutions of the following problem will illustrate 
one way of showing this need: 

"There are 315 handbills to be distributed by three hoys. 
How many' handbills must each boy take if they are each to 
distribute the .same amount? ” 


(a) 

First Boy 

Second Boy 

Third Boy 


Hundred 

Hundred 

Hundred 


tllil 

HIM 

Mill 

(h) 

100 

5 



3)300 

3)15 



300 

15 


(c) 

100 

5 



35315 

3)15 



300 




15 




In each solution the object was the separation or division of 
315 into three equal groups. In solutions h and c the use of 
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zero is obvious. Since solution b was an outgrowth of solution a 
(child was told to write with numbers what he had written 
with other symbols), that solution is an integral part of the 
explanation. 

Multiplication and Division with Tens 

The background work in multiplication with tens i.s practiced 
incidentally in the oral aritlmietic period long before .systematic 
instruction is undertaken. Some of this experience comes as 
a result of adding tens, such us 8 tens and 9 tens. In this case 
the sum 17 tens is just another way of saying 17 X 10. The 
first systematic instruction in multiplication with a two-digit 
multiplier can be introduced easily through the use of problems 
involving 10 X 20 or 10 X 30. If this is done in an oral exer- 
cise, the children will not even realize that anything new is 
being undertaken (see Chapter 14), for they will already have 
been doing multiplication examples, such as 9 X 20, 9 X SO, 
and the like. The child’s number record of 10 X 20 will usually 
take this form; 

20 
X 10 
200 

In discussing solutions of this type, the question should be 
raised, “What is the size of the product, or what results when 
tens are multiplied by ten? ” In order that children may under- 
stand the answer, each should demonstrate through addition 
or through the use of tens blocks that tens multiplied by tens 
result in hundreds or hundreds and thousands. A procedure 
designed .specifically for development of this generalization may 
be delayed until after children have had experience with prob- 
lems involving the multiplication of tens and ones by tens and 
ones. 

A description of the procedures followed by a class in their 
study of this phase of aiithmetic is given in the fourth-grade 
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illustrative lessons lu Chapter 14 (page 375). In addition, the 
following steps may be of value in clarifying the process: 
(a) Writing a zero in the second partial product in order to 
emphasize the fact that the first recorded number is a ten and 
not a one. (5) Multiplying first by the left-hand digit of the 
multiplier. The.se .steps are illustrated here : 


23 

(b) 23 

14 

14 

02 

230 

230 

02 

322 

322 


Di vi.sion by tens, like the multiplication of tens, should involve 
tinst only the u.sc of exact tens (no ones included). For the 
introductory problems, measurement rather thau partition 
should b(' u.sed. The division of 60 by 20, using both types of 
problems, will dlustrate the reason for this last recommendation. 
Oral problems using these division examples may be quite 
advantageous in clarifying the new procedure. When the solu- 
tion is MTitten with numbers, children usually notice that the 
quotient is the same as though ones had been divided. At 
least, this fact should be noted. The division statement 60 -t- 20 
really asks how many 2 tens there are in C tens. Since children 
have already learned that tens are added and multiplied just as 
ones are, it .should not be unreasonable to assume that in this 
case the same generalization can be seen. The division, then, 
is very nearly the same as that of ones. 

When division by tens and ones is undertaken, the idea of 
approximation should be jiut to use. When confronted with 
an example such as 31)1726, the pupil should think how many 
3 tens or 30’s, not how many 31’s. Changing the divisor into 
even tens is what a pupil actually does when he uses the device 
of foviTing with his finger the second figure of the divisor. 

It shoulil be noted that the divisor u.sed as an example was 
approximately 3 tens. The task of estimating quotients is, of 
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course, more difficult if the divisor contains 4, 5, or 6 ones. Use 
of the indicated tens (or hundreds) is advocated if the second 
figure is 5 or less — e.g., in the example 846 -4- 22, the divisor 22 
is to he considered as 20. The tens should be increased by one 
if the second figure is 6 or larger. In the example 846 -f- 26, 
the divisor 26 is to be considered as 30. Even if these pro- 
cedures are followed, the trial quotient in division by tens will 
be the true quotient only about two-thirds of the time. 

Since most division problems arc of the type involving differ- 
ent collections (lens and ones, or hundreds, tens, and ones) some 
emphasis should be given to this matter of estimating quotients. 
Some teachers have successfully introduced the work through 
oral exercises. A problem which involves the division among 
members of the class of an amount of material, such as paper, 
is a good one to use. Suppose, for example, that there are 
32 members in the class and that there are 150 sheets of paper 
to be distributed. The teacher says, "About how many sheets 
shall I give each of you?” After consideration of such a prob- 
lem, the assignment for the class should be something like the 
following; “Here are a number of examples in which you must 
divide by tens and ones. Work the examples any way you can, 
but try to find a good scheme for handling such problems. 
Before you accept your scheme as the best, be sure you try to 
find at least one other scheme.” The object of the work then 
becomes the finding of the best way of dealing with divisors 
that are made up of tens and ones. The same procedure.s and 
principles operate in the discussion of the pupils’ solutions as 
in the beginning lessons on multiplication ami division. 

Since the trial quotient is more often the true quotient when 
large tens are used for divi.sor.s than when small tens are used, 
most of the introductory problems should have divisors above 
50. The usual intensive-study period should follow the period 
devoted to getting an understanding of the process. 

All modern texts have division examples and problems 
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arranged in the order of the difficulties involved. Whether or 
not the most obvious trial quotient is the true quotient is one 
of the main factors used in determining difficulty. The matter 
of zero in the quotient is another factor in determining difficulty. 
The procedures outlined above, in the discussion of division of 
hundreds and in the preceding paragraphs, plus a list of examples 
and problems, should be sufficient to guide the teacher in direct- 
ing this phase of divi.sion work. 

In an attempt to give opportunities for better understanding 
and for a better appreciation of the best methods of division, 
the teacher may suggest that division problems with tens and 
hundreds be done occasionally without the use of the division 
process. If children are entirely stumped by such a suggestion, 
careful consideration should be given to the type of problem 
and to the experiences children have had. For example, if a 
problem involving the number of 8-pound sacks that a boy can 
fill from a 200-pouud barrel cannot be solved without using the 
division process, there is little likehhood that the pupils will get 
maximum profit from systematic instruction in that process. 
Serial subtraction, mediating (halving), and imwritteu mental 
division of the larger number by separating it into its smaller 
parts are the methods most often used by children. The last 
method is, of course, very close to the division process. Some 
teachers have also suggested division on the abacus, where a 
form of serial subtraction is performed. The example below 
shows another procedure that has proved beneficial in gaining 
an understanding of the division process: 

too 20 1 

31);i7f)l 31)(5S1 31)3] 100 -f- 20 + 1 = 121 

3100 620 31 

651 31 

In multiplication where a zero is found in the multiplier, 
children often find it convenient to write a row of zeros in the 
partial product. In this way they keep numbers in their proper 
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places Altliough entirely unnecessary for and even detri- 
mental to efficiency, this use of zero is legitimate and should be 
permitted just as writing of the carried number is allowed. 

The major steps in the teaching of multiplication and division 
have been discussed in this chapter. Most of these steps will 
be learned by the children while they are in the latter part of 
the third grade, in the fourth grade, and in the early jiart of 
the fifth grade. A definite maiiitcnauce program, however, is 
needed to keep the skills on a high level of eilicieney just as is 
true for addition and subtraction. In the case of multiplication 
and division, the maintenance program is particularly essential, 
because addition and subtraction occur more frequently in the 
everyday work of the pupils. Review or inventory te.sts, usu- 
ally given at the beginning of work in the fifth, sixth, seventh, 
and eighth grades, should be the key as well as the initial step 
in this maintenance program. Since the principles governing 
such a program arc practically the same as those outlined for 
the maintenance of skill in addition and subtraction, the reader 
is referred to page 163. 

STUDY QUESTIONS 

1. What advantage is there in beginning the teaching of 
multiplication with the 5’s? (1) The 2’s, S’s, and 4’s, being 
smaller, will therefore be much easier to master. (3) The 
5’s rhyme and therefore are learned more easily. (5) The 
children know much about 5’s and therefore have little to learn. 
U) N. 

2 The I’s in multiplication are difficult for some children. 
Why? (i) Because the product and multiplicand do not 
have the same relationship as in the 2*3 or S’s. (2) Because 
there really isn’t any such thing as multiplying when 1 is in- 
volved. {S) There is no need for knowing the I’s. (-1) N. 

8. How many basic division facts are there (exclusive of 
the zero facts) ? (1) 72. (2) 81. (3) 90. 
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4. Wliat form of division, long or short, is used in current 
textbooks in teaching the basic tacts? (i) Long. {2) Short. 
(J) Both. 

5. Wliich of the two kinds of division problems, measure- 
ment or partition, should be used in introducing division? 
(i) Measurement. (2) Partition. (S) It does not matter, 

6. Is the division of 32 by 4 a case of division of tens? 
(I) Ye.s. (2) No. 

7. When will the child first have a need for multiplying I’s? 
(I) Will'll learning the division of tens. (2) When learning to 
imilllply liy leu (o') When learning to multiply tens, (i) N. 

8. Which of these is classified as an easy multiplication fact? 

(i) 4 X 7 = 28. (t?) 8 X 4 = 32. (5) 6 X 6 = 36. (4) N. 

9. Some teachers pay little attention to the order of difficulty 
in the iireseutation of the multiplication facts What argu- 
ment do they use for not postponing the most difficult facts 
until la.st? (1) All the time should be devoted to the difficult. 
The easy facts will then be learned incidentally. (2) All 
facts have to he learned m a relatively short time and therefore 
the child is little better equipped mentally because of postpone- 
ment. (3) Relationships are more important than difficulty 
and both cannot be emphasized. (4) N. 

10. Mffiat advantage is there in using tables in learning the 
multiplication facts? (1) The making of assignments is made 
very easy. (5) Little space is needed to present the facts. 
(3) Complete check of a child’s accomplishment can be obtained 
with a miuiinum of effort. (4) N. 

H. Wliy is a partition problem better than a measurement 
problem for introducing the division of tens? (1) Because in a 
measurement problem the dividend must usually be changed 
to one.s. (2) Because in partition you think in terms of ten. 
(3) Because partition is true division. (4) N. 

12. Should children eventually be taught to write all re- 
mainders in division as fractions? (1) Yes. (2) No. 
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13. In addition to carrying, wbat new thing doe.s the 
pupil have to master in learning the multiplication of ten.5? 
(1) Proper placement of partial products. (S) Multiplying 
zeros. (3) Addition of partial products. (4) N. 

14. In determining the quotient why is the trial or estimated 
quotient more often incorrect when the divi.sor is a twenty 
number (21, 22, etc.) than when the divisor is an eighty number 
(81, 82, 83, etc,)? (1) Bccau.se the number of ones not con- 
sidered with 20’s is usually larger. (£) Because a twenty num- 
ber is more often used as a divisor than an eighty number. 
(3) Because the quotient when 2 is a divisor is larger than when 
8 is a divisor. {1^) N. 

15. What is the pm'pose of having fifth-grade pupils some- 
times solve a division situation (e g , 600 -p 40) by methods 
other than division? (1) To give the pupils a better foundation 
for division with tens (0) To demonstrate that division is a 
short process. (3) To show the relationship between division 
and subtraction. {^) N. 

16. '\Wiy is the use of the form 5)15 for partition division 
misleading^ (i) Because partition problems do not require 
division, {2) Because the expression, “how many in,” does 
not apply to partition problems (3) Because partition can be 
indicated by fractions only. {J^ N. 

17. Pupils who have used the multiplication tables in learning 
the facts sometimes resort to going back; for example, when 
confronted with 8 X 8 go back to 3 X 8, 4 X 8, and so on. Is 
this fact good argument for elimination of the tables? (1) Yes. 
(J?) No 

18. It is generally conceded that long division should be 
taught before short division. Is there iiiiy valid argument for 
teaching short division? (i) Yes. (0) No. 

19 Wliy should most of the pupils’ early experlence.s with 
multiplication facts be with the column rather than the equation 
form? (1) Because the column form is the one that can be 
developed more easily from a problem. (2) Because that is 
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the form in which all of their important uses of multiplication 
will appear. (3) Because the equation form is too much like 
the table form. (4-) N. 
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PUBPOSES OF PbOBLKM-SoLVING 

The term ’problem in arithmetic means a quantitative situation 
described in words in which a definite question is raised, but 
for which the arithmetical operation is not indicated. While 
this is an admittedly narrow and arbitrary definition, it is, as 
Morton has stated, a useful one. It makes for easy distinction 
between problems and examples, the latter being number situa- 
tions for which the arithmetical operation to be performed is 
indicated, as 6 X 24. 

Skill in the solution of problems is considered by many as 
the major objective of all arithmetical work. This point of 
view is well expressed by Morton when he states that the pur- 
pose of the work in the four fundamental operations is problem- 
solving ^ While the ability to solve problems is an important 
aspect of arithmetic, it is doubtful whether the .skill .should be 
set up as a separate objective, the end of all instruction in the 
fundamental processes. Rather than being considered as some- 

L. Morton, Teaching Arilkmetic in the Ekmenlury School (New Yorks 
Sliver- Biirdett Company, 1937-38), I, 31G. G. M. Wilaoa and others. Teaching 
the New Arithmetic (New York; McGraw-Hill Book Company, 1939), pp. 
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thing separate from other phases of arithmetic, problem-solving 
should be held an integral part of the total program. For 
example, in teaching the multiplication process, problems were 
used in illustrating the procedure, in showing the significance 
of the multiplication process after it was mastered, and in 
review and test exercises of the multiplication process. Every 
modern textbook makes use of problems in these ways. The 
six common functions of problems, including those just men- 
tioned, arc listed and briefly discussed in the paragraphs that 
follow. 

1. The use of problems to illustrate new concepts and new 
procea.sc.s is a major characteristic of the instructional procedure 
advocated in this book. The problem in these cases furnishes 
a significant setting for the introduction of something new; it 
provides experiences to aid the child in grasping the mathe- 
matical fact or procedure that is being taught. Since so many 
new facts and procedures are introduced in the first four grades, 
problems are frequently used for illustrative purposes. 

2. To show that facts and processes are useful to the students, 
texts include problems using those facts and processes. Such 
problems are usually presented after the student has had a 
reasonable opportunity to master the procedure called for in 
the solution of the problem, although they may appear as an 
aid to acquiring mastery. 

3. The function of problems in review exercises and in tests 
is so obvious that little comment seems necessary. In the 
review exercises, problems are especially useful in illustrating 
any re-teaching. The importance of problems in tests is shown 
by the fact that at lea.st one-fourth or more of the total testing 
time in the arithmetic sections of achievement tests is devoted 
to problems. 

4. Problems are frequently used to unify a class, to create 
class .spirit. For example, during periods of intensive study on 
a series of facts or on a process, each member of a class is rightly 
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working on his particular weakness, and therefore all work is 
of an individual nature. The use of problems at such times 
serves to bring the class back together as a unit. Problems 
furnish a much better basis for discussion than do examples, 
and every member of the class feels that a new start is being 
made in which everyone is at the same place. These prolilems 
may require only verbal solutions or they may require the use 
of pencil and paper. 

5. Problems are frequently used in instruction to provide 
practice in the processes that are being taught. Although 
problems arc decidedly inferior to some other means of provid- 
ing practice, their use is recommended as offering variety. 
Furthermore, practice problems give significance to the process 
being studied. 

6. Problems are used in arithmetic texts to teach pupils how 
to solve the situations they will meet in life outside the arith- 
metic classes. Finding areas and averages, making change, 
figuring the cost of installment buying, and the like, are good 
examples of this type of problem. Such problems are used 
much more frequently in the fifth, sixth, seventh, and eighth 
grades than in the first four grades. 

The six functions of problems listed in the preceding para- 
graphs indicate that problem-solving is an integral part of the 
instructional program. Each clearly indicates, as well, one of 
the purposes of problem-solving. Only the sixth use may be 
easily classified as something separate, not essential in teaching 
the fundamental processes of arithmetic. Teaching pupils to 
solve the problems of life may of course bo considered the main 
goal toward which the other uses of problems point. If, how- 
ever, problem-solving is considered only as getting the answer 
to the question in a verbal problem, it is a mistake to assume 
that all instruction in aritlunctic is directed toward this end. 
There are other uses of arithmetic than those shown in the 
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solution of verbal problems. (See under “Proposed Purposes 
of Aritb oaetic,” m Chapter 2.) 

The use of problems to illustrate new facts and processes is 
not unique with the program advocated by this book.^ In fact, 
almost every modern textbook introduces new phases of arith- 
metic by meaii-s of problems. But as indicated by Morton, 
the primary purpose of using problems in the introduction is 
to enable pupils to “see a need for acquiring skill in a particular 
proces.s.” ® That, of course, is not the primary purpose of 
introductory problems as outlined in this chapter. While 
children may eventually see a need for acquiring skill in the 
process a.s a result of work with problems, the first use of prob- 
lems is to furnish a situation in which children may gain an 
understanding of the process and to see one of its functions. The 
underlying causes for the different roles assigned to problems 
by current practice and by the writer are further developed in 
the section on “Selection of Curriculum Materials,” especially 
“Logical Analysis Method of Selection,” in Chapter 11. 

The uses of problems show that problem-solving is an essen- 
tial part of the total program and not something only related 
to the other parts. Thinking of problem-solving as something 
separate often results in misplaced emphasis. For example, 
when children appear to be weak in problem-solving, improve- 
ment is frequently sought by devoting a greater portion of the 
total arithmetic time to the solution of problems. If problem, 
solving were as distinct a phase of arithmetic as, for example, 
column addition, then the extra time given to working problems 
might result in marked improvement. Weakness in problem- 
solving can probably be most effectively combatted through 
proper emphasis on the uses for which problems in arithmetic 
are intended, and through special attention to procedures which 

*H. G. Wheat, The Psychology and Teaching of Arithmeiic (Boston: D. C, 
Heath and Company, 1037), pp, 218 ff. 

* R. L. Morton, Teaching Arithmetic in the Elementary School, II, 73. 
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pupils have found helpful in the solution of problems. Pro- 
cedures which make for the development of the ability to solve 
problems are discussed in the section that follows. 

Development Program 

An essential part of a program for developing the pupil's 
ability to solve problems is recognition of the true purposes of 
problems in the instructional iirogram. During the early years 
problems are employed primarily to illustrate the mathematical 
facts and processes which the child is to learn, to show him the 
uses of those facts and processes and give him practice with 
them, and to keep the class working as a unit. Recognition of 
such purposes of problem-solving should result in the selection 
of problems closely related to child experience. The child 
should be thorouglily familiar with the details and situation of 
a problem if it is to illustrate or clarify a fact or procedure. No 
aspect of the problem should present special difficulty, and the 
pupil should have no trouble in working out the answer. All 
eSort should be centered on the finding of a new fact or a better 
procedure. Suppose, for example, that the child who does not 
know that 4 and 4 equal 8 is confronted with this problem situa- 
tion: “Jack put 4 valentines in the box and Mary put in 4. 
How many valentines did the two children put in the box? ” He 
should know that he can count the valentines to find how many 
in all. Thus, he finds out that 4 and 4 equal 8 and is therefore 
in a position to accept that finding as a fact. He has demon- 
strated to himself through the setting provided hy the problem 
that 4 and 4 equal 8. On the other hand, suppose that the child 
cannot count to get the answer to the question. The problem 
is not, then, a means of illustrating the fact that 4 and 4 equal 8. 
In such a situation the real task of the child becomes that of 
finding the answer to a question, a task which under the condi- 
tions described would be either very difficult for the child or 
almost totally lacking in meaning. The other purposes for 
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which problems are used in the early grades have already been 
discussed. Acceptance of the purposes proposed for the use 
of problems will result in a way of using them which is markedly 
different from the way in which they are now commonly used 
in the first four grades. It has already been stated that these 
same purposes are applicable in the upper grades, but there, in 
addition, the solution of rcaHife problems becomes a major 
objective. The use of problems for test purposes also becomes 
more important in the upper grades. 

The reader’s attention is called to the fact that recognition 
of the purposes for which problems should be used, or even of 
the validity of the purposes proposed in this chapter, is seldom 
reflected m the proposals generally made for the improvement 
of problem-solving in arithmetic. For an example of a different 
view of the role of problems and how to improve problem-solv- 
ing, the reader should consult Wilson’s statement.^ 

Another essential feature of a program for developing the 
pupils’ ability to solve problems is au emphasis on the number 
system. The chief economy-making features of the system 
should be stressed — the fact that tens and hundreds are added 
or divided just as ones are, that all numbers larger than ten are 
collections, that the fundamental processes are short ways of 
doing group counting, and the like. In this part of the program 
for development of problem-solving ability, emphasis should be 
placed upon the nature of the processes and their interrclation- 
.ships. Since numbers are used in the solution of problems, it 
may be concluded that problem-solving will be facilitated by a 
better understanding of the meaning of numbers and of the 
various processes with numbers. It should be noted that this 
part of the program does not involve direct work with problems. 

The development of the ability to solve problems will be aided 
by the liberal use of objects and symbols (concrete and semi- 

^ G. M 'Wilson and others. Teaching the New Arithmetic, chaps. 24, 25 
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concrete) in showing the meaning of numbers and processes. 
Consider, for example, such a problem as “How many are three 
books and four books?” The teacher might suggest that the 
child represent three books by sho%ving three fingers on one 
hand, and four books by showing four fingers on the other hand. 
The child is next asked how many fingers in all, and then how 
many books in all. Marks, squares, or other semi-concrete 
ways of representation may be used instead of fingers. To help 
the child sec that the two amounts are combined or added into 
a single group, a circle is sometimes drawn around the repre- 
sentation of both quantities. This use of objects, symbols, and 
devices should include the use of the actual objects referred to in 
the problem. The procedures just described are mo.st helpful 
in Grades One through Four, and are of value primarily in lay- 
ing a foundation for problem-solving. Some textbooks planned 
for Grades Two and Three make extensive use of semi-concrete 
representation of the facts .stated in problems. 

Oral arithmetic should also be included m any program designed 
to develop ability in solving. Wlien the procedure is carefully 
examined, it is not difficult to see how problem-solving ability 
is furthered by oral practice that does not make use of pencil 
and paper. In written solutions the act of writing takes both 
time and attention and may interfere with the pupil’s thinking. 
In the oral .solution there is no such interference. The written 
solution provides the pupil with a record of his thoughts and 
thus relieves the mind of remembering The lack of record in 
the oral solution forces him to give closer attention to the proc- 
esses and steps he uses, and to concentrate on the most impor- 
tant. For purposes of illustration, suppose that the problem 
involves the addition of 38 and 43. In the effective oral solution 
the pupil takes two of the three ones in 43, combines them with 
the 38, and then adds 40 and 41, thus going directly to the 
process of making tens and ones. In the written solution he 
can easily get the correct answer without realizing that he has 
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rearranged the tens and ones of the two numbers into a single 
equivalent number of lens and ones. Oral arithmetic, then, 
tends to emphasize significant aspects of the number system. 
Oral solutions to problems not only lead the pupil to use such 
significant aspects of number processes as that described above, 
but also give him practice in rounding numbers and in arriving 
at approximate answers. 

The use of approximate answers and rounded numbers is 
another procedure which helps toward the mastery of problem- 
solving. In many quantitative situations an exact answer is 
not required in order to get usable ideas of the quantities in- 
volveil. Consider, for example, a problem such as the follow- 
ing; “How does city A, population 81,309, compare m size with 
city B, population 319,845?” Here, as in most situations 
involving size of population, the round number 80,000 is prob- 
ably a far better figure to use than the exact number. Where 
a roundcrl number serves the purpose, it makes for thinking 
that is simpler and usually just as meaningful. The exact 
figure, however, would be more suitable than the approximate 
amount represented by the rounded number in answering 
accurately a question like “How much has the city grown since 
1940’” 

Children who learn to use approximation in solving problems 
either orally or through the use of pencil and paper have con- 
fidence in their ability to solve problems when the exact answer 
is demanded. That approximation of answers i.s beneficial to 
facility in problem-solving has been demonstrated in several 
studies. By devoting about one-fifth of their allotted arith- 
metic time for one semester to approximation, seventh- and 
eighth-grade children in one school improved more than one 
and one-half years in problem-solving ability.^ 

* Wallace Wood, A Stuibj of the Groiolh of Pupils in Anthmstic When Answer 
Approximation Is Emphasized (Unpublished Master’s Thesis, State University 
o£ Iowa, latl). 
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Closely related to approxiroation is the procedure known as 
estimating answers. In fact, some people make no distinction 
between the two processes. In general arithmetical practice, 
however, answer estimation has become definitely subordinated 
to problem-solving. In the most common procedure, an esti- 
mate of the answer is made before the exact computation is 
performed. After the computation, the exact answer and the 
estimated answer arc compared. Obvioihsly, this Ls a good 
scheme to use in order to avoid gross errors, and the approxi- 
mation used in connection with estimation of answers will 
undoubtedly yield some of the advantages claimed for approxi- 
mation in the preceding paragraph. 

The use of diagrams and other means of representation, as 
described in the presentation of the methods of instruction 
(Chapter 2) and in the introduction to the processes with whole 
numbers and fractions (pages 125 ft. and 271 ft ), is an important 
procedure in the development of problem-solving. The draw- 
ing of a diagram or other illustration to show what is told in the 
problem with words requires a thorough understanding of the 
problem. A prerequisite to such understanding is careful read- 
ing. Often major misconceptions about a problem are not 
recognized until the child starts to represent the situation grajih- 
ically. For example, in representing the situation in a problem 
which stated that Jack carried two plates at a time and made 
seven trips, a child first drew two groups of seven plates each. 
The teacher merely said, “Name the trip.s: trip one, trip two, 
and so on.” The child himself immediately discovered his 
error. The diagram or other illustration is a le.st of under- 
standing. It is e.specially important in the early grades where 
practically all problems can he illustrated. In the upper grades 
there are problems that cannot be easily diagramed. For such 
problems a type of analytical approach is suggested. (See the 
method of Unitary Analysis as described in Chapter 10.) It 
should be recognized that the problem-solving procedures which 



TflE TEACHING OF ARITHMETIC 


ai8 

emphasize graphical representation have the very serious limita- 
tion of requiring a great deal of time. 

As has often been demonstrated, problem-solving will benefit 
from practice in careful reading. Some of the better exercises 
to use in such an improvement program are reading to find: 
(1) what facts arc given; (2) what is to be done; (3) an approxi- 
mate answer; and (4) what process is to be used. In training 
a pupil, it is best to practice only one of these exercises with each 
problem employed;^ that is, one problem should be scrutinized 
for finding the facts, another for finding what is to be done, and 
so on. In this way the child’s attention is centered on the one 
exercise. If all the exercises were practiced on one problem, 
the child would soon consider such careful reading as a routine 
piece of busy-work. Instead of reading carefully for the third 
and fourth items, the child would try to answer them without 
reading at all. Forcing a child to go through all four exercises 
on every problem does not appear to be a good procedure, if 
improvement in reading is the goal. But, a.? indicated above, 
the use of the various items with diSerent problems is a con- 
structive training device, because at least one careful reading of 
each problem will be necessary. 

In the efficient .solution of any problem three of the exercises 
suggested for improvement of reading seem fundamental. 
Before the pupil can solve a problem he must: (1) find out what 
facts are given; (9) find out what question is asked; and 
(3) decide what operations must be performed in order to answer 
the question satisfactorily. It seems logical, therefore, to con- 
clude that a pupil’s ability to solve problems will increase with 
training in the systematic application of these three items to 
the .solution of problems. Many textbooks for children include 
exercises of this type in their problem-solving program. Fre- 
quently the exerci.se.s arc elaborated to include more approaches, 
and sometimes Item 1 is omitted. The directions for the pupil 

' J W A. Young, The Teaching of Mathematics in the Elementary and the 
Secondary School (New York: Longmans, Green and Company, 1007), p. iiOS. 
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are usually of this type; “Answer each of these questions about 
the problem and then solve the problem.” That this formal- 
analysis method of solving problems has value is attested by the 
fact that so many textbooks recommend its n.se. Although the 
steps in the formal-analysis method of problem-solving are 
sound, many teachers have been disappointed by their expe- 
rience with the procedure. Pupils fail to do the steps in order; 
they take so much time to produce evidence that they have 
u.sed each step that they lose interest; and so much attention is 
focused on the first steps in the procedure that the later steps 
are often carelessly done. Perhaps the difficulty experienced 
in teaching the formal-analysis method is due primarily to the 
mechanics of the procedure used in getting pupils to carry out 
the steps. On the other hand, it must be admitted that few 
adults when they solve a problem, consciously follow in sequence 
the steps in the formal-analysis method. Frequently, the 
adult uses a sort of intermingling of steps and has in mind no 
distinct and clearly recognizable progression. To ask children, 
therefore, to apply the steps in a fixed sequence in the solution 
of problems may not be in harmony with the best adult practice. 

In Chapter 5 (Addition and Subtraction), the use of cues in 
teaching children how to solve problems was discussed briefly. 
Cues are not recommended becau.se it is believed that attention 
given to the cue takes the mind of the pupil away from the main 
task before him and will in the long run be detrimental to his 
ability to solve problems. For other procedures which are 
claimed to make for improved problem-solving, and for a more 
complete discussion of some of the steps listed, the reader is 
referred to such books as those written by Morton ^ and by 
Bnieckner.’' The topic of two-slep problems is also adequately 
treated in such references. 

It. L Morton, Teaching Arithmetic in the Elementary School, II, 454-93. 

^ L. J. Brueokner. Diagnoslia and Remedial Teaching in Antlmetic (New Tork: 
John C Winston Company, 1930), pp. 259-96. See also Josephine MacLntchy, 
“Variety in Problem-Solving,” J?<i«ca<ion. 6i. 453 (Anril loai' 
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Before leaving the present subject, the characteristics of good 
problems should be considered. Most authorities are agreed 
that problcm.s should be real; that is, they should deal with 
things and situations that are within the experience of the chil- 
dren. This characteristic is most important in problems which 
arc used in the early grades for purposes of illustration. Obvi- 
ously, such problems must of necessity deal with experiences 
familiar to the child; otherwise they will not make clear to him 
the .situations which they are intended to illustrate. Although 
problcm.s which deal with the interests and experiences of 
children are ivot difficult to find, the teacher must often do some 
careful iilanning in order to see that suitable problems arise or 
are at hand at the appropriate times. 

The experiences of children, however, are not so nearly identi- 
cal in character that problems which arise in the classroom will 
be veal to all the children in the class. In other words, a problem 
is not neces-sarily real just because its setting is in the classroom. 
A problem is real when the child sees that its solution is essential 
to the achievement of some larger end toward which he is work- 
ing. It is real when the child secs a need for solving it. This 
need does not have to arise in the child’s own situation. He 
may identify himself with some other person’s needs and can 
adopt problems from imagined situations. Textbook writers 
have made extensive use of the last two conditions, and have 
been verj' skillful in creating make-belieA'e situations out of 
which real problems can arise. In their efforts, however, to 
make imaginary situations plausible, they have included factors 
which have no direct bearing on the questions raised in problems. 
Consider, for example, the following: 

John mowed J of the lawn on Friday. Then on Saturday 
Dick and Bill came over and helped him finish the job. While 
Dick and Bill each mowed John mowed the other How 
much of the lawn did John mow in both days? 

A similar problem-situation is presented in a fifth-grade text- 
book, but in more elaborate detail. John wanted to go to a 
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ball game on Saturday afternoon, but his father had said that 
the lawn had to be mowed first. The two other boys wanted 
John to go to the game, too, so they came to his aid. Without 
question this is a clever setting, but notice that the ball game 
really has nothing to do with adding J and 

Besides reality, other general factors of prolilems that merit 
some consideration are interest, language, and applicability to 
the arithmetic that is being taught. All of these factors are 
discussed at length in other books.^ It .should be obvious that 
problems which are interesting, which use words that the chil- 
dren can read and are illustrative of the type of arithmetic being 
taught, are superior to problems which do not possess these 
characteristics. 

A Critical Analysis op Problems 

In the ordinary verbal problem a question is asked in terms 
of a word description of a quantitative situation. The state- 
ment that most satisfactorily answers the question can be secured 
by the use of one or more of the fundamental operations. As 
an illustration, consider the following problem: “We have 
twelve chairs, but there are sixteen visitors. We must have a 
chair for each guest. How many more chairs do we need’” 
Here two numerical terms, twelve and sixteen, arc used in point- 
ing out the inccpTality between the number of available chairs 
and the number of visitors. The size of this inequality is made 
much clearer by subtracting twelve from sixteen. Obviously, 
it is easier to get a clear idea of the exact difference from pictur- 
ing this one cpiantity of four chairs than it is from any piclunrig 
of twelve chairs and sixteen persons. It should be observed 
that the problem in word form presents all the conditions, all 
the facts. The solution results in simplification of the situation. 
Before the problem was solved, the best statement of the situa- 
tion was, “ We have twelve chairs, but there are sixteen visitors. 

' For example, Morton, op dt., I, 348-64 
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We need more chairs.” After the problem was solved, the best 
statement of the situation was, “We have twelve chairs, but 
there are sixteen visitors. We need four more chairs.” 

The accepted number solution, however, is not always the 
simplest solution for the child. Since a number solution deals 
with abstract numbers, it may not be understood; therefore, 
the one-number answer, instead of clarifying the situation, may 
not mean anything to the child. As has been stated on so many 
occasions, the child must have the experience which will enable 
him to sec that the number solution is a simplification. In the 
case of the illustrative problem above, the child may need to 
draw twelve chairs with a person seated on each one and then 
have enough people standing to make sixteen. This is merely 
saying that the seml-concrcte representation is usually under- 
stood better than the abstract. It is through concrete and semi- 
concrete representation of the conditions of the problem that a 
child gains confidence in the number representation of the 
conditions. 

Ordinarily, the number solution of a problem is not thought 
of as a short way of representing the same conditions that are 
stated with the words, plus, of course, a rearrangement of the 
numbers of the problem. As an illustration of this point, the 
two ways of representing the conditions in the “visitors and 


chairs” problem are shown below. 



In reality 

In numbers 


(a) Sixteen persons are in one 
place, twelve chairs are in 
another. 

(a) Write numbers 

16 

12 

(6) Twelve persons go from group 
of sixteen to occupy 12 chairs. 

(6) Subtract 

16 

- 12 

(c) Number of persons left in 
original group are counted to 
find the number of chairs 

(c) Write 
remainder 

16 

- 12 

4 


required. 
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As stated above, this rearrangement should result in a simplifica- 
tion of the conditions of the problem. The solution to a problem 
cannot present any new facts or conditions. It can only state 
the given conditions in more easily understood form. Of course, 
the new form is more easily understood only with reference to 
the question raised in the problem. Looldng upon solutions to 
word problems as merely a .simpler way of stating the conrlitions 
of the problem will permit the acceptance of pictures, diagrams, 
fragmentary statements, and other procedure.s as solutions right 
along with the commonly accepted number solution. Viewed 
in this light, problem-solving becomes quite a different matter 
from answer- getting. Furthermore, acceptance of this type of 
problem-solving will make it easy for the teacher to provide for 
individual differences. For an illustration sec lesson 3, Chap- 
ter 14. 

The solving of verbal problems in arithmetic is often con- 
sidered good training m the steps in thinking as outlined by 
Dewey ^ Before considering this statement it may be well to 
state briefly these steps. Reflective thought arises from a state 
of doubt or mental difficulty. In attempting to clarify the 
difficulty five phases of thought are recognizable. The first 
phase, that of suggestion, consists of two or more contradictory 
and rather simple things that might he done to solve the diffi- 
culty; the second phase, that of mtellectualization, is a general 
sizing-up of the total situation, a sort of over-all observation of 
all conditions; the third phase, the guiding hypoLhesis, is a pos- 
sible course of action, or explanation; the fourth phase, that of 
reasoning, consists of a full development of the idea suggested 
by the hypothesis; and the fifth phase, of testing the hypothesis 
by action. In the solution of a verbal problem the answer to a 
clearly stated question is found. The question of a verbal 
problem creates the difficulty and defines the problem for 

* John Dewey, Mom We Think (Boston: D. C. Heath and Company, 1033), 
Vp. lOG-16. 
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thought. There is, therefore, little opportunity for intelleclual- 
ization. Furthermore, the selection of a hypothesis in the solu- 
tion of verbal problems almost automatically decides the arith- 
metical process, and the reasoning phase then practically 
disappears. The fifth phase — testing the hypothesis — is not 
very useful in the solution of a verbal problem. From these 
statements it can be seen that the solution of verbal problems 
in arithmetic is not the best iUu.stration of the steps in reflec- 
tive thought. There are other situations in arithmetic which 
better exemplify the procc.ss of reflective thinking than does 
problem-solving. An example is the examination of various 
solutions for the purpose of finding the best solution. Perhaps 
a still better illustration is the thinking which a pupil does when 
he realizes that his answer is absurd and tries to find out what is 
wrong. 


The Social Content op Problems 

At present many studies in the field of aritlunetic are con- 
cerned with what has become known as the social side of arith- 
metic. The W'rllers of this literature insist that the social scene 
portrayed by problems and other descriptive material in arith- 
metic texts be true to life. The requirement that problems be 
true to life is somewhat related to the matter of reality in prob- 
lems, discussed in a previous section, where the importance of 
using real problems was pointed out. It will be recalled that 
reality was emphasized primarily as a factor in insuring compre- 
hension on tlie part of the children. Other and quite different 
motives for using real problems, however, are also frequently 
advanced. For example, Wilson ^ insists that real-life problems 
be used, not only because they will be more easily understood, 
but because they will be of more interest to the child. He 
argues further that through the use of life problems arithmetic 

' G. M. Wilson, and others, Teaching the New Arithmetic, pp. 300, 301, 303, 
804. 
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becomes subservient to tbe cliilcl. Careful study of Wilson’s 
proposal for teaching problem-solving reveals that the teaching 
of economics or social customs assumes a major role in the 
problem-solving program. Many other writers have advanced 
the idea that problems In arithmetic should be social in char- 
acter. The committee on arithmetic of the National Council 
of Teaehcr.s of Mathematics refers to the social jihases of aritii- 
metic. Perhaps the moat insistent campaigner for using social 
situations in the teaching of arithmetic is Brneckner.^ 

The value to arithmetical development of problems that deal 
with social situations has not been investigated experimentally 
and must, therefore, be decided on a subjective basis. Suppose, 
for example, that the addition of 180 and 235 is the arithmetical 
operation required by two problems. One problem uses the 
number of jewels in the crowns of a fairy king and queen while 
the other uses the number of minutes a week that the children 
devote to two subject areas. Most people will say that the 
use of minutes is the better problem, not because the addition 
will be easier or better understood, but because the problem is 
more sensible than the other, more true to life. It should be 
recognized that the use of social situations in problems does not 
necessarily make the aritlimetical operations required for the 
solution of the problems more meaningful. Consider, for 
example, the following: “The fairy left four jewels under each 
of the three pillows. How many jewels did she leave?” and 
“The favors Betty bought for the three guests cost four cents 
each. How much did she pay for all?” For which problem 
could the pupil more easily show with a diagram what is told in 
words? Which problem would be easier for the pupil to solve? 
Which problem would better illustrate that three fours equal 
twelve? In answering these questions most teachers would 

1 For a brief view of Brueckner’a position, the reader should consult Chapter 
VII of the Sixteenth Yearbool of the Natioual Council of Teachers of Mathe- 
matics 
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probably say “Either one,” or "The first.” A good principle 
to follow, then, is to use the social situation in arithmetic when 
that situation has a contribution to make to arithmetic, and 
not just because it is a social situation.’^ 

STUDY QUESTIONS 

1. For what reason is “skill in problem-solving” not a good 
goal or objective for all work in arithmetic? (J) Examples are 
almost as important as problems. (S) Problem solutions do 
not compri.se nearly all the important uses of number. (3) Be- 
cause problems are always recorded and involve reading. Some 
people cannot read and yet can use numbers, (i) N. 

2. Wliicb of the major uses of problems is most important 
in the third grade? (i) To imify the class. (S) For review 
and test exercises. (5) To provide practice on basic facts and 
processes. (4) N. 

3. Why is problem-solving so often considered as something 
separate from the rest of arithmetic? (T) Because the purposes 
of problems in the instructional progi'am are not recognized. 

(3) Because problems sections are presented in words, not 
figures. (3) Because problems are more difficult than examples. 

(4) N. 

4. When problems are used to introduce a new fact or proc- 
ess, should the child be able to answer the question of the prob- 
lem? (1) Yes. (3) No. 

5. Oral arithmetic contributes to improvement in problem- 
solving. Wliat factor might account for the improvement? 
(1) Oral arithmetic is faster and therefore more problems can 
be considered. (3) Oral arithmetic tends to focus attention on 
the more significant aspects of both the problem and the so- 
lution. (d) The confusion resultmg from writing is avoided. 

(4) N. 

iPor an cxteniiive treatment of this problem, consult H G, Wheat, “The 
Fallacy of Social Arithmetic,” Mathematics Teacher (January, 1040), pp. 27-34. 
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6. Having the child make a diagram to show what the 
problem tells with words is commendable for several reasons. 
What IS probably the mo.st important? (i) It requires the child 
to visualize the situation. (S) It requires thorough reading 
(understanding) of the problem (3) It avoids abstract num- 
bers. (.4) N. 

7. WliaL is the mo.st serious limitation of the use of diagrams 
in the solution of problems? (1) Some children cannot draw. 
(S) The drawings being serui-coiieretc representation make 
unnecessary the use of numbers. (3) The drawing requires Loo 
much time. (4) N. 

8. When trying to develop careful reading ability why 
should only one exercise be used with each problem? (1) Be- 
cause there is usually only one aspect of a problem that war- 
rants attention. (2) Because extensive not intensive readuig is 
needed most in arithmetic (5) Because the solution of the 
problem should not be delayed by use of practice exercises. 

(4) N. 

9. ’^Tiat is the main reason for opposing the use of cues in 
the solution of problems? (7) Cues just require extra time. 

(5) Cues direct the attention of the pupils away from an over-all 
consideration of the problem. {3) The task of identifying the 
cues is often more difficult than the solution of the problem. 
(4) N. 

10. For a problem to be real to a child, does it have to be one 
of his own or that of someone with whom he is acquainted — 
for example, a classmate? (7) Yes. (^) No. 

11. In the solution of a verbal problem in arithmetic is much 
practice given in the complete act of thought as Dewey de- 
scribes that act^ (7) Yes. (2) No, 

12 What is the major argument for the use of .socially useful 
content in problems? (7) It makes the solution of the prob- 
lems less difficult than otherwise. (S) borne socially useful 
material is taught at the same time that arithmetic is being 
taught. (J) Problems built on socially useful content are 
easier to diagram, (4) N. 
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Tub Status of Measurement 
The modern arithmetic text makes extensive use of measures. 
A glance at the problems section will reveal frequent occurrence 
of quarts, bushels, minutes, tons, dollars, and the like. If enu- 
merating and the expression of “how many” by use of numbers 
are considered measures, then practically all problems involve 
some form of measurement. Thus, it seems that the teaching 
of arithmetic is dependent upon the use of measurement. How- 
ever, important to arithmetic as measurement is, yet arithmetic 
is not dependent upon measurement. Careful examination of 
problems will show that the measures are used primarily to make 
the work with numbers appear more significant. In fact, if 
enumerating is not considered as a form of measurement, all 
operations can easily be taught wnthout the use of measures. 
Many present-day texts actually do teach the fundamentals of 
addition, subtraction, multiplication, and division without the 
use of common measure. The role of measurement in the teach- 
ing of arithmetic, although important, is not, then, so essential 
as a glance at arithmetic problems would seem to indicate. 
Before considering further the place of measurement in arith- 
metic, careful attention should be given to the major character- 

220 
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istics of measures. In the discussion of number-concept build- 
ing, several exercise.? (see examples 8 and 9, Chapter 4) were 
concerned with developing some of the fundamental ideas of 
mea.suremcnt. In one of the exercises, the children showed, by 
reference to the height of tables and desks in the schoolroom, 
how high the tomato plants in their garden were In such situa- 
tion.s an object near at hand is used as a substitute for the orig- 
inal object under consideration. The children used the near- 
at-hand tables and iiear-at-hand desks as measures of the height 
of their tomato jilants. This simple use of an available object 
to mea.sure a dimension of an object not immediately available 
illustrates one of the major characteristics of all measurement: 
namely, substitution. One object (the measure) is used to 
take the place of the real object. By means of the substitution 
of measures for the object or quantity under consideration, wc 
are able to reproduce the magnitude of any quantity. It should 
be noted that this substitution involves comparison or match- 
ing, and therefore measurement is only as accurate as the meas- 
urer’s ability to compare It should also be noted that the sub- 
stitute (the measure) for the quantity being considered is usually 
less difficult to visualize, to manipulate, and so forth, than is the 
original quantity. 

For clarification of the ideas just presented, consider four 
simple measurement experiences of children : 

1. A child has built a house with twelve blocks and he 
wi.shes to duplicate the structure in another room. He knows 
that he needs a number of blocks, but does not luiow exactly 
how many. He therefore picks up some blocks at random and 
takes them to the other room. Then deciding that he does not 
have enough, he goes back and counts the number of blocks 
u.sed in the original house, He then carries away enough more 
blocks to make up the twelve needed. Note the matching 
(comparison) of ordinal numbers to blocks which this child did 
in order to find how many were needed. The other obvious 
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way to duplicate the quantity of blocks would have been to 
match block with block. Certainly, the matching of number 
names with blocks was .simpler than matchmg block with block. 
Note that m this measurement situation discrete objcct.s were 
compared by counting, and therefore the usual errors cau.sed 
by inability to compare do not occur. The reader .should recall 
that counting is the only exact mathematical operation that man 
can perform on objects he perceives. 

2. In a .story Jerry found thi.s .statement, “The panther wa.s 
five feet from his head to the tip of iii.s tail.” With a ruler 
Jerry marked five feet end-to-end on the floor. Jerry then 
said, “This is how long the panther was.” 

In this situation the length of the panther was duplicated by 
use of measures, and the child was thus able to get a good idea of 
this aspect of the panther’s size, even though no panther was 
visible. 

3. “1 have a rabbit that weighs ten pounds,” announced Bill 
one morning. 

“Is that too heavy to carry?” asked Nancy 

“I haven’t tried,” was Bill’s answer 

The teacher suggested that it was possible to answer Nancy’s 
question without trying to carry the rabbit. After some dis- 
cussion books were weighed. ’iVheii a number of books equal 
to ten pounds was accumulated, several children lifted them. 

Here again is an example of the use of measures to reproduce 
the magnitude of a quantity not immediately available. First 
the actual weight of the object (rabbit) had been compared 
(measured) with a standard measure. Then, the standard 
measure was again compared (made equal) to the actual weight 
of some other objects (books). 

4. “Let’s see how long it takes us to walk homo,” said Bill to 
his sister. “It’s now four o’clock.” 

Wlien the two got home it was four-tweiiLy. Bill said, “It 
took us twenty miuutes.” 

In this case an amount of time was measured by comparing 
with a standard time interval. Thi.s standard measure could 
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then be used in describing the time instead of such indefinite 
statements as “a long time” or “quite a while,” 

From the examples above it can be seen that measurement is 
basically a matter of comparison A defined or well-known 
series is compared (as in counting) with some quantity; or, more 
generally, some standard unit (gallon, foot, or the like) is com- 
par(‘(l with the quantity under consideration. The comparison 
of some quantity with a measure such as a foot, a gallon, or a 
ton is of cour.so the chief use of measuremonl 

From the counting of actual objects, a simple form of meas- 
uring, the proeodtire to follow in teaching children the basic 
ideas of measurement is not well establi.shed. In fact, so few 
writers have even considered this phase of teaching that almost 
no help is obtained from a careful study of the literature. Most 
programs as presented m children’s textbooks just start the 
children in the use of standard measures without providing 
experiences which would give them an opportunity to see the 
reason for using those measures. In this work, as in teaching 
the fundamental processes of arithmetic, it seems to be taken for 
granted that because these standard measures are used in life, 
children ought to sec a need for using them in school. To go 
from the numbering of objects to the use of standard measures 
is, without question, quite a step. Many experiences with va- 
rious aspects of measurement should come between these two 
steps. It is recommended, therefore, that a long period of con- 
cept-building prcceile actual work with standard measures and 
systematic instruction in the use of such measures. 

Concept-Buildinq Peogham 

Some idea of the type of exercises to use in a concept-building 
program has already been given in lessons 8, 9, and 12, in Chap- 
ter 4, The major purpo.se of these lessons was to develop the 
idea that a simple object near at hand can be used as a substi- 
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tute for tlie real object to be defined. It is through such exer- 
cises that a child learns the meaning of and the reason for 
measurement. 

The lessons included in Chapter 4 dealt only briefly with 
measures of time, weight, and length. Each of these aspects 
of measurement has many ramifications In addition, such 
important phases of racasurcmeiit a.s volume and capacity, area, 
value, angle, and temperature arc to be developed. To give the 
child experiences that will make for an uiuler.staiuling of meas- 
ures in these variou.s a.spccts, the following proecitures are sug- 
gested. Although intended for use in the primary grades, some 
of these procedures may be suitable for children in the inter- 
mediate gi’ades. 

1. Using liquid measures (cup, pint, gallon, and the like) in 
connection with such activities as cooking, filling the aquarium, 
and finding how much milk a cow gives. 

2. Planning the school garden or a section of it on the room 
floor and later transferring an area of that size to the garden 
by the use of strings or other available measures, 

3 Deciding whether or not a cage or a box will fit into a 
certain space 

4. Making a frieze large enough to fit a specified area. 

5 Finding whether or not the first-grade chicken house can 
be brought into the schoolroom for repairs. 

6. Keeping a record of the time required for birds’ eggs to 
hatch. 

7. Having the pupil see how far he can walk in a minute. 
Letting the child count for a minute, the child himself doing the 
timing, (The distance walked may be measured in feet, but 
it is probably better to use the number of times around the 
room or the distance from the building to a tree.) 

8. TVeigliiiig ingredients to go into a cake, 

9. Marking on the blackboard the length of jumps made 
by different children, the distance jumiied being transferred 
from the playground by means of a long stick. 
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10. SelecLmg objects on the playground or in the room that 
are as heavy as some special object, such as an ear of corn seen 
on a visit to a farm. 

11, Marking on the wall the height of common farm animals. 

The concept-building program should also provide experiences 
which will permit the child to become familiar with the most 
common geometric forms. The circle and the square are used 
so frequently in connection with such exercises as “Put as many 
marks in the circle as there are in the square that no special 
attention need be given to them. The rectangle, triangle, 
hexagon, octagon, and parallel linos need special attention. The 
textbook with its diagrams usually presents adequate initial 
instruction concerning these geometric forms, but the child s 
understanding will be greater if he is given a chance to make 
some use, other than passing the book test, of bis knowdedge of 
the forms. The concept-building program can provide such uses. 

During the time that the concept-building program is in 
progress, children will use many standard measures. In fact, 
some of the exercises, such as cake-making and the weighing of 
objects, require the use of standard measures. No attempt 
should be made at that time to explain the meaning or reason 
for using such measures. The major purpose of the program 
is to develop the idea that simple things (measures) near at 
hand can be used in describing the quantity under consideration. 
Another basic idea of measurement that is developed throUgh 
these exercises is that measures are a means of reproducing in 
other places the quantity luider consideration, as when the 
distance jumped in the school yard is reproduced on the 
blackboard. 


Systematic Insthuction 

Following the period of concept-huilding, systematic instruc- 
tion in the use and meaning of a few common measures should 
be undertaken. This systematic teaching is usually begun in 



WEIGHTS AND MEASURES 


235 


Grade Three. Since children ought to be familiar with the 
basic ideas of measurement, the first .systematic lessons should 
probably be concerned with demomstrating the need for stand- 
ard measures. This can be accomplished by having a number 
of pupils measure the height of some familiar object about the 
building. In order to jircvent the use of .standard meiisure.s, 
such as yard-sticks or foot rulers, the assignment might be given 
at a place where no rulers arc available — for example, as the 
children arc coming in from some play period. Then at the 
beginning of the arlthinetic period, all would be asked to write 
a statement about the height of the object that was measured 
as they came in from tlie playgi'ound. 

In one class the height of a tree-limb from the gi’oimd was 
described in these ways; (1) As high as Robert is tall plus my 
fist. (2) Three and one-half times as long as thus stick. (3) As 
high as my belt is long and then up to the mark on the belt. 
(4) About six inches higher than I can reach. (5) As tall as 
Mary plus this stick. On the basis of these reports, special 
emphasis was given to the necessity for describing the height of 
the Li’ee-limb so that anyone else, without making use of the 
same articles or persons that the elas.s employed, could use the 
statement to find out Ihc e.xact height. Some of the measures 
were written on the board and an attempt made to find the best 
measure. From this point the discussion was properly directed 
to the need for one measure. Children will usually be able to 
tell immediately what (foot or yard) this uniform measure 
should be. 

Following a lesson of this type there should be lessons in meas- 
uring with standard units. Occasionally imslandardized units, 
such as the length of the arm, can be used and later translated 
into standard units Such procedures promote the idea that 
one unit can be changed to another. They also foster originality 
and self-confidence in the child. 

It should not be necessary to show for every type of measure 
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the need for uniform measures through use of original or unstand- 
ardized ones. However, lessons on the historical development 
of several measures can make a distinct contribution to the 
child’s understanding and appreciation of modern measures. 
While these historical lessons might best follow closely the few 
experiences which are designed to show the need for uniformity 
in measurement, they are of major importance and may there- 
fore be ii.sed at other time.s. Whether the significance of meas- 
ures will he really uridcr.stood from a brief historical description 
is doubtful. C’ertaiiily experience with non-uniform measures 
will make the liistorical data more meaningful. Attempts to 
u.se ancient measures always make for interest and probably 
for better understanding of common measures. 

The measurement of area is so confusing to children that it 
demands special attention. If there is any phase of arithmetic 
that should be introduced through the use of non-uniform meas- 
ures, it Is this one. Children of Grades Five and Six can find 
the number of square feet in a certain area, but a great many of 
these same children do not realize that it requires as many 
squares of the size indicated to cover the surface in question. 
Even children of Grades Seven and Eight do not have a clear 
notion of what e.xprcsslons of area mean. Proof of these state- 
ments Ls found in analysis of children’s responses to such ques- 
tions as the following; ‘‘IWiat is meant by saying that a floor 
contains 650 square feet.’” Only 44 per cent of 50,000 sixth-, 
seventh-, and eighth-grade children chose the correct response, 
“That it would take 050 blocks, each one foot square, to cover 
the floor.” Seventeen per cent indicated the answer, “That 
there are 6.50 squares to the foot of floor space”; while 14 per 
cent thought the question meant, “That the length, width, and 
thickness of the floor have been multiplied together.” 

A good way to give children an idea of what the term area 
means is to have each pupil use duplicate sheets of notebook 
paper or other material to cover the top of a table or desk. By 
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counting the smallest number of sheets that will cover the table 
exactly, the pupil can make a description of the area, the size 
of the space. It is to be expected that different children will 
use sheets of different sizes as measures. In fact, it is an advan- 
tage for them to do so. The u.sc of non-uniform inea.sure.s will 
not only be of value in developing the idea of area, but will also 
create a situation showing the need for .standard uniform niea.s- 
urcs. Suppose, lor example, one child I'ciiorLs that hi.s de.sk 
top has ail area of .six arithmetic books and another repoits that 
a table top has an area of eighteen sheets of pajier. The teacher 
introduces comparison by asking whether the table is three times 
as large as the de.sk. 

Another way of showing need for uniform measures is to have 
each child measure some surface at home by covering it with a 
non-umform measiu’e and then report his finding to the class 
the next day w’ithout giving a description or identification of the 
measure used. In order to have a common ground for class 
discussion, the sui'facc measured should be something common 
to all homes, as the top of a rectangular table. After different 
measures of area are reported, the teacher should again intro- 
duce compcTrison by asking some child to compare the sizes of 
two tables. 

WTien measuring with articles such as books and pieces of 
paper, some of the more advanced children will apply only one 
piece of paper to two edges. Such a solution is, of course, good, 
but to emphasize the idea that area moans covering the surface, 
these children .should lie a.sked to .show that their .solution is 
correct by covering the entire area. After .several problems 
have been solved and the various ways of solving them have 
come up for di.scusslon, the advanecfl ehildreii should be jpvcn 
an opportunity to present their method. Here, as in the teach- 
ing of other phases of arithmetic, the generalization represented 
by the adult solution should come after the children have had 
experiences leading to the formulation of the generalization. 
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In other words, the formula “Area equals length times width” 
should grow out of the cKpericuce of covering surfaces with 
pieces of paper of uniform size. For purposes of proving or 
demonstrating the truth of solutions, a special set of inch squares 
and foot .squares of manila or cardboard paper should be pre- 
pared. Then, after the developmental period, pupils should 
frequently he reejuired to show by the use of cardboard squares 
or diagrams that their solutions are correct. 

Teaching Tables of Measures 

In older teaching methods, the table, s of measure were con- 
siclered c.ssential to the subject of measurement In fact, much 
of American arithmetic prior to the time of Colburn, and to some 
extent since, con.sistcd In memorizing various commercial tables 
and then working problems involving these measures. Modern 
society, however, requires only infrequent use of such knowl- 
edge, and for a number of years less and less emphasis has been 
given to learning tables of measure. This change in practice 
seems wise. The few who will need to know tables in their life- 
work will quickly learn these on the job. 

Of course, there are certain facts, such as the number of inches 
in a foot, that need to be memorized. Since less time wiU he 
given to learning tables of measure, the pupils should be taught 
where to find tables of measures and facts about measures. The 
dictionary and the arithmetic book are the two main sources to 
stress. To accustom children to use these sources habitually, 
many relevant exercises should be employed as part of the pro- 
gram in all the upper grades. 

Metbio System 

Many of the difficulties encountered by the student of arilh- 
metie in hi.s study of measures would be eliminated if the metric 
system were u.sed. For example, the relationships between 
various English ^measures of length, weight, volume, and the 
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like, are neitlier consistent (the rod is five and one-half times 
the yard and the gallon eight times the pint) nor of a ratio that 
makes for easy computation. On the other hand, the metric 
measures of length, weight, and volnmc are either exact decimal 
fractions of the one major unit or arc exact multiples of ten of 
the major unit. Unfortunately, the metric sysU'm has not 
been accepted very rapidly in America, and therefore too much 
attention should not be given to leaching it in the schools. 
Nevertheless, it seems that children would heiii'liL from some 
familiarity with the meter, centimeter, kilometer, kilogram, anti 
liter. 

The reluctance of Americans to adopt the metric system is not 
enthely a matter of conservatism or of preserving the vested 
interest. A few metric measures are far more scientific than 
practical. For example, the kilogram would be a rather awk- 
ward weight to use for such staple foods as butter, and the liter 
would be a poor measure for gasoline. Man finds it difficult 
to deal with quantities that involve groups of units or groups of 
collections larger than four or five. To partition a kilogram into 
the much-used quantity represented by a quarter-pound of 
butter, an eighth or ninth would have to be used — a division 
into more units than can be readily grasped. The use of the 
liter would involve the purchase of twenty units in order to 
get the equivalent of the common purchase of five gallons of 
gasoline. 

Many of the English measures were adopted because they had 
already passed the test of practical usage. On the other hand, 
the metric system was devised on another basis. To the scien- 
tist, the centimeter and meter may be usefid and .sufficient 
measures ; but the man in the street finds the one too small and 
the other too large to express the leiigth.s of from two to four 
feet with which he most commonly deals. Measures developed 
as man experienced a need for expressing things in simpler terms 
and without relationship to other mea.sures. The mo.st familiar 
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objects and distances were used as units of measure If tbe 
use of a certain unit of measure required a larger number of 
applications tban could be easily grasped, a larger unit of meas- 
ure was substituted, Thus, for measuring distance we have 
the inch, foot, yard, rod, furlong, and mile. Regardless of the 
reason why we keep the English system of weights and meas- 
ures, it is the system in use, and therefore should be the system 
receiving major emphasis in schools. 

There are some who argue that use of the metric system of 
weights and measures would result in a better understanding of 
number.s by juipils and would improve the development of their 
number ideas. Such a claim for metric measures or any other 
measures is not based on facts. Measures do not effectively 
bring out number relationships or number ideas. On the other 
hand, number ideas and number relationships are indispensable 
to the efficient use of measures. The major point to remember, 
as in the case of problem-solving, is that measurement is not 
used in arithmetic for the purpose of teaching number, but that 
numbers and number work can be made significant through use 
of measure. 

In spite of all the above considerations, the writer recommends 
teaching some phases of the metric system as a part of arith- 
metic, for two reasons; (1) The metric system is widely used in 
science and in many foreign countries (2) The metric system 
illustrates the best method for showing relationships between 
various measures, such as the centimeter as one hundredth of a 
meter, the millimeter as one thousandth of a meter, and the 
kilometer as one thousand meters; whereas the similar English 
units of length are a tenth of an inch, an inch, a yard, and a mile. 
The metric system uses the meter as the one standard of linear 
measure; the English system uses several standards — inch, 
yard, mile — so that the relations between them are rather 
difficult to grasp. On the other hand, it should be noted that 
knowledge of the numerical relationships between measures is 
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not too important for getting an idea oi the quantity expressed 
by each. Consider, for example, whether a knowledge of the 
length of one foot and of the fact that 5280 feet equal one mile 
helps m giving any idea of the length of one mile Even if a 
decimal plan of expro.ssing the relationship between a foot and a 
mile were available, knowing the length represented by one foot 
would be of little value in vLsiializing a mile. A workable con- 
cept of the two di.stances is the result of working with each dis- 
tance separately. In the metric .system, however, it i.s much 
easier to comprehend the relation between two linear mca.siires 
than in the English .system. Compare, for example, the meter 
and the kilometer with the yard and the mile. The ratio of a 
thousand to one is simpler than the ratio of seventeen hundred 
and sixty to one. Furthermore, since all metric measures use the 
decimal relation, an idea of relationships gained with one kind of 
measures would be applicable to others. The use of one imit 
throughout the range of measures in the metric system is a per- 
fect illustration of the simplicity that results when organization 
or system is intelligently used. 


Method to Be Used m Teaching Measurement 

A brief description has already been given of the method used 
in teaching measurement of the area of rectangular surfaces. 
The measurement of areas of other geometrical figures like the 
triangle and circle should be taught in the same way. A prob- 
lem involving measurement of the particular surface should be 
presented, and the children should be told to .solve it and then 
to prove their solution by the use of drawings or by the actual 
application of measures to the .surface. As the final step, the 
best solution .should be selected and wTitten with brief symbols. 
Later, as problems are worked to insure familiarity with the 
generalization, frequent proof should be required. The entire 
procedure is illustrated in the solution of the following problem. 
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Oa Mr. Hale’s house Lhere are three dormer windows. The 
space above each window is triangular in shape. He wishes to 
paint these triangular spaces with a special non-fading paint. 
In order to laiow the amount of paint to buy, he must know 
how many square feet of surface there are in each dormer. If 
the dormer is 3 feet wide and 2 feet high, how many square feet 
of space are there in it? 

Work this problem in any way you can. After you have a 
solution, prove that your answer is correct by means of actual 
measurement of the surface of a drawmg of the triangular space, 
or by means of a drawing. Some of you should use both 
methods. 


After the problem had been solved as directed, each pupil was 
told to wi'ito a brief statement of the solution, and, if possible, 
to write a rule that could be followed in finding the area of tri- 
angles. There was no discussion of the various answers, proofs, 
methods of solution, or general rule for solution until most of 
the class had completed all the steps required. 

Among the various proofs and methods of solution, the follow- 
ing are representative: 



About 3 sq. ft. because the spaces 
marked 1 and 2 would together equal 3 
and 4. 


(i) Full-size drawing and then the application of foot squares 
and half-foot square to the surface. 



Putting two together, measuring sides, 
and then figuring as rectangle. Child 
experienced difficulty because of frac- 
tions. Used 3X3, but then subtracted 
1 because side wasn’t 3. Gave 4 as the 
answer. (This solution was rejected by 
the class.) 
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The rule for finding the area of triangles grow out of the a^ssign- 
ment and discussion of the following statement; “In finding 
the area of rectangles you multiplied two numbers. Since you 
are using the same square measures to cover the surface here, 
it seems as though you ought to be able to do the same thing. 
In fact, you can. See if you can find the two numbers to mul- 
tiply for every problem wc have solved.” 

As a result of studying these ksssons on the proof of measure- 
ment problems, children shouhl learn that all measurement is 
relative and therefore involves error. This fact will b(' e.spe- 
cially evident when finding the relation between the diameter 
and circumference of circular bodies. 

From the preceding sections the reader can easily deduce the 
major reasons for including measures in the teaching of arith- 
metic. In the first place, measures are a necessary part of 
modern life, but it is numbers that make it pos.sible for us to 
grasp the relations between umts of measure and the amounts 
of whatever those measures are used to describe. xVlthough 
some amounts to be measured are themselves units and therefore 
require no use of number to describe them, most amounts are 
expressed by numbers as multiples of certain units of measure. 
The field of measurements is one in ■which numbers have to be 
used. A second reason for including meahurement in arithmetic 
is that the story of the development of weights and measures 
is an important part of our heritage. This story cannot ade- 
quately be understood unlc.ss cliildrcn have some experience 
with measures. This second reason for including measurement 
in arithmetic is relatively untouched in present-day programs. 
The main argument for including measures then rests with the 
first reason, which is very important, since almost every impor- 
tant issue of life involves some measurement. 

The principles of instruction illu.stratcd in finding the area.s of 
rectangles and triangles apply also in teaching how to find the 
volume of various geometric figures, circumferences, perimetens, 
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and the relation between diameters and circumferences. In 
every case the child should be confronted with a problem situa- 
tion which he should attempt to solve before the accepted best 
solution is presented. The best solution should develop from 
the children’s experiences in solving problems. 

After the student has accepted the best solution, he should 
engage in a period of intensive study sunilar to that followed 
in learning the basic addition processes. During this period of 
intensive study the chdd should be asked occasionally to prove 
that he understands the process he is using. 


Units eob Standabds of Reference 

In the section on the metric system it was pointed out that 
having a good idea of the distance “one foot” was not of much 
value in getting an idea of the distance “one mile,” even though 
the relation between the two distances is known. The ratio of 
1 : 5280 is not very usable because the average person is unable 
to see or to think of more than four or five objects without the 
aid of grouping or counting. Workable concepts of “one foot” 
and “one mile” are acquired from experience with each length 
and without much, if any, attention to the relation between the 
two lengths. In like manner, having a good idea of the distance 
“one mile” will not be of much value in visualizing or getting 
the meaning of ninety miles; nor will knowing something of the 
magnitude of one ton help much in grasping the meaning of 
ten thousand tons. Children’s books (notably geography, his- 
tory, and .science texts), newspapers and magazines, radio pro- 
grams (e.specially news programs), and everyday conversation 
contain many examples of quantities expressed as large multiples 
of a standard measuri;. If such expressions are to be understood 
by children, then the arithmetic program should include more 
than just the meaning of the standard unit — the foot, pound, 
and the like. It should provide a set of standard references in 
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the various fields of measurement that will help children to get 
meaning from the measurement situations with which they are 
confronted. For example, in the statement, “The pioneers 
traveled fifteen miles that day,” the distance traveled, although 
accurately given from the quantitative point of view, would be 
hard for the child to interpret if the mile were used as the stand- 
ard of reference. To demonstrate the difficulty, the reatler has 
only to try to visualize fifteen separate mile.s or to try to vi.su- 
alizo the di.stance by thinking the fir.st mile, then a .sccontl mile 
next to the first, and so on until fifteen miles are reached. A unit 
larger than one mile must be used as the standard if thinking 
about the total distance of fifteen miles is to be marie easy, As a 
reference unit for such thinking, a distance of ten miles should 
be used. 

To make these standards of reference function in getting a 
belter idea of the quantity involved, every child should have 
many e.xperiences and exercises with the special units that are 
to be used as standards. For example, the distance ten miles 
should be some clearly defined local distance, such as that to a 
neighboring town or to some point of interest. If possible, the 
children should travel this distance by car or bus, should note 
the time required to ride that distance, figure the time required 
to walk it, the time required for a fast airplane to fly that far, 
and the number of times that distance is greater than some short 
familiar distances. Of course, all the.se exercises or experiences 
need not and probably should not come in a relatively short time. 
Distance concepts, like other concepts, develop slo^sly. 

In addition to the tcii-milc distance, another large unit dis- 
tance of about one hundred miles should be used. The argu- 
ments for using the ten-mile unit also apply to the hundred-mile 
unit. The latter unit should function up to 900 or 1000 miles. 
Since most distances practically confronting lus are seldom 
gi’eater than that, it is doubtful whether the provision of another 
reference unit would be worth while. Then, for linear distances 
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other than the foot, yard, and one hundred yards, three refer- 
ences or standards for comparison are needed. These are the 
mile, ten miles, and one hundred miles. The real-life standards 
need not be exactly ten or one hundred miles. In fact, if a large 
city or other important point were 90, 125, or 150 miles away, 
it would he better to use one of those distances as a unit of 
reference. 

Tor every phase of measurement, similar standard reference 
points .should be developed. Thus, for area, the acre, quarter- 
section, scpiaie mile, and area of one’s .slate would be used. The 
children should be provided with experiences similar to those 
fh'scrilied for the ten-mile standard, in order that they may 
gam a better idea of the quantity represented by each standard 
reference Of course, the procedures used to give an idea of the 
size of a state would vary because of the nature of the measui’e. 
Ill this case the time required to travel aeross it, the distance 
around It, comparison of some of its dimensions with standard 
reference distances, and other similar procedures would add to 
the children’s conception of the size of their state. 

The value of an area reference like a state can be seen by 
con.sidering the following extract from a news item: “The region 
involves an area of 85,000 square miles.” The person who 
knows the area of his own state is about 50,000 square miles 
can quickly deduce that the region under consideration is approx- 
imately one and one-half times as large as his own state. On 
the other hand, the person who has no such standard of refer- 
ence either fails to get a u.sable idea of the area or else Lakes 
time for reflection which interferes with his miderstauding of 
the other ideas in the news item. 

The study of standard references might well be a part of such 
content subject.s as history, geography, or health, but since the 
niimlxT part of each measurement is common to all, it seems 
be.st to include .standard references in arithmetic rather than to 
have a separate number-concept section as a part of each sub- 
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ject area. Then, too, statements involving di.stanccs, areas, 
altitudes, and so on, have been a part of geography for many 
years, and to date no simple set of references for the child to 
use has been developed through the teaching of geography. 
It is through the provision of such references that arithmetic 
can really become an aid to thinking. 

Since most arithmetic programs contain little in the way of 
a sy.stematic plan for teaching r^uautitative reference points, 
.special attention should be given to methods of teaching this 
phase of arithmetic. Beginning with Grade One, a few standard 
references .should be developed each year. While most of the 
units of reference will be collections of mensure.s, such as 100 
miles, 10,000 tons, and 50,000 square miles, the teaching iirogram 
should probably begin with the basic unit — that is, the mile, 
the ton, and the square mile. For these basic units a reference 
object or distance is used. As was stated before, children should 
have many experiences with each reference and frequently 
should be asked to make comparisons u.sing the reference. For 
example, the pound is one of the references used in some first 
gi'ades. The first need or discussion of the pound usually arises 
as a result of a visit to the store, the market, or the creamery. 
On their return to the classroom, the children usually make state- 
ments about their experiences, and these statements almost 
always involve the word pound. Some actual objects, like a 
pound of butter or loaf of bread weighing a pound, may be 
brought back; but, for the mo.st part, familiar cla.ssroom objects 
will be weighed. As the teacher writes on the board a state- 
ment about the price of a pound of meat, she might well ask if 
anyone can find something in the room that weigh.s about a 
pound. The children then select objects, weigh them, and 
mark one as the reference pound. Many times during the year 
they will refer to this pound and make comparisons with it. 

In the upper grades the need for references is often demon- 
.strated through an oral problem, such as the following: “I read 
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that the poinsettias in a Florida garden were from 12 to 15 feet 
high. How high do you think that iss.^” The reference sug- 
gested for use in such a case is the height of the classroom door. 
Through oral exercises, not only are many of the standard refer- 
ences demonstrated, but also facility in the use of references is 
maintained. 

Much research is needed to determine the best list of standard 
references for inclusion in the arithmetic program. The follow- 
ing li.st is taken from the tentative cour.se of study in arithmetic 
at the University of Iowa Elementary School; ^ 

Grade Two 

(а) Seven feet — the height of the classroom door. 

(б) Thirty feet — the length of the classroom 

(c) Ten pounds — the weight of small oak chair. 

Grade Three 

(а) iVll references from the preceding grade. 

(б) An acre — a plot near the school grounds, of which the 
dimensions are measured and memorized (about 200 feet 
on a side). 

(a) A mile — the distance from the school to Iowa City 
Poultry Company Plant. 

(d) A bushel — a bushel apple basket. 

Grade Four 

(a) All references from the preceding grades. 

(5) A square mile — the area bounded by the following 
streets: Davenport, Capitol, Benton, and Grant-Parsons. 

(c) Ten miles — the distance from Iowa City to West Branch. 

(d) 120 miles — the distance from Iowa City to Des Moines. 

Grade Five 

(tt) All references from the preceding grades. 

(5) 30 inches — - the height of doorknob, teacher’s desk, or 
dining table. 

■ Atithmeiic in. the XJnimsily School (Iowa City, Iowa. State University of 
Iowa, 19411. 
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(c) 50 feet vertical — the height of the southwest corner of 
Currier Hall. 

(d) 3 tons — amount of coal in local coal truck; 35 tons — 
amount of coal held by standard railroad coal car. 

(e) 50,000 square miles — the area of Iowa, (For practical 
reasons the exact area of 56,147 square miles is rounded 
to 50,000 square miles.) 

Cf) A city of 20,000 people — the population of Iowa City. 
Grade Six 

(а) All references from the preceding grades. 

(б) A city of 150,000 people — Des Moines. 

(c) 0000 miles of railroad — the number of miles of railroad 
in Iowa. 

(d) 14,000 feet elevation — the elevation of Pikes Peak. 

(e) 10,000 tons — the capacity of a large freighter, or iron 
ore boat. (The equivalent of appro.ximately six freight 
trains of fifty cars each.) 

Teaching How to Find Averages 

In dealing with different statements of measures of similar 
quantities, such as the ages, heights, or weights of children in 
elementary classrooms, the pupil can think more efficiently if 
he selects one typical or representative measure than if he 
tries to think of all the measures. The mean or average, the 
mode, and the median are the three types of representative 
measures that are used. Of these, the average seems to be 
the only one wnth which arithmetic is concerned. This emphasis 
on one type of measure probably stems from the fact that arith- 
metical programs have not been concerned with the meaning 
of such a representative measure, but rather only with the 
numerical operations that arc necessary to compute it. Since 
the average is the only one of the three that takes into considera- 
tion the exact quantity of every measure in the group of meas- 
ures, it would probably have been selected for emphasis in arith- 
metic even if meaning had been considered. Regardless of the 
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reason for the extreme emphasis on averages, modern arith- 
metical programs do in fact devote a great deal of time to the 
finding of averages. Some attention should therefore be given 
to the matter of how best to teach this phase of arithmetic. 

In most series of texts, the first problems on finding the aver- 
age are placed in the fourth grade. Pollowing the usual plan 
in introducing new phases of arithmetic, a problem is used to 
show where averages are found and how they are found. The 
text problems deal with areas of life so universal in nature and 
the explanations appear to be so clcar-cut that one can hardly 
.see how pupils can miss the meaning of averages. The usual 
textbook method of teaching, however, does not give the child 
the experience that will enable him to see why averages are used. 
Furthermore, even though the explanations seem unusually clear, 
they fail to convey to the pupil the idea (at least in concrete 
form) that averages are obtained by an “evening-up” process; 
that is, the short measures are built up while the longer ones 
are cut down. (See lesson below.) 

The method recommended for teaching averages and direct- 
ing the child’s first learning experience in this phase of arith- 
metic is illustrated by the following: 

Mary and Harry had an argument about who had the tallest 
rose bushes. To settle the argument they measured the 
bushes to the nearest foot. They found that Harry had the 
tallest one, but that he also had the shortest. Mary claimed 
that, on the average, hers were taller. Here are the heights of 
Mary’s four bushes: 7 feet, 6 feet, 6 feet, and 6 feet. Harry’s 
three hushes measured 8 feel, 6 feet, and 4 feet. Was Mary 
right? Show how you thought, so that yon can prove to the 
others that yon have the correct answer. 

No further directions were given to the class as a whole. 
To those who did not seem to be able to start, the teacher sug- 
gested that they draw a diagram to represent the height of each 
bush. She even suggested to one child that the heights be 
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marked on tlic blackboard. Since some children did not know 
the meaning of the term aserage, the class work was interrupted 
in order that tins idea might be considered. The chief explana- 
tions of the children for the word were: (1) “It’s when you put 
them all together and divide by the number you added.” (2) “It 
means make all the same just as if all were the same height.” 
(ti) “Like in spelling you add all scores and then divide by as 
many as are in class.” (-1) “It’s not the biggest or little.st but 
ill between.” The teacher said tliat these stateinent.s were all 
true; but because she felt some of them might not be too clear, 
sbe added: “ When you average (luantitics you try to make them 
all the same by taking some of the larger quantitie.s and adding 
to the smaller ones.” 

When the children went back to work, the teacher ivrote on 
the board another problem involving average. In this way ad- 
ditional time was gained for the slower chddrcn to work on the 
first problem. 

In the discussion period that followed, most of the children 
agreed that Mary was correct. Several methods of proof w'ere 
offered, all of them variations of these two plans. 



(b) 7 -[- 6 -f 6 + 6 = £5 
25 4 = 6i 

8 -f 6 + 4 = 18 
18 -I- 3 = 6 



Harry’s 


In method a the extra length of the first bush was divided into 
four parts. Three of the parts were put on the six-foot bushes 
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wtile one was left on the first. Harry’s bushes were equalized 
in the same way. Method b is self-explanatory. The major 
points considered in discussing the solution were: (1) does it 
agree with the facts of the problem? and (2) does it show who 
has on the average the tallest bushes? In order to emphasize 
the fact that the average was a representative measure, one 
standing for the others, the teacher several times asked this 
question about a solution; “How can you say that Mary’s 
bushes averaged six and onc-fourth feet when she didn’t have 
any that were exactly that tall?” 

This problem involved an unequal number of measures in 
the two groups that were being compared, a condition chosen 
in order to avoid the child’s use of total height as a means of 
comparison. The comparison situation was used because it 
illustrates better the reason for using averages. Ordinarily, 
problems involving averages are concerned with finding the 
average only. A few problems of this type may be used during 
the introductory phase of the teaching of averages. In con- 
sidering such problems, the average as a representative measure 
should be emphasized. 

Several days after the first problem with averages had been 
dealt with, the following problem was given- 

Four boys were having a football kicking contest. Each 
boy was allowed five kicks. The boy whose record showed the 
longest average kick was to be the winner. Jolm kicked these 
distances; 1.5 yards, 17 yards, 8 yards, 16 yards, and 14 yards 
Jack had these; 12 yards, 10 yards, 15 yards, 15 yards, and 
1C yards. Henry had tliese: 20 yards, 16 yards, 5 yards, 

15 yards, and 9 yards. Tom had these: 14 yards, 14 yards, 

16 yards, 13 yards, and 12 yards. Who was the winner? 

In addition to answering the question raised in the problem, 
the children were asked to "prove that your answer is correct 
and tell why it is better to consider the average kick than it is 
to try to compare the individual kicks.” In the discussion that 
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followed completion of the assignment, the children gave this 
reason for considering the average kick; “It is easier to think 
of one number than it is to try to think of all the numbers.” 

In the teaching plan described above, the chief purpose of 
instruction was to give children an opportunity to see what 
averages are and the reason for using them. After .such an 
initial period of instruction, some lime should bo taken for 
intensive work on problems involving the finding of averages. 
This type of work helps to fix the proces.s of finding averages. 

Since the finding of averages is so common in social stmlies 
and in science work, it is hardly necessary to consider a main- 
tenance program in this area of arithmetic. However, teachers 
in the upper grades should continually check the children’s 
understanding of the term and of the reason for its use, 

STUDY QUESTIONS 

1. How many diSerent kinds (volume, length, and so on) 
of measures comprise the measurement in arithmetic? (J) 4. 
iS) 5. (3) 6. U) 7. 

2. Are a good idea of the distance “one foot” and a knowl- 
edge of the fact that 5280 feet equal one mile of any value in 
visualizing how long a distance a mile is? (I) Yes. (®) No. 

3. Measures are said to be substitutes for the real thing. Is 
that true of measures of weight (e.g., a pound determined by 
use of a spring balance) ? (J) Yes. (£) No. 

4. For which of these different measures is it best to use 
the standard measure during the concept-building period? 
(I) Length (2) Volume. (3) Weight. (4) N. 

5. Wliat is the purpose of using nnstandardized measures 
in the pupils’ initial experience with an area of measurement (for 
example, linear or surface)? (1) To demon.strate a need for 
standardized measures. (5) To demonstrate the fact that 
measurement can be done without standard measures. (3) To 
show the relationship between measures. (4) N. 
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6. In teaching measurement of area which of these ideas is 
most important? (1) That length times width gives area. 
(S) That area is a matter of covering the entire space. (3) That 
measures of area are squares. (4) N. 

7. What is the best argument for not attempting to have 
pupils master tables of measures? (1) The pupil has no use 
for this knowledge in school (S) The trend in arithmetic is 
away from memorization. (3) Tables are usually not understood; 
hence the learning is little short of verbalism. (4) N. 

8. The statement is sometimes made that loiowledge of the 
relationships between various measures given in a table, as, for 
examiile, in a table of length, is of little value in getting a good 
idea of a specific measure. Is that true? (I) Yes. (^) No. 

9 Americans have not accepted the metric system readily 
becau,se they already have a well-developed system. Is there 
any other good reason? (I) Yes. (2) No. 

10. What is the major shortcoming of the metric system of 
weights? (I) The base weight is too large (2) The base weight 
is not a practical size. (3) Similarity of names (4) N. 

11. Is it possible to prove that the solution of a measurement 
problem is correct by actual measurement? (I) Yes. (2) No. 

12. Wliat is the intended function of the standard reference 
measures in this book? (!) To provide a foundation for the 
measures to be taught in arithmetic. (2) To provide an aid for 
interpreting measures. O?) To provide an aid for interpreting 
tables of measures. (4) N. 

13. What idea or fact about averages is the most important 
to an understanding of averages? (1) That averages are exact, 
based on every measure used. (2) That the average is always 
less than the largest measure and more than the smallest. 
(3) That the average is frequently about the middle one. (f) N. 

14. Wliy is it better to use the average than to use the iiuin' 
bers from which the average has been computed? (?) The 
average is more accurate. (S) It is easier to use tlie average 
in thinking than it is to use the numbers (3) Most people 
understand averages better than they do the individual numbers. 
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Illustrative Teaching 

The development of meaning and vinderatanding is as important 
in teaching the addition of fractions as it is m teaching the addi- 
tion of whole numbers. In keeping with the recommended plan 
of this book, the procedures described below employ (1) prob- 
lems which the children can solve even though inefficient 
methods may be used; (2) various means of solving the prob- 
lems in order to arrive at the best method, (3) proof to demon- 
strate understanding of the best method; and (li) a period of 
intensive study. 

The children of a fourth-grade class had reached the stage 
where they were ready for the systematic study of fractions. 
To begin this work, the following assignment was given: “In 
your map project you are using many fractions. In cheeking 
your measurements I find that I frequently add. You know 
how to handle tractions, but I have noticed that you have 
several ways of doing it. In arithmetic today, let’s work those 
fraction problems to find out the different ways of solving that 
the class uses. You may learn a better way of handling frac- 
tions or perhaps you will show someone else a better way. Work 
these problems, using diagrams, and then, if you can, show with 
numbers what you did with the diagrams,” 
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1. Harry was drawing a map on which he had marked the 
points A, B, C, and D in this way; 

A B C D 

I 1 1 1 

The line from AtoB was 2| inches long; the line from B to C, 

1 inch long; and the line from C to D, 2| inches long. How 
long was the line from A to D? 

2. The four berry plants in Mr. Bane’s back yard produced 
the following amounts of berries last year; 2 pints, 2f pints, 
3 pints, and 1 1 pints. How' many pints of berries were produced 
by the four plants? 

3. One of the rats in pen No. 2 of our health project weighs 
l| pounds and the other weighs if pounds. In order to be 
able to feed the rats the proper amount of food, the class must 
know the total weight of the rats. How much do the two 
together weigh? 

As the children solved the problems, the different methods 
in use were noted by the teacher. To children who used only 
numbers in their solutions, the teacher recalled the original 
suggestion that they make a drawing or diagram. However, 
since these children already had answers to the problem ques- 
tions, the drawings were to be means of proving that the solu- 
tions were correct. To others the teacher suggested the use 
of the actual measures in problem 1. In order that the slow 
workers might have time to get experience with as many prob- 
lem situations as possible, the teacher told some of the rapid 
workers that they might try to find other methods of solving 
the problems, and suggested that the circle is often used in solv- 
ing fractions. Later some of these special solutions were put 
on the board. Tlic drawings that occurred most frequently in 
the various solutions were linear representation, rectangular rep- 
resentation, and the circle. For problem 2, realistic drawing 
of pints was also used. tYhen the different solutions were eval- 
uated, correctness of presentation and clearness were the only 
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criteria applied. In this evaluation the relation between dia- 
grams and number solutions was stressed. It was pointed out 
also that the number solutions were good if you understood 
them, since they tpld in a short way what was done with the 
diagrams. 

For the next set of problems the following assignment wa.s 
given; “First, work the problem by using a diagram or actual 
measures. Then, tell with numbers what you did in solving 
the problem.” As the children worked with the new problems, 
the teacher suggested to individual children who had already 
u.sed one type of diagram — for example, linear representation 
— that they use another type, such as the circle or the rectangle. 
After a work period, the number solutions were evaluated and 
the best method selected from all those used. Each proposed 
method was tested by seeing if it gave the right answer when 
used in solving several problems that had already been worked 
out by the use of drawings. After the method had passed this 
test, the following rule for adding fractions was developed. 
“When you add fractions, you add only the numerators and 
use your old denominator for the sum.” 

The teacher pointed to the next step by stating that a method 
had now been found, but that such methods were usually soon 
forgotten unless something was done to fix them firmly in mind. 
The class then discussed ways of fixing the method so that it 
would not be quickly forgotten. A number of things, such as 
“Work more problems,” “Take tests,” and “Study hard on 
several problems,” were suggested. The teacher agreed that 
all these plans were good, but thought that the working of addi- 
tion exercises like those in the textbook should certainly be 
one of the ways of fixing the method. She pointed out that 
the children could use the other proposals, but suggested that 
some time during the next few days might well be spent in 
working the examples in the tc.xtbook. During this period of 
intensive study, occa-sional examples were worked by means of 
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the circle technique or one of the diagram methods. Proof by 
these means was given special emphasis through such state- 
ments as, “You know you can always work it with diagrams,” 
“That is the real test of the correctness your work,” and 
“That is the only way I can tell whether you understand what 
you are doing.” 


Purpose and Characteristics of Fractions 

The procedure just described illustrates some methods which 
emphasize understanding. I’he steps followed by this one 
class, ill its first lessons on the addition of fractions, cannot, of 
course, serve as the only guide to the teaching method. The 
brief description, however, did raise some of the issues met in 
the teaching of fractions. Other issues are raised and discussed 
in this section. 

Like so many other phases of arithmetic, fractions will be 
much more easily grasped if their uses are understood. Frac- 
tions have these four major functions: (1) indication of one or 
more of the equal parts of a whole or a unit; (2) indication of 
one or more of the equal parts of a collection; (3) indication of 
an unperformed division; (4) expression of a ratio. The first 
two of these uses of fractions are a part of the concept-building 
program recommended for Grades One and Two. For an 
example of the type of exercise that will develop these two mean- 
ings of fractions, see exercise 20, Chapter 4. The third use 
of fractions does not appear until division with remainders is 
encountered, and the fourth probably does not arise until the 
sixth or seventh grade is reached. 

Fractions are almost as old as whole numbers themselves. 
From the meager records that have come down to us, it is clear 
that fractions have been very difficult to master. Part of this 
difficulty has resulted from the fact that in handling a fraction 
two concepts have to be dealt with simultaneously. Whereas 
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in comprehending a whole number one needs to consider only 
one number, in comprehending a fraction attention must be 
given to two separate numbers, one of which indicates the size 
of the fractional part and the other the number of parts. This 
diflaculty is well illustrated by reviewing briefly some attempts 
of the ancients at simplification of fractions. 

To enable him to give attention both to the number of parts 
and to the size of the part, as in the fraction |, ancient man 
devised a scheme whereby such a fraction would bo tran.s[ormed 
into unit fractions. Three-eighths then became and The 
calcvilator thus needed to focus his attention only on the size 
of the part, since all numerators were one. Perhaps such a 
procedure is a simplification step in the case of but when a 
fraction like ^ has to he expressed as four -^-’s, or as -J, and 
■jJg-, a grasp of the fractional quantity is undoubtedly made 
much more difllcult. 

Another scheme used by the ancients in an effort to overcome 
the difficulty of fractions involved making all denominators alike, 
so that attention need be fixed only on the numerator. Baby- 
lonian sexagesimal fractions (sixtieths) are a good example of 
such a procedure By this method all fractions were expressed 
as sixtieths. Any remainder left over, after the fraction was 
expressed in sixtieths, was expressed as a second sixtieth. Thus, 
■I became 23 first sixtieths and 30 second sixtieths. That this 
scheme actually worked in eliminating the necessity of thinking 
about denominators is shovra by our own system of minutes 
and seconds, measures of time that correspond to the first and 
second sixtieth parts of the Babylonians. The terms “minute” 
and “second” come from the Roman parts minutia and second 
minutia. In this sexagesimal scheme we may also see the germ 
of our system of decimal fractions. Our decimal fractious, 
however, do not drop the size concept from the expression of the 
fractions. A dose study of both unit and sexagesimal fractions 
will show that each method of e.xpression, while aiming for 
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simplicity, may actually complicate the situation. In order 
to get the full meaning of fractions, both size and number of 
parts should be considered. 

The denominator of a fraction gives the size of the part under 
consideration. Of course, this size of the part may be deter- 
mined by dividing a whole into as many parts as is indicated 
by the denominator. Few children, however, see any relation 
between the common definition of denominator (the number of 
parts into which the whole is divided) and the size of the part. 
Much confusion results from trying to teach children that the 
denominator tells the number of parts into which the whole is 
divided. Consider, for example, the fraction There are not 
eight parts but only one part, which has the size of an eighth. 
If the fraction were f , there would be three, not eight, parts, 
each of which has the size of an eighth. It is the numerator, 
not the denominator, that gives the number of parts, That 
many pupils of Grades Six, Seven, and Eight fall to compre- 
hend the meaning of the numerator is shown by their responses 
to this test question. “What does the numerator of a fraction 
tell you?” Pour possible answers were listed: 

(1) How many fractional parts are taken. 

(2) The size of the unit to which the denominator refers. 

(3) What to use in reducing the fraction. 

(4) Whether to add, subtract, multiply, or divide. 

The percentages on the responses chosen by the pupils were as 
follows; (1) 48%, (2) 35%, (3) 10%, and (4) 4%. Three per 
cent of the children tested failed to answer. 

Fractions in the First Foub Grades 

Sy.stematic instruction such as that described at the beginning 
of this chapter should be preceded, of course, by work with 
fractions in the concept-building program and with fractions 
that arise in the everyday school work of the earlier grades. 
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DirecLions such as “Use about one-third of your page for the 
drawing,” should be given frequently. 

The concept-building program should be concerned with the 
presentation of I-, and other fractions that occur inciden- 
tally. The first work should be with parts of actual objects, or 
of measures like cup, quart, or pound. Later those fractions 
should be used in connection with such measurements as inches, 
feet, and miles. In Grades One ami Two the work .should be 
done orally and dernoustrated with concrete materials. If any 
record needs to be made, the word form (one-half) rather than 
the number form (i) should be employed. However, since 
measuring cups are marked in the familiar number-form manner 
of writing fractions, many first- and second-grade teachers prefer 
to use that form. In Grade Three or Four, wherever division 
is introduced, the child will have use for the number form of 
writing fractions, and that form should then be employed. In 
order to insure presentation of the proper meaning of this numer- 
ical way of writing fractions, the introductory problems used 
should deal with things that are logically divisible, such as 
apples, pies, and cookies. In the solution of such problems, 
the pupil can see the reason for the di\nsion indicated by the 
fraction. Later, as children write quotients with fractional 
parts, they should sometimes be asked to show with drawings 
or objects what the fractions signify. The fact that a fraction 
as used in such cases is an indication of division should be 
continually emphasl2sed. 

As a part of the experience program in arithmetic in the pri- 
mary grades, children will sometimes be required to add and 
subtract fractional amounts in solving a pi'oblem. Situations 
of this type need not be avoided. The fraction.s can be solved 
by use of the ruler, the measuring cup, or whatever measure i.s 
required by the problem. Through the use of actual mea.sure.s, 
it is possible to avoid the difficulties which adults encounter 
with addition and subtraction of fractions that have unlike 
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denominators. TUe work with fractions in the first four grades 
is concerned primarily with developing meaning. The teaching 
of adult computational procedures is assigned to later grades. 

It should he noted that textbooks give some space to the 
development of the fraction concept. In practically all instruc- 
tional plans, the teaching of computation with fractions is pre- 
ceded by a concept-building program. Almost every scries of 
textbooks introduces fractions in Grade Three, and further 
attention is given to them in Grade Four before addition of 
fractions is started, Tbo.se textbooks provide excellent pro- 
cedures for leaching the meaning of halves, thirds, fourths, and 
sometimes a few other fractions. The experiences include work 
with units, such as half an apple, and with collections, such as 
half of six. While the textbook exercises are cxceUent for 
developing the fraction concept, they need to be supplemented 
by first-hand experiences such as the following: (1) finding by 
actual mea.surement that a pint is onc-half of a quart; (2) show- 
ing by measurement that in a half-filled vessel the empty space 
is the same size as the filled space; (3) finding through change- 
making that one dollar is equal to four quarter dollars; (4) find- 
ing by comparison that each of the fourths of an apple is 
equal in size to any of the others. 


Initial Instruction: Addition of Fractions 

As was the case in the procedure described at the beginning 
of tliis chapter, the first systematic instruction directed toward 
the short method of computation with fractions should be con- 
cerned only with addition and should describe a situation in 
which measuring of quantities can be performed. Since the 
first use we have enumerated for fractions (the indication of 
one or more parts of a unit) is easier than the second (the indica- 
tion of one or more equal parts of a collection), the introductory 
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problems should deal only with situations involving this first 
use. Children can be asked, therefore, to prove their solutions 
by using measures, such as the ruler and the cup, rather than 
collections of objects, such as apples, blocks, and the like. 

In the procedure described, initial work eonsi.sted of the addi- 
tion of mixed numbers (S-J -f 2|) in which tin* fractions had 
like denominators. In common practice initial instruction 
deals with the addition of a fraction to a fraction ( j -[- j). Since 
the fractions to be added in Ihe.so two in.sL;uice.s are the .sairu', 
the method using mixed numbers certainly appears to lie the 
more difficult of the two. Then, why use mixed numbers in 
initial instruction? There are two reasons for doing so. First, 
the most common type of problem in the addition of fractions, 
and therefore the one which will be most familiar to children, 
involves mixed numbers. Second, it is generally held that the 
familiar whole-number part of the mixed-number addition situa- 
tion gives the child more confidence in his ability to get the sum. 
The child knows that six and six equal twelve, and therefore 
he can see that six and one-fom-th plus six and one-fourth are a 
little more than twelve. 

When children start systematic work in the addition of frac- 
tions, it should be remembered, they are already very familiar 
with the basic Idea of addition with whole numbers, and they 
have already had much experience wdth fractions. The use of 
mixed numbers for initial instruction is, then, not a case of 
presenting to the child a totally new' situation. Furthermore, 
it should he noted that the mixed numbers are used for the 
introduction to the ])roce.ss and other tj'pcs of fraction addition 
are used in the study of the process. Type.s of cxarnple.s in the 
addition of fractions need not be presented in any ll.xed order, 
since all types will be u.scd by the child in the cour.se of a few 
weeks’ instruction. The following list of example.^ illustrates 
adequately the five types used in the addition of fractions. 
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ADPITION OF fractions: ORDER OF PRESENTATION 


A. Whole Numbers and Mixed Numbers or Fractions 


li 4 

6 

2f 

Si 

3 

4 

+ 2 +1 +2^ 

4-14 

4-2 

+ 1 

4-2f 


i 2 3 

4 

2 

1 

4 

I 

4-2 4- J 4- 4 

+ 4 

A 2 
+■ F 

4-5 

4- 4 

4- 4 

B. Similar Fractions (Sum one or less) 




4 1 i 

1 

f 

4 

4 

1 

4-4 4-4 4-4 

+ 4 

4-4 

4- 4 

4-4 

±i 

C. Similar Fi actions (Sum greater than one) 



3 A a. 

4 5 s 

2 

3 

7 

8 

I 

7 

8 

I 

4-1 4-1 4-4 

±1 

4-1- 

4-f 

+ 1 

±1 

D. Fractions with Unlike Denominators 




1 3 I 

1 

3 

3 

4: 

2 

3 

4 

4 

-f 4 4- 4 4- 1 

-i-l 

4-1 

+ 1 

+ i 

±i 

E. Mixed Numbers 






24 154 5f 

8 | 

64 

3f 

84 

54 

+ 34 4- 104 4- 154 

4-5| 

4-2| 

-4 7f 


-f 6f 

Type A, addition of 

a whole number and a 

fraction 

or of a 


mixed number and a whole number, is so elementary that few 
textbooks so far simplify the presentation to include that type 
in the problems and examples for study. Type B, addition of 
fractions of like denominators whose sums are one or less than 
one, is the type most frequently used in beginning instruction. 
Type C is often combined with type B. In type C the sums 
are greater than one. In type D unlike denominators occur. 
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Type E has already been pointed out as the commonest situa- 
tion involving addition of fractions. In the program described 
at the beginning of this chapter, this type E was used in initial 
instruction. Since the only phase of the addition of mixed 
numbers that is new to the child is the addition of the fractions, 
the major part of a child’s work should be given to types B, 
C, and D. 

In the addition of fractions with unlike denominators, prob- 
lems new to the pupil arise. One has to do with recogniKing 
that denominators have to be the same before addition is po.s- 
siblc. The other has to do with a method of finding a common 
denominator. 

In preparation for work with common denominators, most 
instmctional progi'ams include work on equivalence of fractions. 
Rulers, measui'ing cups, charts, diagrams, folding and cutting 
of rectangular pieces of paper and the like are used in showing 
such equivalent fractions as -J- = f = ■!• To demonstrate that 
unlike fractions cannot he added in the usual pencil-and-paper 
way, a problem involving either addition or subtraction is often 
used. As has been advocated for the introduction of other 
new phases of arithmetic it is suggested that the pupil be per- 
mitted to find a solution before the best solution is supplied by 
text or teacher. In the first addition and subtraction situations 
one of the denominators is the common denominator, and there- 
fore the pupil has only to change one fraction. For example, 
when I is to be added to the pupil should think “one-half 
is equal to how many eighths^” The following way of writing 
such examples is considered good; 

* = f 
+ i = jL 

f 

When fractions with unlike denominators of the type f -f- f 
(common denominator not visible) are encountered, the finding 
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of a common denominator has to be done in a manner different 
from that just described. Two ways of finding the common 
denominator are frequently employed. The first may be called 
the method of inspection. By this method the pupil tries to 
select after inspection of the denominators given a denominator 
common to both. The second procedure for finding a common 
denominator in such situations as f + I consists in multiplying 
one denominator by the other. While this product of denomi- 
nators method often results in use of a common denominator 
other than the lowest common denominator, the method has 
merit, and for the pupil not too proficient in arithmetic it is 
usually belter than the inspection method. Many pupils who 
are taught the product of denominators method soon use a 
combination of that method and the inspection method. 

In teaching cither method of finding the common denominator, 
the instructor should provide situations where a need for the 
procedure is shown. A chart of the type shown below will be 



useful when this new phase of fraction work is introduced. The 
ruler may also be used to advantage in giving a background for 
finding a common denominator. If chart or ruler is used to 
add or subtract unlike fractions, the problem “Is there a number 
method of making these denominators the same?” might be an 
excellent way to lead up to the presentation of the best way of 
finding common denominators. 
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Subtraction of Fractions 

Teaching of the subtraction of fractions, as has already been 
indicated, should follow rather than accompany the teaching 
of addition of fractions. The same principles used in Leaching 
the addition of fractions are applicable to the Leaching of sub- 
traction of fractions, and for that reason no de.scription of 
teaching procedures will be presented here. 

Most texthoolcs begin the presentation of fruelion .sublraction 
with the subtraction of a fraction from a fraction. Here, as in 
addition, the use of mixed numbers for initial teaehing has some 
merit. In fact, two leading textbooks do use mixed nuinbor.s 
along with fractions in initial jircsentation. The types of situa- 
tions used in the teaching of subtraction of fractions are as 
follows. 

SUBTRACTION OF FRACTIONS: ORDER OF PRESENTATION 

A. Whole numbers subtracted from mixed numbers 

8 ^ 

- 2 - 1 - 4 - 3 

B. Similar fractions 

I f I A 
~ i ~ i ~ i ~ A 

C. Fractions with unlike denominators 



D. Mixed numbers without borrowing 

14| 8§ C4 7 1 

- 6:1 -al zJL -=_li 

E. Mixed numbers with borrowing 

17 14| 12| 10-| 

- 8i - 10| - 4| 
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Since the process of finding a common denominator has al- 
ready been encountered by the pupil in his study of the addi- 
tion of fractions, the only essentially new thing to be learned 
in the subtraction of fractions is the borrowing or changing of 
a whole number to a fraction. Even this process is not basi- 
cally new since a related process is used in the subtraction of 
whole numbers. The actual procedure to be used in showing 
borrowing and the change to a common denominator is an 
important factor to many teachers. Most people when sub- 
tracting 4-2 from 12-| write the example as follows: 

Of course, such people know that IS-I does not equal To 
avoid such misrepresentations the whole number should be 
rewritten; that is, 12|- = 

Although the additive method of subtraction is not recom- 
mended by the author, some attention should be given by the 
student of the teaching of arithmetic to its use in the subtraction 
of fractions. In the example 



the thinking suggested by some of those who use the additive 
method is as follows : 5 and what number of eighths will equal 
eight eighths, or one? The answer is 3. This 3 eighths and 
the 1 eighth equal the required remainder. 5 and 2 equal 7. 
The answer is 2^ or 2^, It appears to the author that the 
rationalization of this additive procedure would be more difficult 
for the child than would be the rationalization of the take-away 
method of subtracting fractions. 

Multiplication op Fractions 

In the multiplication of fractions these five main types of 
examples are used: 
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A. Fractions multiplied by integers (3 X |) 

B. Integers multiplied by fractions (-g- X 4) 

C. Mixed numbers multiplied by whole numbers (4 X i}) 

D. Fractions multiplied by fractions (7/ X f) 

E. Mixed numbers multiplied by mixed numbers (3| X ^\) 

It should be recognized that it is possible to classify multipli- 
cation examples into many other types; in fact, some writers 
use as many as forty types. A study of the examples of the 
five types (see Order of Presentation, below) will show how 
such an extensive classification is possible Almost every one 
of the thirty examples presents some new difficulty. For 
instance, under type A we have in example 1 a unit fraction 
(I); in example 2, a fraction larger than a unit fraction (|); 
in example 3, a product that is either an improper fraction or a 
mixed number; in example 4, a fraction larger than a unit frac- 
tion and a mixed number for the product; in e.xample 5, the 
product is the multiplicand; and in example 6, the product is 
a fraction. 

MULTIPLICATION OF FRACTIONS: ORDER OF PRESENTATION 


A. 

1 

2 

2 

3 

1 

3 

3 

1 

3 

3 

8 


X 4 

X 6 

X 5 

X 3 

X 1 

X s 

B. 

4 

3 

3 

4 

1 

2 


X 1 

x| 

X 1 

X-^ 

X 

2<J 

C. 

2-2 

3| 

31 

4 

4 

4 


X 4 

X 4 

X 

X 21- 

lx 

1 

jW-a 

X «1 

D. 

t 

1 

2 

1 

s 

3 


i 

3 

d 

4 

'« 


X 1 

X i 

X 1 

X 1 

X :i 

X 1 

E. 



>^4 

3| 


n 


X 

X 2} 

X 2= 

X 4i- 

X 5^ 

X if 
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It should be noted that type C can be subdivided into two 
distinct types, 4 X and 2^ X 4. These two are treated as 
one type because most people interchange results in a simplified 
procedure. Since this procedure of interchanging is recom- 
mended, we shall consider the two types as in fact one. 

The order of presentation, as given here, is not universally 
accepted. Many texts use type B for the introductory sys- 
tematic work in multiplication. The finding of unit fractional 
parts of iiumhcrs, such as one-third of twelve, is taught as a 
part of the division of whole numbers in most textbooks. Those 
that use the same situations in teaching multiplication attempt 
to relate the new procedure of multiplication of fractions to 
the division of whole numbers. In order that children may 
see a need for the multiplication procedure, problems arc used 
that involve the finding of other than unit fractional parts; 
for example, finding two-thirds of twelve. But even with the 
need for multiplication made evident by the use of non-unit 
fractions, the multiplication of a fraction by an integer seems 
the better t 5 rpe to use for the introductory work. It is not so 
easy to find two-thirds of twelve as to find twelve two-thirds. 
To illustrate, consider the two following problems: 

1. Each day John used two-thirds of a pound of feed for his 
pigeons. How much feed did he use in twelve days? 

2. Two-thirds of the twelve bushels of apples were graded 
number 1. How many bushels of number 1 apples were 
there? 

Other differences of opinion on the order of presentation will 
be found if arithmetic texts for children are examined. How- 
ever, since none of the differences seems crucial, no further dis- 
cTussion is offered here. Indeed, aU the types have to be taught 
in a relatively short time. 
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MULTIPLICATION OP FilACTIONS: TEACHING PBOCBDiniE 

Beginning instruction in the multiplication of fractions gives 
to problems a very important role. As is true in the intro- 
ductory teaching of other procc.sscs in arithmetic, the first 
problem.s used ought to be of .such a type that they can be 
solved by the use of drawings and other indirect means. From 
the.se indirect solutions the number method of multiplying 
fractions is worked out. The illustrative touching procedure 
which follows givc.s the main step.s. 

The directions for llic first lussigrimeut in the mulliplicaliou 
of fractions were. "Show with a drawing or a diagram how you 
can get the answer to the question in each problem. Use num- 
bers to label only. Be sure to tell the whole stoiy of the problem 
in your diagram and try to make it clear to anyone who may 
look at it.” 

1 It is three-fourths of a mile from Mary’s home to scliool. 
In five days how far does she walk going to and from school? 

2. Jack used a half-gallon bucket to fill the water keg. lie 
poured .sixteen bucketfuls into the keg. How many gallons 
did Jack pour into the keg? 

As the children worked on these and four or five similar 
problems, the teacher went about the room occasionally a.skmg 
a question concerning .some illustration and giving hints to 
those who were unable to start or who had made a ml.stake. 
These two are typical of the hints given. (1) “Why not draw 
'll line about an inch long tor a mile and then mark it oil in 
fourths?” (2) “Where tlo you show the amount poiu'cd into 
the keg the first time Jack cmiitied the bucket?” 

During the latter part of the work period several of the pupils 
were asked to put their diagrams on the board. Representative 
diagrams for problems 1 and 2 are reproduced here. 
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^ = VM miles 



As soon as one pupil had fiaislied the diagrams for all the prob- 
lems, an evaluation of the diagrams and answers for the first 
two problems was started. In this evaluation, the diagrams 
of the different membei's of the class were discussed. The cri- 
teria used in judging a diagram and the answer secured were: 
(1) Does it illustrate the problem? (2) Is it easy to see (to 
read) ? (3) Docs the answer agree with the facts shown in the 
drawing? 

After the evaluation period, pupils resumed work on the 
problems. Those who had finished were asked to make dia- 
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grams that could be used in answering more questions of this 
type; 

1. What is the weight of seven packages if each weighs three- 
fourths of a pound? 

2. Six one-thirds are equal to how' many? 

The seconil period devoted to multiplication of fractions was 
concerned with finding a numher way of solving the problems 
that had already been solved by means of diagrams. This 
a.ssignmcnt was given the class. “For each of the problems in 
your last lesson, write a number solution. Use your diagrams 
or the diagrams on the board.” A.s the pupils worked, these 
additional directions were given by the teacher: “When you 
have a number solution, try to decide whether it is the best 
number solution for that problem. A good way to decide is by 
trying to write another solution for the same problem.” 

The three most common number solutions offered by the 
pupils for problem 1 were: 

(1) 10 X I = 

(2) f 

X 10 

(3) I + I + f + I + I + I +f + ! -b I 4- -I = 

The three most common number solutions for problem 2 were: 

(1) 16 X J = 8 

(2) 16 -4- 2 = 8 

(3) J- 
X 16 

8 

Tt should be recalled that the answer and a diagram for each 
problem were available to the pupils, .so that their only task 
was the formulation of a number statement of the solution. 
Therefore, all answers were correct and attention was directed 
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toward choosing th,e best number solution. In making this 
choice two things %vere considered; (1) What do you do with 
the numbers to get the answer? (2) Is that the shortest number 
solution? The first question is concerned with understanding 
of the process; the second, with economy of time. A glance 
at the first number solution for each problem will show that 
knowledge of the answer and of the numbers used in getting that 
answer is not enough to demonstrate to the pupil how to get 
the answer with numbers. The .second number solution for 
problem 3 was explained by a pupil in this manner: “It’s half 
of sixteen and you get half of a number by dividing by 2,” The 
pupil was using what he had learned in partition measurement. 
At first glance this learning appears to be a handicap in develop- 
ing the process of multiplying fractions. The situation may 
be avoided by using other than unit fractions in these intro- 
ductory problems. To help the pupils to see how '1^ is the 
answer secured by multiplying | by 10 (see number solution 1, 
problem 1), the teacher suggested that the ^ as shown in solu- 
tion S be inserted as follows: 10 X f = -^ = 7-|-. “Now, what 
do you do with the 10 and f to get was the next statement 
used to direct the thinking of the class. As soon as a satisfac- 
tory procedure had been accepted, the same plan was used with 
the other number solutions, and then the rule for multiplying 
a fraction by a whole number was worked out. The next 
assignment for this class consisted of a few problems to be 
solved by the use of both number solutions and diagrams, fol- 
low'cd by a list of practice examples. As the pupils worked 
the examples they were occasionally asked to show by moans 
of diagrams that their work was correct. 

The teaching plans used in developing the four other types of 
multiplication examples are similar to that just described for 
the multiplication of a fraction by an integer. In every case 
problems are used to present the new situation, the solution for 
the problem is obtained by use of diagrams or other indirect 
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solutions, the best number method is worked out, a rule is for- 
mulated, and then practice is used to fix the process. If pupils 
know how to use the number procedure, they are permitted to 
do so, but are then asked to show by diagram or other methods 
that their number solutions arc correct. 

The rule developed for the multiplication of fractions of 
type A examples (4 X s) b applicable to type Ti examples 
(-3 X fi)) and can be used with little modification for type C 
(4 X 3i), bill it is inadequate for lype.s 1) (J X '») and E 
(5^ X Ogd. In lho.se multiplication siLiialions in which only 
one fraction is involved, the denominator in the product i.s the 
same as the fraction multiplied. When two fractions are multi- 
plied the two denominators are multiplied, a procedure very 
different from any which the child has thus far encountered in 
his work with fractions. The required new procedure is easily 
related to that already worked out for the multiplication of a 
fraction by an integer. The rule is then changed from “In 
multiplying a fraction by a whole munber you multiply the 
numerator by the whole number and use the denominator ” to 
“In multiplying fractious you multiply one numerator by the 
other numerator and one denominator by the other denomi- 
nator.” To show that this last rule will cover all examples of 
the multiplication of fractions, pupils should be required to use 
it in multiplying such examples as 4 X | and X 5. “What 
is the other denominator? ” or a similar question is usually suffi- 
cient direction to enable pupils to see the need for writing the 
whole number as an improper fraction with 1 for a denominator. 

The multiplication of a mixed number by a mixeil number 
requires that pupils learn and uuder.stand an efficient way to 
change mixed numbers to improper fractious. The u.sual idan 
of developing the best method from diagrams or other indirect 
methods is recommended for teaching the procedure for chang- 
ing mixed numbers to improper fractions. The best method is, 
of course, to multiply the whole number by the denominator 
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of the fraction, add to the product the numerator of the fraction, 
write this sum as the numerator of the improper fraction, and 
use the original denominator for the denominator of the improper 
fraction. The best method is illustrated in the solution below. 

Example: Change 7| to an improper fraction. 

Step i. 8 X 7 — 56. (Multiply the whole number by the 
denominator of the fraction.) 

Step 9 j. 56 + 3 = 59. (To the product found in step 1, 
add the numerator of the fraction.) 

Step 8. (Use the sura from step 2 for the numerator of 

the improper fraction, and for the denominator use the original 
denominator.) 

Division op Tractions 

Examples in the division of fractions are easily classified into 
three main types : 

A. "Whole numbers divided by fractions 

B. Tractions divided by whole numbers 

C. Fractions divided by fractions 

The use of mixed numbers would add a subdivision to each 
of these three main types. Since mixed numbers will have 
been used in the teaching of multiplication of fractions, their 
introduction here would not involve anything especially new 
to the pupils. Tor that reason, only the tlirce types of the 
division of fractions listed above are considered as distinctly 
separate. 

division of fractions: order of presentation 

On the order of presentation current practice as represented 
by textbooks is about evenly divided between type A and type B 
for first position, with all texts placing type C last. In view 
of this divided opinion, .special study of types A and B should 
aid the student in making a choice. Type A, involving the 
division of a whole number by a fraction, can be introduced by 
use of a measurement problem. Type B, involving the division 
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of a fraction by a wbole number, can be introduced satisfac- 
torily only by means of a partition problem. Tbe following 
problem is a good example: “Four boys found that there was 
only a third of a pie to be divided among them. If each received 
an equal share, what was the size of the piece of pie which each 
boy received?” In such a situation the division by actual 
cutting of the pie or by a representative drawing does not make 
for as easy recognition of the answer as does actual manipula- 
tion 01 representative drawing in the case of the measurement 
problem. It should be recalled that, in the division of whole 
numbers, measmement division was considered less difficult 
than partition division. With fractions the difference in diffi- 
culty of the two types of division is even more marked. In the 
partition situation with fractions, a single unit or thing, not a 
collection of units as is true of whole numbers, is divided. The 
illustrative problem cited above shows how difficult such division 
can be. The type B problems used in textbooks in introducing 
division usually avoid the difficulty just mentioned by using 
only situations in which the numerator of the fraction to be 
divided and the whole number divisor are the same. Not infre- 
quently, teachers ask why the division of a fraction by a whole 
number (type B) cannot be introduced by means of a measure- 
ment problem. The answer to the question is made obvious 
by asking the essential measurement question, such as “How 
many fours in two-thirds?” 

From the facts presented in the preceding paragraph, it seems 
that in a program which places emphasis on understanding, 
type A, the division of a whole number by a fraction, is the 
one to use in initial instruction. Type A certainly lends itself 
better than type B to tlic kind of developmental procedure 
advocated by the writer. Type A is also superior for programs 
which introduce division of fractions by the common denomi- 
nator method. (See Teaching Procedure for description of this 
method.) 
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DIVISION OF fractions: teaching procedure 

The procedure to be used in teaching the division of fractions 
is similar to that used in teaching the multiplication of frac- 
tions. Briefly, the steps are as follows: problems involving the 
division of whole numbers by fractions are provided; the solu- 
tions arc obtained by means of diagrams or other indirect 
methods; number solutions are worked from these indirect 
solutions; the proposed number solutions are tested, and by 
means of practice examples the accepted best methods are 
fixed. Since the most difficult point in the division of fractions 
is the cliaiigiiig of the situation from division to multiplication 
by inversion of the divisor, the teaching of this part of the pro- 
cedure should receive special attention. 

In the procedure outlined above, inversion of the divisor 
occurs when the class works out a number solution. As indi- 
cated in the discussion of the multiplication procedure, the 
answer to a problem in the division of fractions will have been 
secured by means of diagrams or other indirect methods before 
an attempt is made to work out a number solution. The think- 
mg of the pupils is directed by such comments as the following: 
“From yom' diagrams you have found that G divided by f equals 
9. What can you do with the numbers 6 and f to get the answer 
9?” No logical addition or subtraction of the whole number 
and the fraction will result in the 9. The two solutions that 
will give the desired answer are: (1) divide 6 by 2 and multiply 
the resulting quotient by 3; and (2) multiply 6 by 3 and divide 
the resulting product by 2. In each solution there is a multi- 
plication, but the multiplication involves the numerator of one 
term and the denominator of the other. If the pupils do not 
point out the conflict between such a procedure and the pro- 
cedure worked out for the multiplication of fractions, the teacher 
should do so. “How can we change the fraction so that we 
multiply the numerator by the whole number as we do in the 
multiplication of fractions.'*” then becomes the problem of the 
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class. “Turn it over” and “Turn it upside down” are two sug- 
gestions that pupils are likely to offer. After the procedure has 
been tested the teacher usually suggests using the one word 
invert in place of the thi'ee words turn it over. 

The development of the procedure fov inverting the tenns of 
the divisor in the preceding paragraph was approached through 
analysis of a number statement of a diagram solution. The 
learner’s thinking was directed by the problem: “What can I 
do with these numbers to get this answer?” Another way of 
developing the inversion procedure is shown below tlirough the 
solution of problems involving the division of whole numbers 
and fractions. 

Illustrative problem 1 If 3 boxes of pepper are each of the 
same weight and all together they weigh 18 ounces, what does 
each box weigh? 

Solution: The weight of each box is equal to the total weight 
divided by 3, or ^ of the total. The tot.a] weight is 18. Then 
each weighs ^ of 18 oiuices. of 18 = X 18 = -^ = 6. 
The weight of each box is 6 ounces. 

Illustrative problem % If f of a box of oatmeal weighs 2 
pounds, what will a full box weigh? 

Solution: The weight of a full box (each box) is equal to the 
weight of 3- of a box (the total weight given) divided by f, or to f 
of the weight of f of a box. The total weight, or weight of f of a 
box, is 2 pounds. Then a full box will weigh -g- X 2 = ■§•= 21- 
pounds. 

In the solution for the first problem, 18-4-3 was shown to be 
the equivalent of J X 18. Therefore, 18 -4- 3 = ^ X 18, or 
18 X g. In the solution for the second problem 2 -i- f was 
shown to be the equivalent of ^ X 2. Therefore, 2 -f- f = 
2 X -s-. The procedure may be expressed in words as follows: 
To divide by a fraction, invert the terms of the divisor (the 
fraction) and multiply. 

The development of the inversion proeedure from the solution 
of problems may have value in clarifying the procedure for 
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those who are already using it, but it is difficult lor pupils who 
are just beginning the process. If children are to see sense in 
studying the two solutions which are to show that in dividing 
you invert the terms, then an assignment similar to the follow- 
ing will be needed: “lYhy do you invert the terms of the divisor 
and multiply when you divide by a fraction^” 

Consideration of the two ways of developing the inversion 
procedure used in division by a fraction should point out the 
difficulty of rationalizing the procedui-e. The fact that inver- 
sion is difficult to understand is one argument for placing 
emphasis on proof and for having pupils try to figme out the 
inversion procedure. The division of fractions by the accepted 
adult method has been so difficult for elementary-school pupils 
that some authorities propose substitutes for the best method or 
complete omission of the process One of the substitute methods 
of dividing fractious is described in the next paragraphs. 

Within the last fifteen years the common denominator method 
of introducing division of fractions has received a great deal of 
attention. The method is illustrated in the teaching procedure 
which follows; 

Illustrative 'prohlem: How many sticks one-half foot in length 
can be cut from a 5-foot stick'’ 

Solution: You can get the answer to the question by using a 
ruler and finding how many one-half foot lengths there are in 
five feet Tiffien you do that, you show that 5 4- -g- = 10 

Another way to find how many halves in five is to change the 
five to halves and then divide. Here is the way you do it; 

5 4- i 4- I = 10 4- 1 = 10 

To show you how to divide in this way notice how 8 is divided 

by f- 

84-f=^4-f = 32 4-3 = 10f 

This changing to like fractions (common denominator) and 
then dividing numerators only is used with all the other types 
of examples of division of fractions. The common denominator 
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metnod has some very commendable features. Division of 
fractions by this method is division of whole numbers and with 
that students certainly should be familiar. The changing to 
a common denominator has good precedent in addition and 
should, therefore, appear as a reasonable procedure to the 
pupils. In fact, when division examples are solved by diagram 
the dividend and divisor are actually changed to like fractions. 
For example, when you find by diagram how many eighths in 
three-fourths, you change tlie three-fourths to eighths and then 
count the eighths. The common denominator method has 
stood up remarkably well in small experimental studies, but it 
has not been tested on a wide scale. 

In texts that use the common denominator method, the tensi- 
tion from that method to the inversion method of dividing frac- 
tions is made rather abruptly, with very little done to bring 
out the relations between the two methods. The two methods, 
however, can be easily related, and inversion developed directly 
from the common denominator method. To illustrate, con- 
sider the example f -t- f . This would be solved as follows by 
the common denominator method: 

l-! = *-M = 9-16 = A- 

The thinking of the pupils can then be directed by some such 
statement as the following: “You have shown that -f = 

Can you see a short way of getting Try to find one.” The 
situation is then very similar to the one used in developing the 
number solution from the diagram solutions. For a description 
of that procedure see page 278. 

What Fractions to Teach 

A great deal of research has been devoted to determining the 
fractions most used in life. This research has shown that most 
adult usage is confined to and with •^, and occur- 

1 G. M. Wilson and others, Teaching the New Arithmetic (New "york, McGraw- 
Hill Book Company, 1939), pp 194-212. 
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ring next in frequency. Several writers have suggested that 
only h nnd j, because they comprise the bulk of fraction 
usage, should be taught in elementary-school arithmetic. If 
that suggestion were followed, the fractions program would be 
rather meager and probably much more difficult for the child 
to learn than is the case where and are included. 

Practice exercises confined only to -J, and would certainly 
have to be brief or contain much repetition. For teaching 
purposes the writer suggests that and ^ be 

used; and if other, less common fractions appear to be beneficial 
in establishing a principle of addition, subtraction, or multipli- 
cation, the teacher should not hesitate to use them. The impor- 
tant thing to keep in mind is that the program of teaching should 
aim to develop the prind-ples of adding, subtracting, multiply- 
ing, and dividing fractions. It is not enough merely to teach ad- 
dition, subtraction, multiplication, and division of halves, thirds, 
and fourths. The pupil who has learned the principle can add 
the common fractions with more confidence than can he who 
has learned to add only the few common fractions, without much 
emphasis on principles. If the pupil is to understand a process, 
the nature of that process becomes important. As a means of 
illustrating the nature of processes, fifths are probably as useful 
as fourths. It might be well to note the fact that the number 
of times a fraction occurs in adult usage is of little concern to 
a fifth-grade child who is learning to add fractions. 

Eesearch findings have shown not only that adult usage is 
confined primarily to a few fractions, but also that the process 
of subtraction with fractions is not used very much and the 
process of division of fractions is used infrequently. On the 
basis of these findings it has been suggested that the teaching 
of subtraction be very limited and that the division of fractions 
be omitted. In the opinion of the writer, it would be a mistake 
to follow these suggestions. If fractions are to be understood 
thoroughly, each of the four fundamental processes has to be 
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mastered. Furthermore, many occasions arise that call for 
division of a whole number by a mixed number. The best way 
to teach pupils how to do such division is to develop the whole 
process of dividing fractions. An additional reason for teach- 
ing division of fractions is that all processes are needed in higher 
mathematics — an argument that has been severely criticized 
on the ground that uses in future courses should be postponed 
until those courses are taken But when it is remembered that 
a similar argument could be advanced for much of the arith- 
metic taught in the lower grades, such reasoning seems less valid. 

Since fraction problems do not occur as frequently as problems 
with whole numbers, the maintenance and re-teaching program 
should be carefully planned. In order to provide opportunities 
for understanding, proof should be used occasionally as a part 
of the maintenance exercises; that is, pupils should be asked to 
show with diagrams how f and f are added; how f of f = §; 
how ^ are subtracted from 1^, how j i = 5^, and the like. 
Both re-teaching and maintenance exercises will probably be 
more effective if examples and problems are used, rather than 
problems alone. 

Three Kinds of Problems with Fractions 

To help children solve certain kinds of fraction problems some 
textbooks have adopted a practice very similar to the “case 
method” in percentage. By this method fraction problems are 
classified, and, as in percentage, three kinds or classes of prob- 
lems are used. The first kind requires the finding of a part of 
a number; the second, finding what part one number is of 
another; and the third, finding the whole or total when only 
a part is given. The thi’ee kinds of problems are illustrated in 
these samples; 

Problem 1. One-fourth of the pupils in Grade One were ill 
with influenza. If there are 28 children in Grade One, how 
many were ill? 
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Problem S. Four of the twelve children were under weight. 
What part of the children were under weight? 

Problem 3. If two-thirds of a load of gravel weighs 5000 
pounds, what will a full load weigh? 

By the “case method” pupils are taught first to identify the 
kind or case of a fraction problem and then to use the solution 
recommended for that kind of problem. For example, to solve 
problem 1 above (Case I), multiply the number by the fraction. 
For problem 2 (Case II) divide the number representing the 
part liy the number representing the whole. For problem 3 
(Case III), divide the part given by the fraction. 

The value of classifying fraction problems and then using the 
recommended procedure for each kind has not been determined 
by experimental studies or by long usage. The case method 
will probably never be as popular with fractions as with per- 
centage, for the situations are basically diSerent. Whereas 
practically all percentage problems can be classified according 
to these categories, not nearly all fraction problems are of the 
three kinds. In fact, most fraction problems involve only 
addition or subtraction. 

Some teachers cpiestion the value of the case method of solv- 
ing fraction problems because they think it tends toward a 
mechanical procedure with little understanding of the processes 
used. The opponents of the case method contend that the 
pupil, instead of considering the total problem situation, first 
looks for cues which will enable him to identify the case-type, 
and then, as soon as the case is determined, looks only for the 
numbers to use in the recommended solution. The process of 
identifying problems is questioned also because it seems to 
introduce an extra step between the careful reading of the 
problem and the formulation of a possible solution. The 
teachers who oppose the use of the case method with fraction 
problems are not agreed as to what procedure should be used. 
By far the majority of teachers recognize no special plan for 



COMMON FRACTIONS 


285 


solving fraction problems, but treat such problems in much the 
same manner as whole-number problems; that is, a general 
method of solving is used. Since there are types of whole- 
number problems which parallel closely the three kinds of 
fraction problems, the solution of fraction problems by the 
same general method appears to have good precedent. An 
examination of the parallel whole-number problems will aid in 
clarifying the issues in this general procedure. 

Problem 1. “How many pencils are there in 7 boxes if each 
contains 6 pencils?” Here the essential question to be asked is 
“ 7 X 6 is what number? ” — a question very similar to “ f X 12 
is what number?” — the essential question of a Case I fraction 
problem 

Problem 2 “Pumpkin A weighs 12 pounds and pumpkin B 
weighs 4 pounds. How many times as heavy as pumpkin B is 
pumpkin A?” Here the essential question is “ 12 is how many 
times 3?” This question is similar to such Case II fraction 
problem questions as “4 is what fraction of 12?” 

Problem S, “How many pieces of candy can Nancy give to 
each of 4 girls if each is to receive the same amount and she has 
only 12 pieces?” Here the essential question to be answered 
is “4 times what number is 12?” This question is very similar 
to Case III questions like “f of what number is 12? ” 

The Important issue regarding the case method in whole- 
number problems is well summed up as follows. In answering 
the essential question for each of the three problems above, is 
a special solution dependent upon identification of the kind of 
problem necessary or beneficial? The question asked in the 
first kind of problem (Case I) indicates the operation to be per- 
formed, and therefore identification of the problem in order to 
determine the operation to be used would be superfluous. The 
question for the second kind of problem (Case II) is practically 
the same statement as that used in division examples, and the 
question for the third kind of problem (Case III) also indicates 
rather clearly that division is the operation needed for the 
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solution. TIlus, it appears that if the nature of the essential 
question is determined, the operation to be used is rather clearly- 
implied, and the identification of kinds of problems -will not 
serve any useful purpose. Study -will show that the operation 
to be performed is indieated almost as clearly by the essential 
questions for fractional problems as for whole-number problems. 
Consequently, the case method with its dependence upon identi- 
fication of cases may introduce an unnecessary step in the solu- 
tion of fraction problems. Before concluding that the formu- 
lation of the essential question is superior to the case method, 
the diflBculty of formulating the essential question should be 
compared with the difficulty of identifying the kind of problem. 
There seems to be little difference here, since identification is 
dependent upon determining what you are to find, a step quite 
similar to formulating the essential question. 

A few teachers who oppose the use of the case method with 
fraction problems recommend the use of the equation method for 
solving such problems. In the equation method the essential 
question to be answered is first formulated and then the letter 
n substituted for the unkno-wn and the equal sign used for the 
word “is” or "are” in the question. For example, the Case I 
question, "f X 12 is what number?” becomes “f X 12 = n”; 
the Case II question, “4 is what part of 12'’” becomes “4 = n 
X 12 and the Case III question, “3 of what number is 20^” 
becomes “j Xn — 20.” While the -writing of equations from 
statements such as the above is a simple procedure, it should 
be recognized that sixth-grade pupils are not familiar with ways 
of solving equations. Then, before the equation method of 
solving can be successfully used, pupils must first learn how to 
solve such equations. How difficult this would be has not been 
determined, although some practical suggestions dealing with 
this problem have been made.^ 

* E. Van Engen, “Unifying Ideas in Arithmetic,” Elementary School Journal, 
4S' £91-90 (December, 1942). 
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STUDY QUESTIONS 

1. The most common use of fractions is to indicate parts of 

quantities, either wholes or collections. Winch should be pre- 
sented first? (1) Wholes; eg., J of 1. (2) Collections; e.g., 

iof 8. 

2. Why are fractions more dilBcult to deal with than are 
whole numbers? (1) Because whole numbers are aU of the 
same size. (;S) In dealing with fractions both size and number 
have to be dealt with (3) Whole numbers are arranged into a 
system, while fractions are not. (_4) N. 

3. If measures are used in the introduction to addition of 
common fractions, is it important to have only fractions with 
like denominators? (1) Yes (Si) No. 

4 Are the arguments for the simultaneous presentation of 
addition and subtraction of basic facts applicable to the addition 
and subtraction of common fractions? (1) Yes. {£) No. 

5. Wliich of these types of fractions should be presented first 

in teaching addition? (i) i + (S) 2| + 4. (3) i + j. 

U) + 1|. 

6. In teaching multiplication of fractions why is 3 X 2 
recommended for initial presentation rather than f X 3? 
(I) The first is likely to occur more frequently (S) The first 
is easier. (3) The second is entirely a case of partition division, 

a) N. 

7. In the introductory lessons on the multiplication of frac- 
tions a diagram solution rather than a number solution was 
required. Why? (7) Because pupils at this stage are really 
not capable of understanding number solutions. (S) Because 
time for the slow learners is provided by this procedure. (3) Be- 
cause m this way all pupils are put on a more equal footing. 
U) N. 

8. In situations where a fraction has to be divided by a whole 
number, which type of division (measurement or partition) 
occurs most frequently? (7) Measurement. (S) Partition. 
(3) Occurrence is about equally divid'^d. 
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9. In showing that i X = ■g’j- wheat type of diagram is 
best? (i) Circle. (^) Bar or line. (S) Rectangle. 

10. What feature of the common denominator method of 
dividing fractions makes this method easy for children to master? 
(1) The computation is the same as in addition of fractions 
(S) The computation is the same as in division of whole num- 
bers. (3) Since both denominators are the same, yon divide by 
only one. (4) N. 

11. Such fractions as and so on, occur only infrequently 
in life outside tlie school. How, then, can their use in teaching 
children be justified? (1) For teaching a principle an un- 
common fraction is practically as useful as is a common one. 
(S) They are needed to provide additional practice. (3) In 
the few instances where such fractions occur their use is crucial. 
U) N. 

12. What significant limitation is there in the application of 
the “case method” to fraction problems? (1) A large number 
of fraction problems do not come under the three cases (^) The 
cases with fractions are not so easy to identify as with percentage. 
(3) The solution requires knowledge of equations, something the 
children have not yet studied. (4) N. 



10 ^ 


Decimals and Percentage 


Introduction to Decimal Fractions 

Systematic teaching of decimal fractions is usually delayed until 
after the basic idea of fractions has been developed through the 
use of common fractions. Because computation with decimals, 
especially addition and subtraction, is so much easier than with 
common fractions, many teachers have suggested that decimals 
be taught first. There are these two good reasons for beginning 
with common fractions: (1) the basic idea of fractions can be 
developed more easily with halves, thirds, and fourths than with 
tenths, hundredths, and thousandths; (2) common fractions 
provide almost an ideal foundation for the teaching of decimals. 
In fact, if common fractions and whole numbers are understood 
well, notation is the only part of addition and subtraction of 
decimals with which the pupil is not already acquainted. 

Long before systematic teaching of decimals is undertaken, 
most children have some experiences with fractions of this kind. 
The most common use of decimals is in our money system. 
Since the money system uses a special name of “cents” for 
hundredths, it is doubtful if many children realize the fractional 
aspect of money. The decimals which children most commonly 
encoimter arise out of the measurement of distance and time. 
Bicycle and automobile speedometers register fractional dis- 
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tances in tenths of miles; and track, racing, and swimming times 
are measured in seconds and tenths of seconds. Many data 
in the fields of agriculture, economics, and health also use tenths 
and hundredths written as decimals. Thus, in previous arith- 
metic situations and in life outside of school, there will have 
been many experiences which should provide a good foundation 
for the teaching of decimals. 

Before turning to teaching procedures some attention should 
he given to decimal notation, especially with regard to its 
relation to the notational scheme we use for whole numbers. 
By writing fractions as decimals we merely apply to the parts 
of the unit the same plan we applied to the collections of the 
unit. The tenths correspond to the tens, the hundredths to 
hundi'eds, and so on. In a number such as 33.33 each figure 
represents a quantity ten times as large as that to its right. 
When eicplaining decimal notation many teachers and a few 
textbooks place a great deal of emphasis on the decimal point 
as a marker or separating line between whole numbers and 
decimals. Such emphasis is unfortunate because it diverts at- 
tention from the real focal point in our notational scheme. The 
one or the unit is a pivotal, not a separating, point. Figures 
in ah positions to the left of the ones place represent multiples 
of one, and all figures to the right of the ones place represent 
fractional parts of ones. If the unit or ones place is emphasized 
when explaining decimal notation, such questions as “Why 
isn’t there a decimal fraction to correspond to the ones in whole 
numbers?” will occur less frequently, 

Reading and Writing of Decimals 
The reading of decimals is usually begun in Grade Five. A 
situation in which tenths are written as decimals introduces 
this new work. “John rode his bicycle 1.3 miles” is typical. 
If no member of the class can read the decimal, the teacher 
reads it or rewrites the statement, using a common fraction. 
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Emphasis is placed on the fact that the decimal affords another 
way of writing three-tenths. A number of exercises are then 
provided which require the writing of tenths as decimals and 
as common fractions. In order that pupils may have an oppor- 
tunity to see the value of learning to read and write decimals, 
some data from lifelike situations should be written in both 
the decimal and common fraction form. Good examples of 
such situations are the recording of yields per acre in agricultural 
contests or trials, the listing of distances from school to familiar 
places in the neighborhood, and the listing of the time per lap 
of great track stars. A glance at two columns, one using deci- 
mals and the other using common fractions, will show neatness 
of appearance and ease in reading as two points in favor of the 
decimals. Furthermore, pupils who have had the experience 
of writing the same data both ways will see that decimals save 
time and effort in writing. 

The plan for teaching the reading and waiting of hundredths 
and thousandths as decimals is similar to that used for tenths. 
It should be noted, however, that as decimals of different denom- 
inators are introduced a new difficulty is presented. In common 
fractions both numerator and denominator are shown as separate 
numbers. In decimals the same numbers indicate both numer- 
ator and denominator. Pupils can be helped to determine the 
size (the denominator) of a decimal fraction in two ways: by 
use of common fraction equivalents, and by use of a chart label- 
ing the names of the various positions. These two ways are 
illustrated below (a and b) : 

(a) xV i® written .1 .1 is read one tenth 

is written .01 .01 is read one hundredth 

is written 014 .014 is read fourteen thousandths 

There are as many places in the decimal fraction as there are 
zeros in the denominator of the equivalent common fraction. 
You can use this to figure out how to read a decimal. First, 
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write tenths, hundredths, and so on, as common and then as 
decimal fractions. Keep writing larger denominators until 
you get one with as many places as the decimal you want to 
read. 



The number 320.52 is read three hundred twenty-six and 
fifty-two hundredths 

A chart like this can be used to read decimals. Write the 
figures of the decimal to be read in the proper places on the 
chart. Then use the name of the place for the last figure for 
the name of the decimal. In the example the last figure, 2, 
is in the hundredths place. Therefore, the decimal is read 
fifty-tw'o hundredths. 

The fact that decimals require one less figure than the corre- 
spondingly named ivhole number is often a source of confusion. 
For example, hundredths require only two figures while hundreds 
require three. The fact that decimals are parts and cease to 
exist (become a whole) when the three figures in the case of 
hundredths are reached is, of course, the explanation to use when 
pupils arc confused by the apparent inconsistency in wi'iting. 

Another way which is similar to the chart involves learning 
the names of the places; that is, tenths, hundredths, and so on. 


Addition and Subtraction of Decimals 

Addition of decimals precedes the subtraction of decimals in 
most textbooks, but in practically all programs the two proc- 
esses are placed in close proximity. A few texts teach the two 
processes simultaneously. The usual procedure is very similar 
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to that used with whole numbers. The process is introduced 
by means of a problem, the solution of that problem by adding 
decimals is explained in detail, and then examples for learning 
and fixing the process are provided. 

The procedure recommended in this book differs from the 
above primarily in the introduction. Instead of one problem, 
several are provided; pupils are to solve the problems either 
by use of common fractions or diagrams; the answer is changed 
to a decimal fraction; and then the steps in getting the answer 
by adding decimals only are figured out. The steps in the pro- 
cedure are illustrated below. 

Assignment: Use common fractions or diagrams to get the 
answer to the question in each of these problems. When you 
have the answer, try to figure out how you can get the answer 
by using decimals only. 

Problem 1. Mary lives one and four-tenths miles from school 
How far does she walk in going to and from school? 

Problem 2 Helen’s bicycle speedometer read 3.2 miles when 
she left home. When she got to Jane’s house the speedometer 
read 3 7 miles. How far is it from Helen’s house to Jane’s 
house? 

After the pupils had found the answer to these and similar 
problems the explanation of decimal solutions w'as considered. 
The pupils’ thinking was directed at this stage by such state- 
ments as the following: “Write the decimals to be added (or 
subtracted). Next, change your common-fraction answer to 
a decimal and write it underneath the decimal numbers you 
were to add. Now, let’s figure out how you can add the decimals 
to get this answer.” In learning and maintaining the processes 
of adding and subtracting decimals, examples are used as exten- 
sively as they are in textbooks. Just as when these processes 
with whole numbers were being learned, pupils are asked to 
prove that their answers to a few examples are correet. The 
common-fraction solution is the proof most commonly used. 
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In the procedure described, emphasis is placed on pupil-doing. 
Suggestions such as the solution by common fractions or dia- 
grams are intended to bring out the relation between this new 
way of adding and the ways the pupil abeady knows. It should 
be noted that the illustrative problems used only tenths. Many 
texts introduce the addition of decimals through problems requir- 
ing the addition of dollars and cents. Such money problems 
for introductory work have two limitations. Hundredths being 
only a tenth as large as tenths are not so easily visualized as 
arc tenths, and pupils have already learned to add and subtract 
dollars and cents without being aware of their decimal nature. 
The use of such situations to show the need for adding decimals, 
then, seems out of place. 

The addition of decimals is very easy for most elementary- 
school children. In fact, as soon as the numbers arc properly 
written, tenths under tenths, hundredths under hundredths, 
and so on, the process is identical with the addition of whole 
numbers. The rule, “Write the decimal points one under the 
other,” is used by almost all teachers in teaching the addition 
of decimals. Occasionally, texts require the addition of such 
ragged decimals as 3.8 3.17 -b 5.1 -f 0.013. Since there are 

few situations in life in which quantities are measured accu- 
rately to a tenth on one trial and a thousandth on another, 
there seems to be little practical use for the addition of ragged 
decimals. If measures are accurate to the nearest tenth, then 
the only fractions in the data will be tenths. There may, how- 
ever, be some whole numbers in the data. To show that such 
whole numbers are accurate to the nearest tenth, a zero should 
be written in the tenths place. If whole numbers and decimals 
or ragged decimals are added, the sum is correct only to the 
measure that is common to all addends. Thus, there seems to 
be no sound reason for teaching pupils to add ragged decimals. 
Where such decimals occur in practice exercises, pupils should 
be taught to fill all vacant spaces with zeros. Those few instances 
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in winch ragged decimals have to be added, as in the combining 
of data from different experiments, involve statistical principles 
that are beyond the field of elementary arithmetic. 

In subtracting decimals from whole numbers a situation some- 
what similar to the addition of ragged decimals is encountered. 
In the case of subtraction, however, the situation arises fre- 
quently in life and should therefore be taught. In teaching 
pupils to subtract in such situations (7 — 3.18) the writing of 
as many zeros in the minuend as there are places in the decimal 
of the subtrahend is recommended. 


Multiplication and Divibion ob Decimals 

The same general classes and order of examples are used in 
the multiplication of decimals as were used in the multiplication 
of common fractions; first, a decimal multiplied by an integer: 
next an integer multiplied by a decimal. The procedure fol 
lowed in teaching pupils how to multiply each class of examples 
is similar to that used in teaching other new processes. Prob- 
lems are selected to illustrate each type; the procedure for 
multiplying is worked out from the related processes of adding 
decimals and multiplying by the common-fraction method; 
and finally examples are used to fix the process. 

The development of a rule for placing the decimal point in 
the product is one of the main tasks in learning how to multiply 
decimals. In the development of this rule, extensive use is 
made of the common-fraction method of multiplying fractions. 
The following procedure is illustrative : 


Assignment: From these examples try to make a rule for plac- 
ing the decimal point in products. 


(a) 


A 

X,6— e V i — _2 4, 
- nr A tb - TW 


.4 

X .6 


Therefore, 


.24 
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(b) 

.03 

X 2 = xftr X 

— 6 

Toin) 

Therefore, 

.03 
X .2 
.006 

(c) 

.9 

X 8 5 = X ttt 

= = 7.65 

Therefore, 

.9 

X 85 


7,65 


Test your rule on these examples. First multiply with 
decimals and then check by changing to common fractions and 
multiplying. 

(a) I (6) 5 2 (c) 03 (d) 10 (e) 2.5 

X .3 X 4 X .04 X .02 X l.g 

The recommended order of presentation in teaching division 
of decimals differs markedly from the order followed in teaching 
other processes with both common and decimal fractions. The 
main classes of examples in order of presentation are as follows: 

A. Mixed decimal numbers divided by whole numbers 

(6 6 -^ 2 ) 

B. Mixed decimal numbers divided by mixed decimal num- 
bers (7.5 4- 2.5) 

C. Decimals divided by decimals ( 8 -r .2) 

D. Whole numbers divided by decimals (12 4- .3) 

The use of a mixed number is recommended for the beginning 
work because many real-life problems are of that type, and 
because pupils can make a good judgment regarding the answer 
to such problems by considering only the whole number. This 
approximate answer is of great value in showing a need for a 
decimal point in the quotient. To illustrate, consider this 
problem: “After walking for three hours, one of the boys looked 
at his pedometer. It showed that they had walleed 9.3 miles. 
What was the average rate per hour?” Few pupils would be 
willing to accept 31 miles as a reasonable answer to the question 
in that problem, and thus a need is created for determining where 
to place tlie decimal point. 
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The device of changing of decimal fractions to common frac- 
tions and then dividing is frequently used in determining the 
place for the decimal point. An example such as 9.3 -i- 3 
then becomes 3 = 9^ X ^ = 9/^ = 3^^^ = 3^ = 3.1. 

After the correct quotients for several examples of division of a 
mixed decimal by a whole number have been found, a rule for 
placing the decimal point is formulated This rule, which states 
that the quotient decimal point is to be placed immediately 
above the dividend decimal point, will be found inapplicable 
in examples in which there is a decimal in the divisor. 

The most common device for placing the quotient decimal 
when the divisor contains a decimal is the caret method. The 
divisor is changed to a whole number by moving the decimal 
point to the end of the divisor number. A caret is used to 
show the new placement of the decimal point. The decimal 
point in the dividend is then moved a corresponding number of 
places. Again a caret is used to indicate the new decimal point. 
The quotient decimal point is then placed above the caret of 
the dividend. The examples below illustrate the procedure. 

2 4. 4 0. 

(a) 2.4 aI4:^ (b) .2aI:^ (c) .SaP^O^ 

The caret method has been criticized because of its mechanical 
aspects.’^ Since all the popular texts use this method and no 
markedly superior method has been proposed, there appears 
to be little chance that the method will be changed in the near 
future. 

The use of decimals as a means of comparison, as in comparing 
f, •§•, and presupposes a knowledge of how to change common 
fractions to decimals. This process should not be taught until 
after division of all types of decimals has been taught. The 

1 Claude H Brown, “Some Thoughts on Placing the Decimal Point in Quo- 
tients,” The Mathematics Teacher, S8 78-80 (February, 1945), and H. Van 
Engen, “Some More Thoughts on Placing the Decimal Point in Quotients,” 
ihid., 3S. 243 (October, 1945). 
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general rule, “Place decimal point and one or two decimal zeros 
after the numerator and divide by the denominator,” should 
be developed from study and experimentation with such Imown 
decimal common-fraction equivalents as = . 1 , ^ = .5, and 

= .25. As a part of the work of changing common fractions 
to decimals, some teachers advocate learning the decimal equiv- 
alents of these common fractions- -J-, f, -f, I-, 

h I- and h 

After the study of the multiplication and division of decimals, 
some programs emphasize the three kinds of problems (case 
method) with decimals. There are perhaps better reasons for 
emphasizing the three categories with decimals than with com- 
mon fractions. However, the same limitations that were 
pointed out in the discussion of this procedure with common 
fractions apply also to decimals. 


The Status op Percentage in Present-Day 
Arithmetic Programs 

Within recent years the teaching of percentage has been 
entirely eliminated from Grade Five, is practically eliminated 
from Grade Six, and in many programs only Cases I and II 
are now taught in Grade Seven. Case I problems involve 
finding the per cent of a number; Case II problems, the per cent 
that one number is of another; and Case III problems, the total 
number when only a per cent of the total is given. The reasons 
for delaying the teaching of percentage are many, but by far 
the most frequently mentioned are the difficulties children 
encounter in solving percentage problems, especially those 
classified as Case III. Other important reasons for delaying 
the teaching of percentage are those which support the general 
trend toward moving up the grade level of most topics. The 
lack of use that children have for computational percentage is 
also cited as an argument in favor of delay. 
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While the reasons for postponing the teaching of percentage 
appear to be sound and the changed grade placement has been 
generally accepted, the postponement procedure has created 
some serious difficulties for elementary-school children. Such 
statements as “35% of the coal mined is used to smelt iron,’ 
“20% of the corn crop was damaged by the freeze,” and “More 
than 96% of the cases now fuUy recover,” are unintelligible with- 
out an understanding of per cents. Fifth- and sixth-grade 
social studies, science, health, and current news make use of 
many statements similar to those mentioned. To meet the 
needs created by such uses of per cents, teachers in Grades Five 
and Six have tried to teach some meanings of per cent without 
teaching any of the computational procedures. No definite 
practice has been established, but the common-fraction equiv- 
alents of these per cents are usually taught. 10%, 20%, 25%, 
S3^%, 50%, 66f%, and 75%. While this practice is not ideal, 
the arithmetic program has to give some attention to the 
problem. 

Since most percentage is taught above Grade Six, the topic 
is not treated as thoroughly in this volume as are other topics. 
In the sections that follow, the meaning of per cents, the ca.so 
method, and other common methods of teaching are discussed 
briefly. 


Developing the Meaning of Per Cents 

The term per cent means hundredth or a hundredth part of a 
quantity. Five per cent of a quantity, then, means five hun- 
dredths of the quantity. If per cents mean hundredths or 
hundredth parts, what useful purpose do they serve.^ Why 
not say hundredths and thereby have only one word instead 
of two? The following uses of the term per cent will show its 
superiority over hundredths. (1) In the last 10 years the city 
has grown 200%. (2) The gain in weight was 100%. (3) The 

tax amounts to 1.25% of each sale. In none of these cases could 
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the term hundredths be used without modification. Another 
reason for using per cents rather than hundredths is that we 
experience greater difficulty in thinking and communicating 
with fractions than we do with whole numbers. The changing 
of hundredths to per cents is, then, very similar to the changing 
of yards to feet, feet to inches, pounds to ounces, and similar 
changes which we make in the field of measures. Instead of 
using three-fourths of a pound, we prefer to deal with twelve 
ounces. Per cents arc then a special name for hundredths which 
we use in describing quantities. They are used as whole num- 
bers without reference to their fractional aspects just as minutes 
and seconds are used without reference to their being fractional 
parts of hours. 

One of the major uses of per cents is in making comparisons. 
Fractions are very useful in comparisons, if all fractions can be 
changed to fractions of the same denominator. Decimals are 
more useful than common fractions because all decimals can 
be readily changed to the same common denominator. Per 
cents are still more useful for comparison than are decimals, 
for not only do all per cents have the same denominator, but 
whole numbers and fractional parts of per cents can be included 
without difficulty. For example, 3 2%, 150.5%, and 86% are 
readily compared. 

Since the meaning of per cents may be needed by elementary- 
school children before they have studied decimals, the common- 
fraction approach is probably the best one to use. The first 
teaching should be based on a list of statements taken from 
geographies, encyclopedias, news items, health reports, and the 
like. Statements such as these arc typical: “66% of all the 
lead mined in 1938 was used in making storage batteries ” ; " The 
Mid-Continent field produced 20% of the oil in theU. S.”, and 
“Germination is 90%. ” The assignment for the class would 
be somewhat as follows: “How can we show what 66%, 20%, 
and 90% mean?” To direct the thinking of the children such 
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questions as the following are useful: “Does it mean all? Does 
it mean more than a half? What part of all do you think it 
means?” 

In explaining the meaning of 66%, 20%, and 90%, the fraction 
idea may be presented somewhat as follows- “Not all the lead 
was used for storage batteries. Let us suppose that all the 
lead mined was divided into one hundred parts; 66% would 
be 66 of those one hundred parts. Then, 66% means 20% 
means and 90% means ” Some teachers use dollars 
and cents to help children get the meaning of per cents. They 
explain in this manner. “If a dollar stands for all, then 66% 
of a dollar is equal to -5®^ of a dollar or 66 cents.” 

The circle graph with a given per cent properly colored is an 
excellent device to use in helping children to grasp the idea of 
per cents. To represent 50%, half the circle would be colored 
and labeled both 50% and Ideally such a graph should 
present data on some class project In one class where lumber 
production was a topic studied in the social studies, 50%, 40%, 
and 10% were shown on the graph labeled “U. S. Lumber Pro- 
duction by Regions.” On the graph were “Western States 
50% = “Southern States 40% = f,” “Central and North- 
eastern 10% = ” 

Because the circle graph is difficult for children to construct, 
a bar graph is preferred by some teachers. The entire bar repre- 
sents 100% and the desired per cents are marked by shading 
or coloring appropriate parts of the bar. Squares containing 
100 small squares are another device frequently used to show 
the meaning of per cents. To show 20% on such a square, 
twenty of the small squares are shaded or colored. This device 
is frequently used in textbooks. In using such devices as the 
square, the bar, and the circle, not only should such common per 
cent equivalents as one-half and one-third be stressed, but the 
hundredth meaning of per cent should be emphasized frequently. 

The changing of per cents to decimals and common fractions 
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is usually considered a pari of teacliing tlie meaning of per 
cents: 50% = .50 = 25% = .25 = and | = .20 = 20%. 

From a study of examples of this type, the procedures and rules 
are developed for changing a per cent to a decimal and a decimal 
to a per cent. Adequate practice with all types of examples 
should then be provided. It is important that this practice 
include the changing to decimals of per cents greater than 100 
and less than 1. 


Methods of Solving Percentage Problems 

Percentage problems are of the three kinds already referred 
to as: Case I, finding the per cent of a number; Case II, finding 
what per cent one number is of another; and Case III, finding 
a number from a given per cent. 

The solution of Case I problems presents only one new thing 
to the pupil who has learned how to solve problems with deci- 
mals; that is, the changing of the per cent to a decimal. For 
example: “If 6% of a miner’s car of coal is slate, what is the 
weight of slate in a car containing 4000 pounds ? ” The number 
c^uestion to be answered here is, “What is 6% of 4000?” Since 
6% means .06, the number question can be changed to “What 
is .06 of 4000?” Thus, the percentage problem becomes a 
decimal-fraction problem. Then, to find the per cent of a 
number, the per cent is written as a decimal and the number 
multiplied by this decimal. In Case II problems the decimal 
fraction that one number is of another is first found and then 
the decimal is changed to per cent. In Case III problems the 
per cent is changed to a decimal and the part of the number 
given is divided by the decimal. 

The procedure recommended for teaching pupils how to 
solve the three kinds of percentage problems varies from that 
used in introducing other processes. The initial assignment 
for the first kind of problem (Case I) illustrates the variation; 
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Assignment: In these problems you are to find the per cent 
of a number. First decide upon the essential number question 
needed to solve each problem; then change the per cent in that 
number question to a decimal. After that, you will know how 
to proceed. 

Thus, instead of developing a new process in the usual manner 
(that is, by suggesting that the class work with Icnown though 
longer processes), the teacher tells the pupil how to proceed. 
A period of development for percentage is omitted because 
there is essentially nothing new m the solution of percentage 
problems. 

From the illustrative assignment it can be seen that the formu- 
lation of the essential number question to be answered is the 
important step In the solution of percentage problems. Here, 
as in the case of common-fraction problems, the process to be 
used in solving Case I problems is indicated by the essential 
question. A sample problem, with the essential number ques- 
tion, is provided below for each kind of problem. 

Case I problem: “A cow produces on the average 60 pounds 
of milk a day. If 5% of the cow’s milk is butterfat, how many 
pounds of butterfat does she produce per day?” The number 
question to be answered for the solution of this problem is, 
“What is 5% of 60?” 

Case II jyroUem: “Twelve of the 60 boxes of berries in a crate 
were ruined. What per cent of the boxes were ruhied?” The 
number question needed for the solution of this problem is, 
“12 is what per cent of 60?” 

Case III ‘problem: “The profit of Company A was 6% of its 
total sales. If the profit of the company was $24,000, what 
were the total sales?” The number question to be answered in 
solving this problem is, “6% of what number is $24,000?” 

When the per cent in the number question for the Case I 
problem above is changed to a decimal the question is, “What 
is .05 of 60?” or, “What is .05 X 60?” The arithmetical pro- 
cedure to be used in answering the question is clearly indicated. 
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In solving the Case II problem the term “per cent” in the 
question, “12 is what per cent of 60 ?” is first changed to “deci- 
mal fraction.” In the question, “12 is what decimal fraction 
of 60 ?” the process of division is definitely implied, although 
not indicated as clearly as is the multiplication in Case I 
problems. 

In solving the Case III problem the per cent is first changed 
to a decimal. The question then becomes “ .06 of what number 
is $ 24 , 000 ?” or, “.06 X what number is $ 24 , 000 ?” In this 
form the question is similar to “6 X what number is 24 ?” — 
a type of question used in solving one kind of whole-number 
problem. In answering this last number question, the 24 is 
divided by 6; in a like manner, division is used to solve the 
question, “.06 X what number is $ 24 , 000 ?” It should be re- 
called that many programs of instruction do not teach Case III 
of percentage until the eighth grade. 

The Case Method of Solving Percentage Problems 

Many texts now use what is known as the “case method” 
of solving percentage problems. By this method pupils are 
taught to identify the case or kind of percentage problem and 
then to use the solution suggested for that kind of problem. 
For example, if a problem is Case I, then the given per cent is 
changed to a decimal and the given number multiplied by the 
decimal. For Case II, the number asked about is divided by 
the other number and the resulting decimal changed to a per 
cent. For Case III problems, the given number or part is 
divided by the given per cent expressed as a decimal. 

In the chapter on common fractions the limitations of the 
case method as applied to the solution of fraction problems were 
discussed. Since those same limitations may apply to per- 
centage problems, they will be repeated here. 

1. In using the case method the pupil centers his attention on 
identifying the case and therefore does not give enough atten- 
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tion to an over-all study of the problem in order thoroughly to 
understand it. 

2. In learning to distinguish the three kinds of problems, the 
pupil has to learn something extra; he has to use an extra step 
between the consideration of facts of the problem and the solu- 
tion. According to some teachers, the skill required to identify 
problems is not essential to the solution of percentage problems. 

3. The case method tends to become mechanical and lacking 
in meaning. The popularity of the case method for percentage 
in textbooks seems to indicate that the limitations listed above 
are not so serious as they might appear at a first reading. 

Unitary Analysis and Equation Methods 

Case III problems in percentage, finding a number from a 
given per cent, have been by far the most difficult for pupils to 
master. In addition to the two methods of solution already 
listed, two other methods are in common use. These are the 
unitary analysis method and the equation method. These 
two methods are illustrated in the solution of this problem: 

Problem: At a seed corn processing plant the field-ripe corn is 
dried and graded. The losses due to these two processes leave 
only 80% of the original weight to be sold as seed. At that 
rate how many pounds of field-ripe corn are needed to produce 
one bushel of seed weighing 56 pounds? 

The solution of this problem by the unitary analysis method 
is as follows : 

80% of the weight = 56 lb. 

1 % “ “ » = |6 = ib_ 

100% “ “ “ = 100 X .7 = 70 lb. 

The solution of the same problem by the equation method is 
shown below: 

80% of what number is 56? 

80% X n = 56 
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Altliougli the unitary analysis method is advocated only for 
Case III percentage problems, the equation method is sug- 
gested by its supporters for use in solving Case I and Case 11 
problems also. For a Case I situation such as “What is 12% 
of 48?” the equation n — .12 X 48 is used. For a Case II 
situation such as “8 is what per cent of 20?” the equation 
“8 = n X 20” is used. The chief limitation to the use of the 
equation method in percentage as in fractions is the fact that 
pupils are not familiar with equations. In other words, they 
must finst be taught how to use the equation before that method 
can be successfully employed in the solution of percentage 
problems. Some teachers who have tried the equation method 
report that teaching pupils to deal with equations is not a 
serious obstacle. 


STUDY QUESTIONS 

1. One reason for teaching common fractions before deci- 
mals is that they provide essential background for decimals. 
Wliut other reason is there? (I) Common fractions are easier 
to compute with, {2) Decimal notation is too difficult to 
master. (5) The basic idea of fractions is developed more 
easily with common fi actions. (4) N. 

2. In common fractions the largest unit fraction is the one 
that occurs most frequently. Is that also true of decimal frac- 
tions? (1) Yes. {£) No. 

3. Wliy is decimal notation as used in money not considered 
the best setting for introductory work with decimals? (f) Be- 
cause only a small per cent of the children have had experience 
with money (2) Because the hundredth as used in money is 
not the same as the hundredth in decimals. (S) Because you 
do not use the decimal aspect of money when computation with 
money is done. {4) N. 

4. What is the most important reason for opposing the use 
of ragged decimals in arithmetic teaching? {1) Elementary- 
school pupils are too immature to grasp the meaning of signifi- 
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cant figures. (^) Ragged decimals are too difficult to compute 
with. (S) Ragged decimals never occur in problems that con- 
cern elementary-school pupils. (4) N. 

5. Decimals are more useful for purposes of comparison 
than are common fractions. Why? (J) Because they are 
easier to read (0) Because they can be readily changed from 
one denomination to another. (S) Because they arc easier to 
visualize (4) N. 

6. La showing children the value of decimals over common 
fractions ease of writing is one of the arguments used. What 
is another? (1) Decimals present the meaning more clearly. 
(^) Decimals make for neatness of presentation. (3) Decimals 
are more easily rounded. (4) N 

7. Why are the addition and subtraction of decimals either 
taught simultaneously or within a very short period of time? 
(1) Because the two are closely related and derive meanmg 
from each other. (£) Because each process is easily mastered 
and therefore a long wait is not needed. (3) Because the two 
are interdependent. (4) N. 

8. In multiplying decimals what Important new thing does 
the child learn? (i) To keep decimal points in line. (S) To 
have as many decimal places in the multiplicand as in the multi- 
plier. (3) That the size of decimals has little effect on the diffi- 
culty of the multiplication to be performed. (4) N 

9. Which of these division of decimal situations is the most 

difficult? (i) 44- .2. (£) .24-4. (3) 2.44-1.2. (4) .44- .2. 

10. In connection with what process is the caret frequently 
used? (i) Changing decimals to common fractions. (3) Divi- 
sion of decimals (3) Multiplication of decimals. (4) N. 

11. Since per cents mean hundredths, what value over deci- 
mals is there in the use of percents'* (1) There is none. (S) In 
per cents fractional and multiple parts can be shown without 
changing the nomenclature. (3) Per cents are easier to write 
than hundredths. (4) N. 
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12. Problems of which of the three cases of percentage occur 
least frequently? (1) Case I. (S) Case II. (<S) Case III. 

13. The unitary analysis method of solution is best suited for 
which case of problem? (I) Case I. (S) Case II. (S) Case III. 

14. On what grounds do some teachers oppose the use of the 
case method of solving percentage problems? (1) It is too long 
(S) It leads to extreme emphasis on computation. (3) It leads 
to consideration of minor rather than major aspects of the prob- 
lem. (4) N. 

15. For what reason do some teachers prefer the use of the 
bar graph rather than the circle graph in showing the meaning 
of per cents? (1) The bar expresses more clearly the whole. 
(2) The bar is more easily constructed (3) It is easier to make 
comparisons with two bar graphs. (4) N. 
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Courses of Study in Use 

The textbook is the course of study iu the great majority of 
schools today. The local course of study in most cases merely 
designates the book to be used and the areas of arithmetic to 
receive attention during the year. The use of the textbook as 
a guide to instruction in arithmetic has a great deal of merit. 
With the possible exception of spelling, there is no other elemen- 
tary-school subject where the text can be used so successfully 
as the course of study. Certainly a good series of textbooks 
with the accompanymg teachers’ manuals is a better guide to 
instruction than the course of study that teachers’ committees 
can prepare in one or two years. The authors of texts are 
usually acquainted with the chief issues in arithmetical instruc- 
tion, and even if an individual author knows little of the field, 
by intensive study of the texts already in use he can learn the 
most important things to include in a text. 

The foregoing discussion is not an attempt to justify the use 
of a textbook as the single guide to instruction. Even though 
that procedure has some good points in its favor, it also has some 
very definite limitations: (1) Textbooks are made to sell in 
many places. Hence, in their attempts to please all prospective 
customers, authors have been forced to include more material 
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than IS necessary for most school systems. (2) Textbook prob- 
lems must perforce deal with general quantitative situations; 
consequently, any school program following the text alone will 
have no problems which arise in the everyday activities of the 
pupils, (3) Textbooks cannot express the point of view of the 
local school with regard to the arithmetic of science, geography, 
or spelling to be included m the instructional program. (4) Text- 
books usually provide alternative methods where several meth- 
ods of presentation are in existence; for example, in the teaching 
of subtraction both additive and take-away methods are usually 
presented. The local system must select the one to be used. 
(5) The textbook cannot be of much service in providing a 
general survey achievement test. 

In addition to these limitations of texts as courses of study, 
the fact should be recognized that not a single text on the market 
today makes use of the method of instruction described in this 
book. Nor is much place given to oral arithmetic, approxima- 
tion, the use of diagrams, or the history of numbers. If the 
practices advocated in this book are to be used, it is therefore 
necessary to build a course of study which the teacher can use 
as a guide. 

At the present time many city school systems and state 
departments of pubhc instruction have excellent courses of 
study, or guides to instruction in arithmetic. Because the 
state department materials are planned for use with many dif- 
ferent textbooks, they are often rather general, but they contain 
good suggestions for grade placement, measurement, motivation, 
specific suggestions on method, and the like. City system 
materials, designed for one system only, are able to make specific 
suggestions. Wliere a text is used, the course of study is often 
a guide for the use of text materials and also contains sugges- 
tions for enriching and motivating instruction. By emphasizing 
certain content (such as the reading of Roman numbers and 
the history of arithmetic), by recommending the omission of 
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some content (such as proportion), and by placing the teaching 
of certain topics (such as percentage) in a grade above common 
practice, courses of study have done much to change the content 
of arithmetic textbooks. For a list of courses of study, consult 
the reference list at the close of this chapter, page 324. 

Building the Course of Study 

So much has been written in the last ten years on construction 
of the course of study (usually the broader term curriculum, is 
used) that discussion of the major issues in that field seems 
unnecessary here. The revision of arithmetic courses of study 
or curriculum guides is seldom undertaken as a separate task, 
but is usually a part of a general or over-all curriculum-revision 
program. The common procedure is the appointment of a 
subcommittee on arithmetic, which works under the general 
direction of a central curriculum committee. Not infrequently 
arithmetic is combined with other subjects to form such divi- 
sions as “The Skills Area” or “The Science-Mathematics 
Area.” From a study of the hundreds of courses of study, 
guides to instruction, handbooks, and arithmetic curriculums 
which have been built in the last fifteen years, no one generally 
accepted procedure can be determined. 

One of the outstanding characteristics of curriculum-revision 
programs has been the attempt to secure the goodwill and aid 
of the teachers who are to use the course. Usually this has 
been done by appointing a course of study committee that is 
largely made up of teachers, a procedure sometimes justified as 
being democratic. If goodwill, genuine contributions, and the 
interests of democratic practices can best be achieved by turning 
the work over to teachers, then that procedure should be fol- 
lowed. It must be recognized, however, that teachers are 
usually too busy to make the careful study of the methods of 
instruction and the facts of arithmetic that are prerequisite to 
genuine contributions to the curriculum. Teachers must first 
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be given an opportunity to learn before they are asked to make 
contributions. Instead, then, of asking teachers to assume 
the major responsibility, some person "who has the time and 
knowledge should prepare a tentative plan or course of study 
which can be used as a basis of discussion. Following such dis- 
cussion, a revised plan can be presented for try-out. 

Teacher goodwill and teacher contributions will be gained 
through the discussion and actual try-out of plans and pro- 
cedures. Any attempt on the part of outsiders (even curricular 
experts) to tell teachers exactly what to do is almost certain to 
result in inferior teaching. On the other hand, if the problem 
is approached in the spirit of inquiry, with both curriculum 
director and teacher searching for the best material to present 
and the best method of presenting it, superior teaching may be 
expected. Even after teachers have tried out a plan and dis- 
cussed the various issues in cmTiculum meetings, it is still a 
big job to organize and put the course of study in final form — 
a job perhaps better handled by a person other than a class- 
room teacher. Of course, if teachers have the time and the 
ability to do the work, there is no objection to having them 
prepare the course of study. 

Significant Pabts op the Coubse of Study 

Courses of study in arithmetic are of two general types; one 
designed for use in connection with textbooks, the other, for 
use without a text. To be successful, however, the second type 
requires the development of a large amount of problems and 
examples which in a sense are textbooks. The course of study 
designed for use without a text has been more successful at the 
primary level than at the intermediate and upper grade levels. 
It should be obvious that the content of the course of study 
planned for use with a textbook will vary markedly from that 
of a program not based on a text. The former -^viU provide 
Uttlc, the latter a great deal, in the way of sample instructional 
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material. But there are a number of things common to both 
types of course which are important enough to warrant special 
attention and which are enumerated helow as “Significant 
Parts of the Course of Study,” listed in the approximate order 
in which they appear in the course of study: (1) statement of 
philosophy with listing of specific major purposes; (2) chief 
features of the method of Leaching to be followed; (3) the place 
of drill in the teaching procedure; (4) special instructional de- 
vices, aids, and procedures that can be used in teaching each 
major area of arithmetic, (5) the grade placement of topics; and 
(6) illustrative lessons. Each of these six topics will be dis- 
cussed briefly. 

1 . Philosophy and Guiding Principles 

The purposes and principles that the author suggests for a 
course of study would be similar to those given in Chapter 2 
(see pages 23 3.). Another statement of those purposes and 
principles here would be needlessly repetitive. The state- 
ment of philosophy, whether in the form of purposes or in an 
expository discourse, should be relatively brief. Teachers who 
are to use the course of study know that little if any direct help 
is to be drawn from reading statements of purposes. Since 
such statements are not considered valuable by teachers — 
are, in fact, taken rather lightly — the section on philosophy 
should include a brief exposition on the place and importance 
of arithmetic in the whole instructional program. An example 
of such an exposition is given below. 

This course of study is based on the premise that arithmetic 
is to be an important part of the total instructional program 
for children. The term important part is not intended to convey 
the idea that arithmetic is to become the center or even one of 
the major centers around which other school work of a child is 
to be built. It is contended, however, that the field of arithme- 
tic is important enough in the child’s education to warrant being 
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given a place of its own in the school program. While arithme- 
tic can and often should be related to other fields of interest, 
the arithmetic program is not to be “tied to,” nor “to grow out 
of,” or in any other way be subordinate to other centers of 
interest. In other words, some of the children’s time can be 
spent as profitably in the direct study of arithmetic as in the 
study of any other area.‘ 

3. Major Characteristics of the Method of Teaching to Be Used 

The importance of identifying major characteristics of teach- 
ing methods is shown by the questions that were asked by a 
new teacher in a school system, (a) “In teaching the initial 
phases of new topics, such as multiplication, am I to follow the 
method of the book, or may I use my own modification of that 
method, or do you have a special method to follow? ” (&) “ Can 

I afford to take the time to develop a thorough understanding 
before we start to practice?” (c) “Am I to use actual demon- 
stration with objects in proving, or is checking sufficient'”’ 

(d) “Should I have my fourth-grade pupils work the explanatory 
lessons in the book, or is reading and discussion sufficient?” 

(e) “I find no flash cards in my room. Is the administration 
opposed to their use?” 

While some of these questions are concerned with minor 
details of method, others involve fundamental issues. The most 
important characteristics of method to be identified are those 
concerning initial instruction. If the teacher is expected to 
follow a method of teaching that emphasizes telling and demon- 
strating, then the course of study should state just that. If 
the teacher is expected to use a method that emphasizes expe- 
riences which make for the development of facts and processes, 
then that method should be identified in the course of study. 
Since most courses of study will be designed for use with text- 
books, the methods particularly identified will be those which 

I Arithmetic in the University Elementary School (Iowa City: State University 
ot Iowa). 
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difEcr from the ones recommended in the textbook, and special 
attention will be called to those textbook methods which are to 
be emphasized. 

3. The Place of Drill in the Teaching Procedure 

Since drill is an established part of the various teaching pro- 
cedures, it might be included under the category of “ Character- 
istics of the Method of Teaching.” Primarily because drill is 
so often misunderstood, separate treatment m the course of 
study is recommended. The author recommends that the sec- 
tion of the course of study dealing with drill include a state- 
ment explaining the necessity for drill and the four conditions 
of a good drill program. For further discussion of drill, see 
Chapter 14, page 381. Since teachers often find that theamount 
of drill in the textbooks is inadequate, the course of study should 
list special sources of drill material, such as the mimeographed 
exercises that are often prepared by supervisors and principals, 

4. Special Instructional Devices that Can Be Used in Teaching 

Major Areas of Arithmetic 

A number of devices and special materials can make the 
teaching of various phases of arithmetic much easier for the 
teacher. These should be listed in the course of study because 
teachers may be unfamiliar with them or may have been 
instructed in other schools not to use such procedures. For 
example, counting on the fingers, a procedure banned in many 
school systems, is recommended by the author. 

In teaching counting and the idea of tens as applied to numer- 
ation, it will be advantageous to use: (a) the fingers] (6) large 
numbers of small objects such as beans and grains of corn; 
(c) number cards showing numerals and dots; (d) tens and ones 
blocks, (e) a number chart; (f) the tens square; (g) the calendar; 
and Qi) the abacus. 
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In teaching place value, the abacus and tens blocks, as well 
as bundles of sticks, will be assets. 

In teaching the foundation for the addition and subtraction 
facts and in teaching the basic combinations, the following 
materials will be useful: (a) dominoes; (b) number cards con- 
taining both numerals and dots; (c) tens and ones blocks; (d) a 
quantity of small objects to use in proving and demonstrating 
the fundamental nature of the two processes; (e) the abacus; 
and (/) flash cards. 

Useful devices for teaching carrying and borrowing are the 
tens blocks, the abacus, and bundles of sticks. For teaching 
multiplication and division also, the tens and ones blocks will 
be very beneficial. In addition, flash cards and special tables 
can be used to advantage. 

For teaching the basic ideas of linear measurement, sticks 
or other unstandardized measures of length are needed. Of 
course, as the instruction progresses the standard measures will 
be required. In teaching measures of weight, a scale is needed. 
In teaching measurement of area, unstandardized as well as 
standard unit squares will he very helpful. 

In teaching fractions, special circles and parts of circles repre- 
senting the most common fractions are needed 

5. The Grade Placement of Topics 

This section of the course of study consists of an outline of 
the content to be taught in each grade. Where textbooks are 
used, the course of study need list only the deviations from the 
content given in the textbooks. Many courses of study suggest 
also the amount of time to be allotted to the teaching of major 
areas of content. For example, one course of study for the 
third grade suggests that the first six weeks be used for review 
of number concepts, counting, and basic addition and subtrac- 
tion facts, and that the next nine weeks be devoted to teaching 
addition and subtraction of two- and three-figure numbers. 
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6, Illustrative Lessons 

The illustrative lesson or description of actual teaching pro- 
cedures used m a classroom has been one of the effective -ways 
employed by supervisors in introducing new methods. Teachers 
quickly get the point of a new method when they see how it 
works in the classroom. Furthermore, since descriptions of 
lessons merely narrate what has been done, teachers do not 
feel that new procedures are being dictated to them. To test 
the possibilities of descriptive lessons as a means of introducing 
something new, read lesson 2 in Chapter 13 (page 350). 

In view of the fact that illustrative lessons are an effective 
means of acquainting teachers with new procedures, probably 
as much space should be given to this section of the course of 
study as to any other section. Although there is no evidence 
to support the recommendation, the author suggests at least 
two illustrative lessons for every grade. For examples of illus- 
trative lessons, consult Chapters 3, 4, 13, and 14. 

In addition to the six significant parts, other topics might 
well be treated in separate sections of the course of study, for 
example, oral arithmetic, testing, and outstanding character- 
istics of the number system. Each of these areas of arithmetic 
is discussed elsewhere in this book. (See Chapters 1, 2, and 12.) 

Selection of Curriculum Materials 
1. Theory of Social Utility Method of Selection 

In the exposition of the six significant parts of the course of 
study there is no statement as to how the content of arithmetic 
is to be selected. In Chapter 2 it was stated that the ultimate 
value of any subject must rest upon its contribution to life. 
Out of such a pragmatic doctrine has arisen the theory of social 
utility which has been extensively used as a guide in the selec- 
tion of curriculum content. Briefly, this theory holds that 
there shall be a one-to-one correspondence between the things 
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taught in school and the things used in life outside the school. 
In other words, the arithmetic of the school should be the same 
as that used in life. 

The theory of social utility has been most successfully applied 
in the field of spelling. The words most needed in writing are 
now known and taught in the spelling program of om- schools. 
The location of these words was no easy task, but certainly a 
far simpler task than that confronting the researcher who trios 
to determine the phases of arithmetic most used in life outside 
the school. In spelling, a record is made every time a word is 
written, but in arithmetic there are many instances where no 
record is made when a number is used. For example, a person 
who sees something which he desires in a store window does 
not get out pencil and paper and do any exact subtraction in 
deciding whether or not he can aSord to buy it. Again, no 
computation of any kind is performed when one reads that the 
height of a poinsettia in Florida is twenty-five feet, yet number 
is used in the statement, and that number helps the reader to 
form a good idea of the size of the poinsettia. This use of 
numbers in reading is perhaps one of the most frequent and 
most important applications of number. Numbers are essential 
also to profitable thinking about almost all problems, whether 
they be in agriculture, sociology, or science. 

Failure to recognize that the pencil-and-paper records of 
number are only part of man’s use of arithmetic is responsible 
for the poor quality of most of the research that has had as 
its goal the Identification of the uses of arithmetic. Because 
they have been too narrow in their approach to the problem, 
these research projects have been of little value. The findings, 
furthermore, have been interpreted with a narrow conception 
of the true part that numbers play in life. For example, because 
research studies have shown that the work with fractions is 
primarily concerned with §’s, ^’s, and J’s, the recommendation 
has been made that all work with fractions deal only with these 
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fractions rather than with a generalization that will apply to 
all fractions. 

This same narrow outlook has led to the extreme position, 
now so prevalent in arithmetic programs, regarding the teaching 
of the basic facts in the fundamental processes. The usage 
studies have shown that almost all the uses of number by the 
ordinary man have to do with problem-solving. Analysis of 
the problems has shown that the basic facts are needed for 
the solution of problems. Following those findings and conclu- 
sions, arithmetic programs have set out to teach the facts so 
that children can solve problems. Problems of the type that 
are most frequently encountered in life are then provided as the 
final step in teaching. 

This brief description of the procedure based on utilitarian 
studies makes the procedure sound better than it really is. With 
the narrowly conceived and narrowly interpreted usage studies 
as guides, there is no place for understanding of the number 
system, no place for seeing the nature of processes, and no 
place for seeing that one certain way of describing a quantity 
is better than others. In fact, only one way of presentation 
is considered the ideal way of teaching. The inteiTclationship 
between facts and processes, one of the major characteristics 
of an efficient use of numbers, is entirely neglected. Use seems 
to be tbe only purpose for teaching arithmetic. For a critical 
analysis of this “tool” view of subject matter, see Chapter I 
of the Third Yearbook of the National Coimcil of Teachers of 
Mathematics.^ 

Among the further shortcomings of the narrow application 
of the social utility theory, particular mention should be made 
of tbe fact that these studies have eliminated from the curric- 
ulum many important areas of arithmetic, such as ratio and 
proportion. (Tbe almost universal use of ratio is well shown 

1 Third Yearbook, National Council of Teachers of Mathematics (New York; 
Bureau of Pubhcotions, Teachers College, Columbia TJuivcrsity, 1829), chap. I. 
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by the betting odds that are always quoted on important elec- 
tions, prize fights, and football games.) The large amount of 
daily life arithmetic that is of the unwritten type was pointed 
out in Chapter 2. Yet a recent book, which clauns to advocate 
an arithmetic program based on usage studies, makes no mention 
at aU of oral or unwritten arithmetic. 

2. Logical Analysis Method of Selection 

From the preceding section it is reasonable to conclude that 
the research studies based on the theory of social utility have 
not yet produced acceptable data for the selection of content 
for an arithmetic program of the type referred to in this book. 
In the absence of complete data on the uses of number, a logical 
analysis of the mathematical system as it applies to life situa- 
tions has served as a guide for the selection of arithmetic con- 
tent. Both the narrow utilitarians and those who have made 
a logical analysis of the uses of number have reached the con- 
clusion that number is a valuable tool for those who know how 
to employ it. The “utilitarians” have seized upon one of the 
most obvious of these uses, problem-solving, as the thing to 
teach The logical “analysts” have decided that the problem- 
solving use as well as other number uses can be taught by teach- 
ing the outstanding features of the number system. By one 
scheme, facts and processes are taught in order that children 
may learn to solve problems. In the other, problems are used 
to illustrate the mathematical facts, processes, and relations 
that form the framework of the number system. To the utili- 
tarians no educational value, other than the provision of a 
useful tool, results from the teaching of arithmetic. To the 
logical analysts, as interpreted in this book, there is educational 
value in the learning of the number system. In addition, the 
child acquires the possession of a valuable tool. 

Other differences in the content of the program, besides those 
mentioned above, will result if the logical analysts rather than 
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the utilitarians are followed. These differences occur because 
certain features are included in the program by the analysts 
which are omitted by the utilitarians. A list of these features 
will be almost the same as a review of the outstanding features 
of the arithmetic program described in this book. They are 
repeated here to emphasize the difference between this program 
and that built upon a narrow interpretation of the theory of 
social utility. The list is as follows; (1) Unwritten arithmetic 
is given a definite place in the program. (2) Approximation 
is taught and practiced in the arithmetic program. (3) Special 
emphasis is placed on developing the idea that tens, hundreds, 
and other collections are handled just as ones are handled. 
(4) Much of the teaching is directed toward the development 
of relations within the number system. (6) Many associations 
and facts about a list of standard reference points are developed. 
(6) Children are encouraged to make judgments in situations 
in which common measures are used. (7) The aim of much of 
the arithmetical instruction is to show how number makes for 
simplicity of thought. For example, instead of trying to think 
of the total population of each of two large cities, it is more 
convenient to express the relation between the two figures by 
saying that one is one and one-half or two times as large as 
the other. (8) History of number is included as a part of 
arithmetic. 

3. A Broader Interpretation of Social Utility Needed 

All eight points listed above should be included in the arith- 
metic program, because it is believed that each of them could 
correspond to an important use of niunber in life. If that belief 
should be supported by facts, the program would be in agree- 
ment with the theory of social utility. Thus, instead of oppos- 
ing the theory of social utility, the writer merely asks for a 
broader application of that theory in the field of arithmetic. 
Much research needs to be done; and, to be of value to the curric- 
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ulum-maker, the research must be guided by a broader view of 
the role of numbers than has been exhibited in many studies. 
Some of the studies already completed are of value if the findings 
are interpreted in the light of the small area of life with which 
the research dealt. Contrary to the situation for spelling, how- 
ever, the findings of usage studies in arithmetic can never assume 
the all-dominant role in the selection of curricular content. The 
number system itself is too powerful a factor to permit that to 
happen. In spelling there is no real system to make the task 
easier. But since number is made easy through the use of a 
system, that system should have much influence in the selection 
of teaching material. 

In spite of the fact that usage studies will not be the sole 
guide in the selection of curriculum content, a plea is made for 
more careful studies of the uses of number. Not only would 
such studies be of value in choosing content, but they would 
be of value in the determination of teaching procedures. 

STUDY QUESTIONS 

1. What is the main reason for putting teachers on course 
of study committees? {1) They know better than anyone else 
what arithmetic should be taught to children. (2) They have 
in their possession long lists of tried procedures. (S) They 
know best how to tell other teachers what should be done. (4) N. 

2. Why is the arithmetic textbook not a good course of 
study? (I) Because it includes too much material. (S) Be- 
cause it does not include enough material. (S) Because the 
topics are not graded weU enough. {4) N. 

3. Wliy do teachers seldom make outstandmg contribu- 
tions to the content of courses of study in aritlxmetic? (1) They 
serve on cmriculum committees so infrequently. (S) They 
are usually overshadowed by administrative officers on the com- 
mittee. (S) They do not have the time to make a careful 
study of the field of arithmetic. (4) N. 
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4. Why do teachers pay little attention to statements of 
purpose in courses of study? (1) Because they are not inter- 
ested in goals or objectives. (S) Because these statements are 
of little help in the actual teaching process. {3) Because the 
teachers do not know how to interpret the statements of pur- 
poses. (4) N. 

5. What special advantage is there in suggesting new proce- 
dures through illustrative lessons? (1) If it is in lesson form 
teachers know it is practical and not just theory. (S) In 
lessons there is no need for discussion of the pros and cons, and 
therefore the lesson presentation is very short. (3) The lesson 
tells the teacher every step. (.4) N. 

6. Why is it so difficult to find out what arithmetic is used in 
life outside the school as a means of selectmg curriculum con- 
tent? (i) Few people use aritlimetic effectively. {2) In 
many uses of arithmetic no record is made. (3) Arithmetic is 
too complex to permit easy identification of its uses. (4.) N. 

7. For what reason should the course of study include a 
special section or statement on drill? (1) Because few teachers 
know how to use di-ill in instruction. (2) Because the textbook 
in use may not contain any drill material. (3) Because there 
is much confusion concerning the place of drill in arithmetic. 
U) N. 

8. In addition to the fact that it is difficult to gather the data 
in usage studies which are broad enough to secure a good picture 
of the arithmetic of life, what other limitation of this method 
of identifying the content of arithmetic must be recognized? 
(1) Arithmetic is a system, and therefore usage is not neces- 
sarily an indication of importance. (2) Usage is always chang- 
ing. (3) Frequently the practices used outside of school are 
incorrect, as, for example, in the use of “and” in readmg 
numbers. 
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Testing in Arithmetic 


The Status of Non-Standardized Testing 
In America, tests or examinations in arithmetic are practically 
as old as arithmetical instruction. In early college-entrance 
examinations, teachers’ examinations, local, county, and state 
examinations, the arithmetic section was usually quite extensive. 
Besides these rather formal examinations, much of the instruc- 
tional time has always been taken up with testing. Today, 
every standardized achievement-test battery has an arithmetic 
section, and every instructional program in arithmetic is marked 
by the large proportion of the learning time that is given to 
testing. 

Tests in aritlimetic, like other subject-matter tests, may be con- 
veniently classified under two categories’ those that are teacher- 
made, and those that aflford a general survey of achievement. 

Teacher-made tests usually have a definite place in the instruc- 
tional procedures. Such tests are commonly passed back to 
the children and become a part of a corrective or remedial pro- 
gram. Some of these teacher-made tests are also used to deter- 
mine achievement, but this use does not interfere with the 
remedial function. 

General survey achievement tests may be either standardized 
tests or merely tests set up by the local school, the local system, 
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or the state. These tests are not part of the instructional pro- 
gram, but are used primarily to evaluate instruction or achieve- 
ment. In some cases the scores are used to determine academic 
ranking and promotion to the next grade. 

In classes where a textbook is used, other opportunities for 
testing arc provided in the form of self-testing driUs, quick 
drills, review exercises, and assignments which require the solu- 
tion of problems and examples without any other purpose than 
merely to find out whether or not the children can work them. 

Testing followed by brief explanations seems to be the most 
popular of all instructional procedures in arithmetic. Observa- 
tion of a week’s work in many schools will lead to the conclusion 
that more than half the time is spent in testing. Even though 
testing is admittedly an integral part of the instructional pro- 
cedures, it should be recognized that under such conditions 
over one-half the time is being spent in “finding out what the 
children know.” Consequently, the time left for other instruc- 
tional procedures is too short. To insure that instructional 
procedures other than testing receive the proper amount of 
time, not more than fifteen per cent of the total time should be 
devoted to testing. 

In spite of the fact that much time is given to testing in arith- 
metic, most of the tests are rather mediocre in quality. The 
achievement score or rating of the child on most of the teacher- 
made tests and on the general survey tests is based almost 
entirely upon the child’s ability to secure accepted answers to 
problems and examples. Such tests fail to measure abilities 
in other important areas, and place undue emphasis on rapid 
answer-getting. 

Teacher-made tests, used as a part of regular instruction, are 
usually given after some time has been allotted to study in a 
specific area. Often the test is used primarily to motivate the 
work by pointing to the children’s failure to do certain examples 
or problems. Such use is commendable, but can be easily over- 
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done. Tests covering specific areas of arithmetic are often mis- 
leading, because children may make fairly high scores even 
when then- understanding and ability in the area are mediocre. 
These spuriously high scores probably result from the fact that 
the test deals with only one thing; consequently, after working 
one problem, the child is just copying. Even in working the 
first problem of a test, it may be considered that a child is copy- 
ing if he merely does what he has been doing in the aritlunetic 
lessons immediately preceding the test lesson Since almost 
everyone can copy far beyond his ability to produce, the scores 
made on a test on a specific area just studied can easily mis- 
represent the true achievement of the child. To avoid this 
limitation of tests, teachers should include items that pertain 
to areas of arithmetic previously studied. 

Suggested Improvement 

To avoid the criticism that tests deal only with getting correct 
numerical answers, there should be included some items which 
test other abilities, such as the use of diagrams as a means of 
solving numerical situations, the recognition of approximate 
relations, and the making of judgments. The following are 
examples of such items: 

1. Show with a diagram that J of ^ is 

2. If H received 127,321 votes and M received 251,108 votes, 
how could you express with small numbers the relative number 
of votes received by the two.^ 

3. About how far is it from the floor to the picture on the 
wall? 

4. Is $25 a reasonable price to pay for a pair of shoes? 

Discussion with the children of the purposes and make-up 
of tests should be a part of the test procedure. Such discussion 
might be initiated by a question like the following: “When we 
have so little time in school, why is part of that time used in 
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taking tests like the one you took yesterday?” Children usu- 
ally give the main reasons for taking tests. In their language 
the reasons are: (1) So that the superintendent (principal, 
teacher) can find out what we know. (2) To learn where we 
need special help. (3) To grade us. (4) To find out what I 
need to practice on. (5) To find out what I need to study. 
(6) To find out who is the best in the class. (7) To find out 
who needs to go to work. 

Improvement of teachcr-pupil relations and of class spirit or 
morale will result from a frank discussion of these reasons with 
the pupils, especially if the value of each reason is understood 
by the teacher and if she dnects the discussion so that children 
will be able to sec the value. Children can see that even reason 
1 has value when they realize that the superintendent or teacher 
uses the information in selecting new materials of instruction 
or instructional procedures. For example, if a teacher can show 
thiough a test that the children have only a hazy idea of the 
size of an acre, a real motive for marking off an acre on the 
school grounds has been provided, and therefore it should be 
easy to obtain the permission of the administration for such 
a project. Special effort should be made to eliminate the type 
of thinking that gives rise to reasons 6 and 7, which are indica- 
tive of the Ignorance of pupils about the true purpose of so 
common an instructional procedure as testing. Instead of being 
permitted to look upon high test scores as a notice of dismissal 
from further work, the children should be led to see that an 
indication of proficiency in a certain area points the way toward 
the undertaking of more difficult tasks. The crux of class dis- 
cussion of tests is the idea that children should know something 
about the learning procedures in which they engage. A major 
part of their time is spent in school, yet few of them can give 
a clear-cut, logical explanation for many of their school activities. 

Oral exercises as discussed on pages 107 and 146 are frequently 
a form of testing. When the testing aspect of oral work is 
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combined with the fact that such exercises force children to deal 
with number in the manner that out-of-school life frequently 
demands, these exercises certainly have much to commend them. 
Since this part of arithmetic is discussed on pages 52-55, 
further elaboration will not be made here. It is sufficient to 
state that oral exercises comprise an important part of teacher- 
made tests in arithmetical instruction. 

The testing programs provided by textbook courses arc usually 
of a superior type. The content of the tests is well distributed, 
items are graded as to difficulty, and the tests follow soon after 
the presentation of new phases of subject matter. The standard 
rating scales that accompany these tests are frequently used to 
indicate success or failure to the student. While it has been 
demonstrated that growth graphs and similar means of informing 
the student of progress make for better learning, it is question- 
able whether such extrinsic motivating factors can be of much 
value over a long period of tune. Furthermore, the norms used 
in growth graphs arc often of doubtful validity. Other more 
serious criticisms of the intensive testing programs of most 
textbooks are the large amount of time given to this phase of 
instruction and the premium placed on speed in computing. In 
one school system, every Monday arithmetic period was used 
for giving a test, and every Tuesday period for correcting and 
working items missed on the test. Thus forty per cent of the 
total arithmetic time was spent on test work. An equally 
serious limitation of textbook testing programs is the premium 
that most of them place on speed. If pupils are to secure good 
marks on the tests they cannot spend time checking or working 
on items that are not immediately perceived. Yet to fulfill its 
aim arithmetic ought to stress both checking and reasoning. 
This condemnation of the premium placed on the speed factor 
in tests may appear, at first thought, to be inconsistent with the 
recommendation that timed exercises be used to show the pupil 
the need for learning basic facts and fundamental processes. 
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(See Chapters 2, 5, and 6.) The timed exercises employed in 
teaching basic facts and processes, however, were designed to 
show that indirect and cumbersome methods were responsible 
for the lack of speed. It is the evaluation of various ways of 
getting answers which follows the tuned exercises that gives point 
to such exercises. If the speed factor in all tests served a similar 
function, there would be less criticism of that factor. Textbook 
tests, like teacher-made tests, also suffer from the fact that 
practically all items require exact answers. 

Inventory Tests 

Inventory tests in arithmetic are of two types. One refers 
to an appraisal or inventory of skills essential to the learning 
of new processes. The other refers to a type of survey test 
which is given at the beginning of the year and which is designed 
to give the teacher a picture of the arithmetical achievement of 
the child. Since arithmetic is no longer thought of as a distinct 
or rigid step-by-step learning process, the first of these two 
types of inventory tests has become relatively unimportant and 
its use at present is quite limited. The second type of test is 
not used widely either, but it is considered a desirable testing 
procedure because it gives teacher and child a chance to see 
what type of review work is needed. Since the test is designed 
to survey total arithmetical achievement, it is obvious that the 
test must consist of something more than problems and examples. 
Naturally, the content of these inventory tests from first to 
sixth grade will show much variation. Sample items from a 
first-grade test, a third-grade test, and a sixth-grade test are 
given here. 

First Grade 

Tell the child you want to see how well he can count and how 
far he can count. If necessary, start him off on coimting by 
saying, “1, 2, 3.” 
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Place ten splints before each child. Ask him to count them 
for you. Have him pomt to each one as he coimts. 

Arrange objects in groups, such as two pencils, fom’ blocks, 
seven marbles, ten crayons, and so on. Ask the child to point 
to the group with four objects; two objects; seven objects; 
ten objects. 

Using pictures, say, “Put a mark over the pictm-e of three 
kittens. Show me the picture of five birds Point to the pic- 
ture of seven birds. Which picture has ten birds?” 

Show two objects. (Any other number may be used.) Say 
to the child, “Bring me two blocks. Make four apples on the 
blackboard.” (In each instance the teacher gives the name 
of the group she desires the child to select.) 

Using work sheets or illustrations on the blackboard .similar 
to the following, the teacher may say, “Put stems on three 
flowers, or put tails on five kites.” 



Show the child several blocks of various sizes. Have him 
point to the biggest block; the littlest block. Hold up one 
block and say, “This is a big block, show me a bigger block. 
Show me the biggest block.” 

Give one child two blocks. Give another five blocks. Ask, 
“Who has the more blocks?” 

Third Grade 

Write the number two hundred sixty-one. 

Make ninety marks on your paper. Show how you would 
count these marks by tens by drawing rings around the right 
number of marks. 

How much are 7 and 8? 

How much are 9 and 3? 

How many are 9 take away 4? 

Write the number meaning 8 tens and 7 ones. 

How much are 41 and 36? 

How much are 46 take away 28? 
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How much money is on my desk? (Place any amount up to 
$1,00 on the desk.) 

What time is it now? (May place a clock dial on the board.) 
Draw a line that is about as long as your pencil. Draw 
another line right under the first that is only one-half as long as 
the first. 

Sixth Grade 

Write the number one million two hundred thousand thirty. 
Subtract these: 



Prove by use of a diagram that ^ and f are equal to ij. 

Round these numbers to the nearest hundred. 297, 508, 116|, 
241.9. 

About how high is the door knob from the floor? 

What street or building is about one mile from this school 
building? 

Attention is called to the absence of basic addition or sub- 
traction facts in example form in the first-grade test. Where 
such facts are used, they appear in problems. The understand- 
ing of quantitative situations of the problem type and under- 
standing of common measures are especially important in teach- 
ing procedures where problems are used to illustrate new facts 
and procedures. 

In the upper elementary grades these inventory tests furnish 
an introduction to the content of the arithmetic review. Espe- 
cially good learning exercises can grow out of the misconceptions 
that the children exhibit on items that require the use of common 
measures. If these inventory tests are not to hamper teacher 
initiative and thereby make the review period a formal set of 
exercises, teachers must know what has been taught in pre- 
ceding grades and must be left free to eliminate any items that 
are not considered in line with what the children will need in 
the coming year’s work. 
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Standardized Arithmetic Tests 

For a good many years a number of standardized arithmetic 
tests have been on the market. For the most part, these tests 
consist primarily of a section made up of examples dealing with 
the fundamental processes and a section of problems — or, as 
it is sometimes called, a reasoning section. Minor parts of the 
test may refer to recognition of geometrical figures and numer- 
ical terms. Standardized tests of this type have served and 
do serve some useful purposes. It should be recognized, how- 
ever, that they have done some harm. 

The greatest shortcoming of these tests lies in the fact that 
they have emphasized or fostered an emphasis on one kind of 
arithmetic (exact computation) to an extent far out of propor- 
tion to its real place in life. In fairness to the tests, it should be 
stated that teaching programs outlined in texts place just as 
heai’y emphasis on exact pencil-and-paper computation as do 
the tests. We have already noted in the discussion on text- 
book testing programs (page 329) that tests often make for 
poor work habits because of the procedures that children must 
follow if they aie to make the highest possible mark on the test. 
Reference is here made to the fact that the pupil taking a test 
is actually penalized for checking, carefully studying difficult 
situations, and employing other commendable but tune-con- 
suming procedures. Then, loo, as is true of standardized tests 
in other fields, much harm has resulted from the misinterpre- 
tation of the meaning of scores of standardized arithmetic tests, 
both by teachers and by administrators. 

A brief description of a common procedure following a test 
illustrates the point. Test scores were low; a quick survey of 
the errors of the children was naade. It was noticed that ad- 
dition, subtraction, multiplication, or division examples were 
missed. Accordingly, an extensive drill period dealing with 
these areas was prescribed as a remedial procedure. While 
such a drill program may produce slightly better results when 
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the next standardized text is given, the resulls will still be dis- 
appointing. Drill cannot make up for poor initial instruction. 
Instead of giving the children an opportunity to have experi- 
ences that will lead to the understanding that should precede 
drill, the drill procedures often produce still more confusion or 
misunderstanding of what arithmetic really is. 

Mention has already been made of the fact that standardized 
arithmetic tests unduly emphasize exact pcncil-and-paper com- 
putation. PurLhermore, the computation emphasized occurs 
primarily in examples and not in the more important problems 
or reasoning section of the Lest It should also be noted that 
the actual computation required in the reasoning section of 
tests is relatively much simpler than that needed in the examples 
section. This condition has resulted from the fact that the 
test-makers, knowing that children are very weak in problem- 
solving, have set comparatively easy problems in order to keep 
the problems section of the test from being a mere waste of 
paper. Such a state of affairs is in itself pretty good evidence 
that our present arithmetic programs are not functioning 
properly. As far as tests are concerned, little can be done about 
the children’s inability to handle problems. Tests can place a 
much greater emphasis on problems, however, by increasing 
the relative amount of time given to them. The examples 
section of tests might well be drastically reduced, since it is 
presently overemphasized and misinterpreted in a way that 
has led to bad teaching practices. 

In order that tests may more nearly reflect the total arith- 
metic program, items that deal with aspects of the program 
other than computation in examples and problems must also 
bo included. If the arithmetic program is a meaningful one, 
good tests will be concerned, not only with computation, but 
with the nature of processes, the significant aspects of the num- 
ber system, the making of judgments, the understanding of 
problems (not just through the getting of answers), the use of 
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unwi’ittcn arithmetic, and so on. Examples of items that 
attempt to measure understanding in some of these areas are 
given below. 

1. In the multiplication example 

43 ' 

24 

172 

86 

why is the 6 placed under the 7? 

(а) Because arithmetic books say so. 

(б) Because it’s the second time you multiply. 

(c) Because 2 tens times 3 is 6 tens. 

(d) Because 2 X 3 is 6. 

2. In the word fifty-three what does the “ty” mean? 

(а) Tens. 

(б) Has no meaning, but is used to make the word 

rhytlimical. 

(c) Means to add 50 and 3. 

(d) Means to combine 5 tens and 3. 

3. In which of these is the figure in the hundreds place under- 
lined? 

(d) 15,284 (6) 1926 (c) 156 (d) 100 

27 

4. In adding the numbers 38 we say “8 and 7 are 15; put 

down the 5 and carry 1.” Why do we carry 1 instead of 10 
when 15 is equal to 5 and 10? 

(a) Because 1 is easier to add to the next column. 

(b) Because 1 in the next column means 10. 

(c) Because it really is only 1 in the 15. 

(d) Because that gets the answer. 

5. A 1200-lb steer is about equal in weight to how many men? 

(a) 3 (5) 25 (c) 8 (d) 12 
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6. In an election, candidate A received 73,281 votes, while 
candidate B received only 35,819 votes, Which would be the 
best way of describing how badly B was beaten? 

(а) A won by at least 30,000 votes. 

(б) B was thousands of votes behind A. 

(e) A received a majority of the votes. 

(d) A beat B “two to one.” 

For additional examples of items of this type consult Test D 
of the Basic Skills Battery.^ 

The fact that test items of this kind are almost unloiown in 
standardized arithmetic tests is an indication of the difficulty 
that the test-maker encounters when trying to measure in areas 
of arithmetic other than exact computation. The easily con- 
structed type of test item is always found in abundance, but 
rarely a large number of those that are difficult to construct. 
Test-makers who are willing to construct items that deal with 
understanding and the more significant aspects of number have 
been hampered by the fact that pupils have been so poorly 
taught that they offer nothing to measm’e. The test items 
thus fail to discriminate among pupils. For example, item 4- 
of the list of illustrative examples was answered correctly by 
only 16 per cent of sixth-, seventh-, and eighth-grade pupils. 
Thirty per cent chose response c while 18 per cent chose response 
d. Item 1 was answered correctly by only 18 per cent of sixth-, 
seventh- , and eighth-grade pupils. In interpreting these figures, 
it should be remembered that the per cents were not corrected 
for guessing. 

For a more extensive discussion of the problem of evaluation 
in the field of arithmetic the reader should consult Brownell’s 
chapter on evaluation in the Sixteenth Yearbook of the National 
Council of Teachers of Mathematics. Along with other aspects 
of measurement Brownell offers some commendable testing 

^ Iowa Every-Puinl Tests of Basic Skills' Test D, Arithmetic (Boston' Hougliton 
Mifflin Company. 1040, 1941, 1942. 1943). 
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devices. Much refinement of some of these testing procedures 
is needed, however, before they can be used extensively in 
standardized tests. Regardless of the difficulties encountered 
in the construction of tests and of the poor items that may 
result from attempts to measure understanding in arithmetic, 
work in this field should be encouraged in every way possible. 
Unless standardized tests can be built to include items which 
measure understanding, such tests must be relegated to a very 
minor place in modern instructional procedures. 

Now that we have discussed the shortcomings of the content 
of standardized tests, the harm that has been brought about by 
these tests, and the way to improve them, we should consider 
the general place of standardized tests in the total instructional 
program. In all educational work it is desirable to have data 
that can be used in evaluating teaching procedures. The 
results of a good standardized arithmetic test are an important 
part of the data that teachers and administrators can use in 
evaluating their program. Quite obviously, any data used in 
the evaluation of teaching must be reliable if the inteipretations 
based on them are to be sound. Since all measurement is a 
matter of comparison, relative and not absolute, the reliability 
of norms and scores becomes doubly important. It is a fact 
well known to students of testing that achievement of a certain 
grade in a single school varies from year to year. Consider, 
then, the misinterpretation that might result if a pupil’s score 
were compared with the performance of pupils in a markedly 
inferior class. Unquestionably the norms of a standardized 
test are more reliable than the subjective standards that the 
teacher sets or than the norms developed in the local school 
system. Standardized tests are the only means available for 
plotting on a chart the growth of the child in arithmetic from 
year to year. These charts, sometimes called profile charts, are 
especially valuable for giving the child an idea of the progress 
he is making. Although only a few standardized tests on the 
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market at the present time incorporate this feature as a part 
of the test, it makes for one of the major benefits that may be 
derived from a standardized test. Naturally, if the profiles of 
year-to-year growth are to be reliable, the tests must be reliable 
measures. Frank discussion with the child of the profile of his 
year-to-year growth is one of the best ways of developing a 
proper attitude toward study. After all, it is the child who 
must do the learning and who must recognize his weakness and 
his strength. A very commendable feature of the pupil-growth 
chart is the fact that the poor pupil’s chart is as lilcely to show 
evidence of growth as is the chart of the good pupil. Often 
the amount of growth made in one year by a poor pupil is greater 
than that made by a good pupil in the same year. Since the 
poor pupil knows so little at the beginning of a year period as 
compared with the good pupil, the poor one’s chances for grow- 
ing arc relatively better. For example, pupil A (see illustrative 
chart on page 339), whose rating was only 2.6, encountered 
many things to be learned dming his study of third-grade arith- 
metic, while pupil B, whose rating was already 5.1 at the begin- 
ning of the year, probably encountered a relatively small number 
of things to be learned in the third grade. 

Standardized tests can be used as the first step in a program 
of remedial instruction. Through a discussion of the test results, 
the need for more careful work in certain areas can be shown. 
Of course, the work that is to follow should not be all drill. The 
first remedial procedures should aim for the development of 
understanding. In the lower grades this aim will require such 
tests of understanding as the illustration of the situation through 
diagrams and the proof of a fact or process through object ma- 
nipulation or through counting. The standardized tests referred 
to in this chapter are of the survey type and therefore cannot 
be considered sufficiently diagnostic to locate a particular fact 
or skill where a pupil’s knowledge breaks down. As a matter 
of fact, there are diagnostic tests designed to give such informa- 
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Sample Profile Charts 


Pupil A 


Pupil B 




KEY: Test given at beginning of 3rd grade - 
Test given at beginning of 4th grade - 
Test given at beginning of 6th , 


From profile charts for Iowa Every-Pwpil Tests qf Bade Shills, on file in the 
University Elementary School, Iowa City. 


Fotal Score 
on Test D 
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tion. The time and effort required to give and score such tests 
are often out of proportion, however, to the value gained from 
the information that the test results provide. Only in a few 
exceptional cases are such tests of value. For fui’ther and more 
detailed discussion of the uses of standardized tests, books on 
educational measurement should be consulted. 

A question frequently asked is. How often shall standardized 
tests be given? Certainly not more than once every three years 
if the only need fulfilled is that of satisfying someone’s curiosity. 
However, if test results are correctly used, one standardized 
test a year is very desirable. Where some experiment is under 
way, two tests a year are essential. 

In the selection of standardized tests, content should be the 
first factor considered. In addition to the content of the tests, 
attention should be given to the objectivity of scoring, the time 
and efiort required of the pupil in taking the test, and the ease 
and time of scoring the tests. Since the measurement of some 
phases of arithmetic is more direct than that of many subjects, 
the early introduction of objective tests had very little effect 
on testing in arithmetic. The rapid progress of time-saving 
and effort-saving scoring devices in testing in other fields has 
resulted, however, in attempts to simplify the scoring of arith- 
metic tests. The Co-operative Test in Arithmetic has for 
several years been of the multiple-choice type. Extensive 
studies have shown that such tests, properly constructed, are 
reliable measures of arithmetical achievement. The 1942 
eighth-grade examination distributed by the Iowa State Depart- 
ment of Public Instruction, a test of this type, varies from the 
Co-operative Test in that one of the four responses is not numer- 
ical, namely, “ correct answer not given.” If a separate answer 
sheet and a stencil-type scoring key are used in connection with 
the multiple-choice type test, a great saving of time and energy 
in scoring the tests can be effected. Any such saving should be 
welcomed, since it leaves the teacher free to do something about 
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tlie conditions revealed by the tests. Teachers are often so 
exhausted from scoring a test battery that they have little 
energy or desire to change their teaching methods in order to 
take advantage of the information provided by the test results. 

The directions for a multiple-choice test, two sample items, 
a sample answer sheet, and a stencil-type key are illustrated 
below. 

Directions - For every item in this test there are three possible 
answers and an N. The N means that none of the answers is 
correct. First do the solution required m the item and then 
select from the three answers the one that agrees with your 
solution. If none of the three answers is the same as yours, 
N should be chosen. 

Mark your answers on the answer sheet in the following way: 
If you thmk the first answer to an item is the correct one, place 
an X in the first parenthesis; if you think the second is the 
correct answer, place an X in the second parenthesis; and so on 
for the third answer and the N. 


Sam-ple Items 

1. Bill bought a tablet for 10 cents and two 8-cent pencils. 
He gave the clerk a half dollar. How much change should Bill 
get back? {!) 18 cents. (^) 26 cents. (3) 32 cents. ( 4 .) N. 


Sample Answer Sheet 
!•()()()() 
2 . ()()()( ) 

3 . ()()()( ) 

4. ( ) ( ) C ) ( ) 
5 ()()()( ) 
6. etc. 


Stencil Type Key 

1 o 

2 O 

3. O 

4. O 

5. O 

6. O 


The circles on the stencil key represent punched-out holes. 
When such a key is correctly placed on the answer sheet, these, 
holes will be over the parentheses corresponding to the correct 
answers. Then, to find the total number of correct responses 
the scorer has only to count the X’s that appear. 
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STUDY QUESTIONS 

1. The usual teacher-made test item requires the child to 
find the one right answer. In what way is that a limitation? 
(i) It isn’t. (S) It makes for too high objectivity. (3) It 
places undue emphasis on exact computation [Ji) N. 

2. The usual teacher -made Lest is concerned with only one 
phase of arithmetic. Why is this undesirable? (I) After the 
first item is solved, solution of the others is not a test. {2) It 
is not representative of what the children have just been doing 
in arithmetic. (S) Such tests are diagnostic and only on an 
individual basis are they effective (4) N. 

3. Why are the scores made by pupils on the usual teacher- 
made test spuriously high? (J) Because the children are famil- 
iar with the teacher’s way of phrasing items. {2) Because the 
pupils have only to remember the steps in the recently taught 
computation. (3) Because teachers tend to construct items 
that deal only with those phases of arithmetic that they know 
the children have mastered. (4) N. 

4 Why shoidd arithmetic tests include items which requhe 
the use of approximate relationships? (I) In order to acquaint 
the pupil with that phase of arithmetic {2) In order that the 
test may represent what has been taught. {3) Such items are 
an excellent test of the pupil’s ability to compute, {li) N. 

5. Is it advisable to permit children to see and to discuss 
the test scores of the class members? (I) Yes {2) No 

6. Why is the time given to testing in arithmetic frequently 
excessive? (I) Because it is so easy to diagnose the piipds’ 
weaknesses by studying test residls. {2) Because the tests are 
so easily scored and therefore require lit Lie of the teacher’s time. 
(S) Because the pupils can take the tests in a very short time. 

4 ) N. 

7. What is the most serious criticism that can be made of 
the usual textbook testing program? {1) The norms are too 
high. (2) The different tests are not varied enough m content 
to give adequate measures of a pupil’s whole achievement. 
(S) Almost all of the items require exact computation. (4) N. 
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8. What is the most serious criticism that can be made of 
most standardized arithmetic tests? (I) Practically all the 
items require exact computation. (£) The time required for 
giving them is too long. (S) Too much emphasis is put on the 
reasoning section. (J-) N. 

9. Why is the builder of a standardized test using poor 
judgment if he includes some items that are too difficult for 
99 per cent of the pupils? (1) Because the test will discourage 
most of the pupils. (£) Because these items will have no part 
in ranking pupils. (S) Because items that are difficult are 
either tricky or require lots of time (4-) N. 

10. Teachers frequently are disappointed when the average 
score on a standardized test made by their pupils is only 60 
per cent of the possible score. Is that feeling of disappoint- 
ment a justifiable one? (1) Yes. (£) No. 

11 If more of the superior students fail on a test item than 
do inferior students, should that item be retained in a test? 
(1) Yes. (S) No. 

12. What is the most important outcome to be derived from 
the use of a standardized test in arithmetic? (J) It enables 
the teacher to diagnose the shortcomings of the pupils. (£) It 
provides the evidence on which to build a remedial program. 
(3) It provides a means of comparing the class with other 
classes {4) N. 

13. What feature of the recognition type of arithmetic test 
makes that type of test highly desirable? (1) The scormg is 
objective. (S) The ease of scormg. (5) The thinking of the 
pupOs can be controlled. (4) N. 

14. For which type of student is the pupil profile chart 
especially useful? (1) The high ranking. {S) The low rank- 
ing. (3) The pupil who ranks about average. (4) N. 

15. How often should standardized tests in arithmetic be 
given? (1) Every other year. {^) Every year. {3) Twice 
every year. (4) N. 
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History of Number and 
Recreational Arithmetic 


The Case for Teaching the Histort of Nembbr 

Supplying knowledge of the development of number and of 
measures as a basis for better understanding of our civilization 
was listed in Chapter 2 as one of the four major contributions 
that arithmetic has to offer to the education of youth. Because 
so few people know anything about the history of number, the 
claim made for the value of this phase of arithmetic must be 
considered highly theoretical. Therefore, the possibilities of 
teaching this field ought to be carefully examined before an 
attempt is made to incorporate it in the instructional program. 

Since numbers play such an important role in modern society, 
it seems logical to assume that knowledge of the development 
of nmnbers should make for a better understanding of modem 
society. It is also a well-known fact that the people who are 
competent in a given area possess much historical knowledge of 
that area. Stories of number development interest and fasci- 
nate both children and adults almost as much as do stories of 
political struggles and should therefore merit some considera- 
tion. Furthermore, it is quite likely that a better understand- 
ing of modern uses of numbers will result from a knowledge of 
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how the ancients used them. Numbers and number work are 
probably appreciated more by those who know something of the 
history of number than by those who have no such knowledge. 

Other values can be claimed for a study of the history of 
number, and certainly each of the given reasons could be much 
expanded. However, an extensive discussion would prove most 
convincing to the student who is already familiar with the sub- 
ject. For the background essential to consideration of the 
history of number, the reader is referred Lo such books as those 
by Sanford, Smith, Smith and Ginsburg, Conant, Dantzig, 
Wheat, and Karpinski.' 


What to Teach and How to Teach 

A quick survey of these brief histories of number will reveal 
much material that will not be of value to children, although 
it might be very interesting to teachers. It is necessary, there- 
fore, to select the phases of number that are to' receive the atten- 
tion of the elementary'sehool child. For the sake of brevity 
and to permit a better presentation, the following areas of arith- 
metic are proposed as being of historical significance : (1) count- 
ing; (2) numerals and numeration; (3) notation; (4) the devel- 
opment of zero; (5) old ways of reckoning; (6) number mysteries, 
including magic squares; and (7) the development of weights 
and measures. Each of these areas needs further definition, 
and the list should be considered only a tentative one. 

Counting includes finger and object counting as practiced by 
various primitive peoples, the use of a base, as in the setting 
aside of one man or a large stone to represent a ten. In addi- 
tion to base 10, other bases will be introduced through the study 
of certain primitive peoples of today. Naturally, the use of a 
base comes late in the history of coimting. This area should 
include also the abacus and other counting devices. The 


1 S«e page 305. Selected Eeferencea. 
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abacus -will be especially interesting and useful in presenting 
the story of the development of other phases of arithmetic. 
Examples of such use are shown in teaching the discovery of 
zero and in demonstrating ancient ways of calculation. The 
Apache Indians’ method of counting, involving use of a bag of 
stones, is representative of the object method of counting. The 
tally method, too, should be included. 

The field of numerals and numeration is rich in historical 
material. The various ways of recording quantities through 
the ages never fail to arouse interest. In one school, the 
bulletin board that attracted the most attention during the 
school year showed how the numerals were written at various 
intervals from 450 a.d. to the present time. Children never 
fail to exhibit interest in the Egyptian method of writing quan- 
tities, especially their symbol for 1,000,000.^ 

The many variations in the writing of numerals indicate the 
rather limited use of numbers in the past. Moreover, the 
larger the numbers, the greater were the variations. Since 
only a few people used the large numbers and only scholars 
understood them, there was little incentive to establish uni- 
formity. This area of numerals and numeration includes the 
ancient Hindu, Greek, and Anglo-Saxon methods of reading 
numbers as well as the various methods of writing decimals. 

All Americans are familiar with the Hindu-Arabic and the 
Roman methods of notation, but few are familiar with other 
systems or know the major characteristics of various systems. 
Even a small knowledge of other methods of notation enables 
one to appreciate more fully the simplicity of our own scheme. 

The development of zero might properly be classified under 
the heading of both notation and numerals. It is so important, 
however, that it is assigned a separate place in the tentative 
list of significant historical areas to be taught. The illustrative 

^ Louis C. Karpinski, The History of Arithmetic (Chicago- Rand McNally and 
Company, 1925), pp. 1-3. 
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lesson (page 350) gives the main points m its origin. Attention 
is called to the fact that the idea of a place-holder (zero) is 
much older than is indicated by Wheat ^ and Smith — both 
of whom place the date of the discovery of zero after the first 
century a.d. Chiera® finds clear indication that the Baby- 
lonians had and used the idea of a place-holder or zero. Kar- 
pinski ■* credits the Babylonians with having knowledge of the 
principle of place value. The idea of zero was also developed 
by peoples of Central America.® 

Under old ways of reckoning would be included the old Hindu 
methods of adding, use of the abacus, the sieve method of multi- 
plying, a little duplication and mediation, and a few other 
methods.® 

Number mysteries and pleasantries are so extensive that to 
make only a partial list might be misleading. Certainly lucky 
and unlucky numbers are of such universal interest that they 
should receive some attention. For other possible topics in this 
field, books by Dantzig ’ and Smith and Ginsburg * should be 
consulted. 

Although there is an interesting story connected with the 
development of almost every one of our standard measures, 
only a few of them have been incorporated in aritlunetic text- 

^H. G. Wheat, The Payohohgy and Teaching of Arithmetic (Boston; D. C. 
Heath and Company, 1937), p. 75. 

^D. E. Smith, History of Mathematics (Boston: Ginn and Company, 1925), 
II, G9. 

* Edward Chiera, They Wrote on Clay (Chicago: University of Chicago Press, 
1938), p 155 

* Louis C. Karpinski, op. cit , p. 8. 

‘ Anne Terry White, Lost Worlds (New York. Random House, 19'U). 

* As a source of these methods, the reader is referred to D E Smith, History 
of Mathematics, vol II, and Florence Yeldham, The Teaching of Arithmetic 
Through Four Hundred Years (London. Harrap and Company, Ltd , 1936). 

’ Tobias Dantzig, Number, the Language of Science (New York The Mac- 
millan Company, 1930). 

* D E. Smith and Jekuthial Ginsburg, Numbers and Numerals (New York: 
Bureau of Publications, Teachers College, Columbia University, 1937). 



HISTORY OF NUMBER AND RECREATIONAL ARITHMETIC 349 

books. Before trying to find new stories and adapt them for 
children, we should use properly those that we have. They 
arc not extra facts of arithmetic to learn; they are stories to be 
enjoyed just like other stories. As will be pointed out in the 
section on how to teach (see pages 360 fif.), many activities wiU 
arise out of the consideration of the stories of measures. The 
measures of time warrant special attention.^ 

While the seven fields briefly identified in the preceding para- 
graphs undoubtedly represent some of the major historical 
material, no particular claim is made for this list. It has not 
been tried out in school systems, and it must still be considered 
theoretical. In order that teachers and supervisors may have 
an opportunity to try out more quickly the historical phase of 
arithmetic and thereby be sooner in a position to talk some- 
thing besides theory, a few suggested teaching procedures are 
offered. All of these procedures have been tried in experi- 
mental schools. 

As hinted earlier in this discussion (page 345), the historical 
phase of arithmetic is something to be used and studied in a 
manner quite different from the approach to ordinary arith- 
metical material. Some of the stories may best serve their 
purpose when they are only read or told. As in the case of 
good factual stories in other fields, discussion will frequently 
be desired and enjoyed by the children. Perhaps the best use 
is made of a story when knowledge of the facts Involved is 
required by some project, such as the preparation of a bulletin 
board display, the writing of an article, the dramatization of 
the story, or the portrayal of some phase for a notebook. The 

1 For references on measure, the following list will provide a good beginning: 
American Council on Education, Committee on Materials of Instruction, Ths 
8iory of Ti-nw and The Siorij of Weights and Measures (Washington, D. C.. 1932) , 
National Youth Administration, Standards, The Modern World at Work, No 2 
(Washington, D. C Superintendent of Documents); Edward Nicholson, Men 
and Measures (London: Smith, Elder and Company, 1912); D. E. Smith. 
History of Mathematics, II, chap EX. 
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lessons and projects that follow illustrate different ways of 
teaching historical phases of number. 

Illustrative Lessons 
Lesson 1 {Second Grade) 

After reading to the class a description of the Apache method 
of counting, the teacher said, “I wonder if someone could count 
the children in the room, using the Apache method. Here are 
some stones you can use and you can use this box for the Apache’s 
leather pouch.” 

Several children attempted to count by the method while the 
class watched. The story was re-read several times at the re- 
quest of different children or as the teacher challenged the cor- 
rectness of some step. 

Lesson 2 {Third or Fourth Grade) 

The development of zero. This lesson should come after 
lesson 18, Chapter 4. 

“A few days ago you learned that a place-holder made the 
reading and writing of large numbers very much easier. You 
also learned that some people including the Romans did not 
use a zero or a place-holder. They did not use it because they 
did not know about it, and therefore did not know how much 
easier a place-holder would make work with numbers. The 
zero is so important that today some of you in the second grade 
can write and use numbers better than many Roman men could 
do. Let’s try adding some Roman numbers. Write these on 
your paper: twelve, eleven, fourteen, eighteen, and ten.” The 
teacher -wrote the Roman equivalents on the board. After an 
attempt to show how addition could be performed -with Roman 
numerals, the teacher let the children write the Hindu-Arabic 
numbers and then add. 

” Since the idea of a place-holder is so important, I think we 
will take time to learn how it might have been discovered. The 
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Romans did not add the way you tried to do. They used the 
abacus. You know that the abacus does not leave a record. 
Some people of long ago would draw a picture of the abacus 
to show what amounts had been written on it. Suppose, for 
example, the amount 65, that we had a while ago, is to be 
recorded. Who can draw an abacus showing thatP ” 

A child drew the following: 



Several other amounts were recorded. The teacher then 
explained that some busy people left out the abacus lines. 
Several amounts were then recorded following this plan. The 
65 then appeared thus 


while the amount 103 appeared thus 


The teacher wrote the record for 103 on the board without leav- 
ing much space in between the two sets of marks. Her record 
when compared with the children’s and with other numbers 
recorded on the board made it quite clear that something was 
needed to show that the one mark was in the hundreds place. 
The children, of course, suggested our zero. The teacher 




352 


THE TEACHING OE ARITHMETIC 


explained that various marks had been used, but that the situa- 
tion did show how the zero might have been discovered. 

Lesson 8 {Third Grade) 

“All of you know that after you count the first 9 you count 
by lO’s. Had you ever thought about why we count that way? 
Some people say that it would have been better if man had 
learned to count by 8’s instead of lO’s. 

"The reason why we count by lO’s is a very simple one. It’s 
so simple that you will be able to understand it and even surprise 
your mother and father, because I doubt whether they know. 
If you already know, you won’t be interested in the story in 
this book. Don’t tell the others because they will enjoy finding 
the answer. I’ll put the book here; when you have some free 
time you can read it.” 

The teacher then wrote on the board the question, “Why do 
we count by lO’s?” ^ 

Several days later the teacher again asked the question and 
then let the children tell their solution. In the discussion some 
actual finger counting was done. The fact that it was easier 
to think and see one or several pairs of hands than ten, twenty, 
or thirty fingers was frequently mentioned. As a summarizing 
step, it was suggested that some of the children might write a 
news story telling what they had learned and illustrate their 
description with appropriate drawings. The completed stories 
and illustrations were placed on the bulletin board. 

Lesson 4 {Fourth Grade) 

“When you were in the first and second grades you often 
made marks or used objects to show what numbers meant. 
Then in the third grade you sometimes drew pictures to show 

' D. E. Smith, The Wonderjtd Wonders of One-Two-Three (New York: McEap- 
land, yVade and McEatland), pp. 13-16. 
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quantities. Even now when you prove, you frequently draw 
pictures. The other day one of you drew 6 stick men each with 
half an apple to show that in 3 there are 6 halves. That picture 
of the stick men reminded me of the way the Egyptians wrote 
numbers. I thought you would like to see and hear about some 
of the Egyptian numbers. So instead of studying today, let’s 
look at Egyptian numbers. I have a book here that shows how 
they were made. This is a 1. These are 2, 3, and 4. Do 
you see any resemblance to our numbers?” 

Many numbers were presented in this fashion. When the 
teacher showed them the Egyptian symbol for 1,000,000, she 
said, “Why do you suppose they used a symbol like that? 
Suppose, as the last thing that we do with Egyptian numbers 
today, you write why you think the Egyptians used a drawing 
of a man with hands up in the air as the symbol for one million. 
Later you may see how nearly correct you are by looking on 
page 3 of this book.” 


Lesson 5 {Fourth Grade) 

“On our frieze you have shown how farming has developed 
beginning at 4000 b.g. I have a book which shows how numbers 
were written about the year 5000 b.g. Do you think it would 
be interesting to present the development of numbers? If 
some of you would like to undertake such a project, here is a 
book which will give you the facts.” 

The project was undertaken by part of the class who drew 
the ancient numerals on pieces of X 11^^ paper. As a 
means of identification, the present-day numerals accompanied 
each sheet. Later one large sheet showing the numerals as 
written in the various periods was prepared. On several occa- 
sions the attention of the class was called to the project by 
means of some question or by discussion of some point of 
interest. 
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Lesson 6 (Fifth Grade) 

A play, 

How We Got the Name “Counter” 

(To be read by the announcer.) Everybody knows how to 
count and most everyone would agree that a counter ought to 
mean a person who does counting. But the counter in a store 
is not even a person, much less a person who counts. We found 
in our study of number that there is a connection between 
counting and the counter in a store. We are presenting a play 
to show how the word counter became associated with stores 
and to show how the store counter and the person who counts 
are related 

The first scene shows a store of ancient Baghdad That was, 
of course, before the days of mechanical adding machines or 
even before common people did any writing. Let’s see how 
they figured the amount of the goods purchased in a store. To 
make it easy for you to follow the figuring, our money system is 
used. 

(Curtain opens with merchant sitting on the floor and a customer 
standing before him holding a number of things in his hand.) 

Customer- I have spent a pleasant three hours in your shop. 
These are the things I have decided to buy. WiU you tell me 
how much I owe you? 

Merchant: Most certainly, dear friend. We will put the 
amounts here on the counting board. Let’s see. We agreed 
that this shawl was worth $2.40 (Puts stones in the proper 
places on the counting board ) This wool, 20^. (Puts 2 stones on 
the 10' s row.) 

Customer. No, I said that I would pay only 18f!. 

Merchant: Very well, 18^ it shall be, (Picks up 1 tens stone 
and substitutes 8 ones.) These ribbons you accepted at 83 coins 
and this belt at 945 !. Now let’s see. We have more than 10 
ones here. We will remove 10 and put 1 on the tens row. Now, 
take 10 of these away and put 1 on the hundreds row; now an- 
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other 10 away and another 1 on the hundreds row. You owe me 
$4.35. 

Customer: That cannot be. I haven’t purchased that much. 

Merchant: Then we will count it again. (Goes through the pro- 
cedure of putting stones on the counting hoard, very slowly, explain- 
ing each step ) 

Customer: Yes, I see you know how to use the counting board. 
Here is your money. 

(Curtain closes.) 

(To he read hy the announcer.) Not all the merchants of 
Baghdad had counting boards, but all used the principle of the 
counting board Some merely drew lines on the ground and 
put the counting pebbles on the lines Still others used a 
board covered with dust. On this they drew lines and made 
cross-marks on the lines to show the number of I’s, lO’s, and 
lOO’s The merchants of northern Europe did not like to sit 
on the floor, but did their counting on a table on which lines were 
marked. Oiu' next scene shows an English store of about six 
hundred years ago. To make it easier for you to follow the 
figuring, the money system of the United States is used 

(Curtain opens showing merchant seated hack of a table.) 

Customer: How much does this cost.'’ (Places an article on one 
edge of the table.) 

Merchant. That is $3.50 The other piece costs $1.85. 

Customer: How much would I have to pay for 6 like this? 
(Holds up an article ) 

Merchant: Each one costs 35^. (Puts 3 on tens and 5 on ones; 
repeats for each, always moving up as 10 are reached until the six 
SB’s have heen recorded on the hoard.) 

Customer I’ll buy all these thmgs; how much do I owe you? 

Merchant: Let’s see $2.10 for the 6 (puts on hoard), $3.60 
for this (pids on board), and $1.85 for this. That will be 1, 2, 
3, 4, 5, 6, $7, and 1, 2, 3, 4, and 5 is 45fi. $7.45. 

Customer, How much do these things cost? 
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Merchant: That is $.90, that is $1.10, and that $.65. AJl of 
that — let’s see. Bring it over here. I can show you how I 
count it here. {Merchant then records and adds the amounts on 
the counting board.) 

(Curtain closes.) 

(To be read by the announcer.) The table eventually became 
the place where final examination of goods was made. Then as 
pencil-and-paper methods of addition developed, the counting 
table still had a useful place, for something was needed on 
which to do the figuring. The table was still called the counter. 
Gradually more and more tables were added to stores on which 
to show the goods that were for sale. Since all the tables were 
aldie, they were all called counters. 


Space will not be taken here to describe possible lessons for 
the upper grades. The task of teaching the history of number 
is relatively much easier in the upper than in the lower grades, 
primarily because of the better reading ability of the older 
children, but also because of the greater maturity of their minds. 
The stories of the development of any of our standard measures 
or of the various ways of writing the decimal point are excellent 
topics to use at the upper-grade levels. 

Summary 

Every phase of the teaching of aritlimctic is dependent on the 
teacher’s grasp of the subject itself Unfortunately, there is 
no part of arithmetic about which he knows less than its history. 
The lack of adequate materials is partly responsible for this 
situation. The very nature of historical material, however, 
calls for a broader vision on the part of the teacher, A special 
plea is made to teachers, therefore, to do wide reading in the 
history of number. Unfortunately, as the histories of number 
have been written for scholars, they are not very practical books 
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for such practical people as the teachers of children. But for 
the present, such books will have to serve as the major source 
of materials. 

In the field of historical arithmetic, there is an acute need 
for books for the teacher and for the child as well. When one 
considers that none of the books on the library tables of most 
elementary classrooms treats any phase of arithmetic, there is 
little wonder that that subject is listed as the drudgery subject. 
Historical number stories and books of number tricks and puzzles 
would help to make arithmetic more attractive to children. 

Trick Problems of Our Grandfathers’ Schools 

Examination of arithmetic books of fifty years ago usually 
leaves the impression that arithmetic was very, very difficult. 
When this idea is coupled with the thorough personal dislike 
that so many teachers have for arithmetic, our grandfathers 
receive much unwarranted sympathy. While the arithmetic 
of 1890 was difficult and often as uninteresting as much of our 
arithmetic of today, there was a side to the arithmetic of 1890 
that was challenging and entertaining. To those who mastered 
arithmetic, the long, puzzling, unreal problems of the textbook 
were a source of much pleasure and satisfaction. Students 
attacked the more difficult ones with zest and enthusiasm. To 
the problems of the book were added the definite puzzle, trick, 
and hard problems that were part of the stock and trade of 
every experienced teacher. The patrons of the school added to 
this fund of problem lore — especially when there was a young 
teacher to challenge. While these contributions, coming through 
the pupils as a “test of the teacher,” were not always appre- 
ciated, they did add interest to the subject. Pupils spent hours 
trying to solve the most difficult problems or number tricks. 
Success in such an undertaking was as highly prized as first 
place in some athletic event or the leading part in a school play. 
Obviously, work with trick problems and puzzles would not 
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today be considered an efficient way to teach arithmetic. Even 
in our grandfathers’ day it is improbable that much important 
arithmetic was learned through the solution of puzzle prob- 
lems, but such problems were undeniably a means of moti- 
vation. Aside from the motivating factor, the puzzle type of 
arithmetic is good recreational material and merits consideration 
OB that basis alone. 

Universal Appeal oe Puzzles 

Interest in puzzles is in no way a characteristic peculiar to 
pupils of fifty years ago. Children of today are just as much 
interested in puzzles and number triclcs. In fact, an otherwise 
dull arithmetic period can be made to sparkle by the use of a 
few good tricks or puzzles. The frequent use of puzzle situa- 
tions by lecturers and writers and the continued popularity of 
crossword puzzles are good indications of the almost universal 
appeal of puzzles, for adults as well as children. Textbook 
writers have taken advantage of the general interest in solving 
the unknown type of problem. As Wilson has pointed out, 
many of the problems in modern textbooks are of the puzzle 
variety. This is, of course, a misuse, but the fact of its occur- 
rence shows how broad is the appeal of tricks and puzzles. No 
better evidence of the interest in this kind of arithmetic can be 
produced than the long lists of such exercises that children bring 
to school once they recognize that problems of this type are 
acceptable. The teacher who sponsors such work often finds 
that through it home and school are bound more closely together. 
The children try trick problems on their parents, who in turn 
try out the children with other tricks. 

Place for Recreational Arithmetic 
The discussion above has emphasized the fact that number 
puzzles and number tricks have an appeal which makes them 
good recreational materials. It is to provide recreation and 
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not necessarily to teach arithmetic that the puzzle type of work 
is included in a number program. Note should be made of the 
fact that the words “not necessarily” are used. There are 
many people who sincerely beheve that their insight into the 
possibilities of number and subsequent interest in arithmetic 
was brought about through the solution of some trick prob- 
lem, For example, many adults who have worked the horseshoe 
problem (see problem 1, page 360) contend that no better way 
of teaching geometrical progression can be found. Children’s 
interest in some of the concept-building exercises described in 
Chapter 4 is probably due to the puzzling nature of the problems. 

Regardless of whether these claims have any value, there is 
something to be gained through the use of recreational materials. 
As has been pointed out, the arithmetic period becomes inter- 
esting when something challenging is introduced. This is well 
shown by the experiences of a teacher in a departmentalized 
system who was having difficulty in holding the interest of the 
children. The history, science, and geography teachers all 
had intriguing material to offer and were getting the best efforts 
of the children. This arithmetic teacher began to use number 
tricks and puzzle problems at the beginning and sometimes at 
the close of the period. Sinee proof in some form is an essential 
part of such work, the teacher had little trouble in shifting to 
the use of proof in regular arithmetic work. Before long many 
children were meeting the teacher before the beginning of the 
period and asking if they might present their number tricks. 
The arithmetic period was no longer the disliked or least liked 
period of the day. After the chddren’s interest was caught, 
only about fifteen minutes a week were given to puzzles. 

Unless special care is taken, an undue amount of time will 
be spent in puzzle-solving. To use more than thirty minutes 
a week, except in the introduction of such work, might lead to 
an arithmetic of the type of fifty years ago. Perhaps fifteen 
minutes a week, as used by the teacher referred to above, is 
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sufficient time to devote to puzzle arithmetic. However, the 
nature of such work precludes the assignment of a fixed amount 
of time per day. 

The teacher using the method proposed in this book, where 
there is little demonstrating and telling, has a special need for 
recreational arithmetic. It restores to the teacher the honored 
role of “knowing more” that is so important to the learning 
situation. While the teacher may continually refrain from 
telling how or doing the work in the course of the regular teaching 
procedures, there is nothing to keep her from presenting and 
later solving for children the most difficult trick problems. 
Through such exercises, the teacher’s prestige is enormously 
enhanced. Furthermore, the goodwill generated through the 
use of recreational arithmetic is of great value to the rest of the 
arithmetic period. Just as was true in the school of fifty years 
ago, pupils will make little distinction between recreational and 
“work” arithmetic. In fact, it would be a mistake to empha- 
size that the two are different types. 

Types of Exercises 

The exercises which make up the puzzle problem and number 
trick part of recreational arithmetic are not easily classified. 
A few of the exercises that have been successfully used are listed 
below, though no attempt is made at classification. The reader 
will find many more such exercises in the references. 

1. A man rides into a blacksmith shop and asks that his 
horse be shod on all four feet. He wants to know how much the 
smith will charge. The smith quotes his price in the following 
manner' “I will charge one-fourth cent for setting the first nail, 
one-half cent for the next, and continue to double the amount 
for each nail thereafter.” If eight nails to the shoe are re- 
quired, how much does it cost the man to have his horse shod? 

2. Three couples on their honeymoon came to a stream 
where there was only one boat with a capacity of two. The 
husbands were jealous and would not permit their wives to be 
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m tlie boat or on the ground in tlie presence of another man 
unless the husband himself were present. How did the couples 
cross the stream? 

3. Write any number you wish. Multiply by 2, add 18, and 
then divide by 2 Now subtract the number you began with, 
and I’ll tell you the answer. 

Key: It is always 9 

Sample: 23 X 2 = 46 
46 + 18 = 64 
64 -r- 2 =32 
32 - 23 = .9 

4. Choose a number and multiply it by 6, add 12, and divide 
by 2. Now subtract 6, and tell me your answer, and I’ll tell 
you the number you started with. 

Key: To get the original number, divide the answer given by 3. 

Sample: The number thought of is 2. 

2X6 =12 
12 + 12 = 24 
24-4-2 =12 
12-6 =6 

(Thinlc) 6-4-3 =2 

5. If you would like to see some rapid-fire addition, write 
down three nine-place numbers. Now, I’ll write two more. 
See how quickly I can add them. 

Key: In ivriting your fii-st number, put down a figure that, 
when added to the corresponding figure of the first number 
written by the other person, will give a sum of 9. Follow the 
same procedure m writing your second number except that you 
use the second number written by the other person. To get 
the answer, write the third number with 2 subtracted from the 
last figure and 2 placed before the number. 

Sample. 445679311 

234961192 numbers the other person writes 
114796852 
554320688 
765038807 
2114796850 
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6. Write down your age in years (the age that you are now). 
Multiply this by 2 and then subtract 3. Now, multiply by 50 
and add 39. Add the amount of change that you have in your 
pocket (less than one dollar). Tell me yom- total, and I will 
tell you how old you are and how much change you have m 
your pocket. 

Key: To the answer given add 111 The first two figures will 
tell the person’s age, and the last two will tell the amount of 
change in the person’s pocket. 

Sample: Take 26 as the person’s age. 

26 X 2 =52 

52-3 =49 

49 X 50 = 2450 
2450 + 39 = 2489 
2489 + 25 (change in pocket) = 2514 

(Think) 2514 + 111 = (26 years, and 25 cents) 

7. What has three feet and can’t walk? 

Key: A yardstick. 

8. A bottle and a cork cost $1.10. The bottle cost one 
dollar more than the cork. How much did each cost? 

Key: The bottle cost $1 05, and the cork cost 5 cents. 

9 One morning a shoe merchant sold a pair of shoes for $5. 
In payment he received a $20 bill. He had to go next door to 
the grocery to get the change. The grocer gave him four $5 bills. 
Later the grocer discovered the $20 bill to be counterfeit, and 
asked the shoe merchant to make it good. He did. How much 
did the shoe merchant lose? 

Key: $15 and the shoes. 

10. With a 3-gallon measure and a 6-gallon measure, how 
could you measure out 4 gallons of water? 

Key: First fill the 3-gallon measure, and empty it into the 
6-gaUon container. Then fill the 3-gallon measure again and 
pour into the 6-gallon can until it is full. There will be 1 gallon 
left in the S-gallon can. Now empty the 5-gallon can and pour 
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the gallon from the 3-gallon can into the 5-gaIlon can. Then 
refill the 3-gallon container and empty it into the 5-gallon 
measure, and the 5 -gallon measure will now contain 4 gallons, 
the amount asked for. 

The compilation of materials to be used in a recreational pro- 
gram in arithmetic is an excellent project for an individual 
teacher or a group of teachers to undertake. Not only will they 
be collecting material of value to them, but through such a 
venture teachers will make pleasant contacts with parents and 
other friends of education. A good feeling toward arithmetic 
or school work is initiated when the teacher casually describes 
to the parent one of the room experiences and then asks if the 
parent remembers any number trick or puzzle that might be 
used. People, books, and even current magazines are some- 
times a source of recreational items. The advertisement used 
by the Comptometer Company in the February 15, 1941, issue 
of Collier's is an excellent example of such material. 

Thus far the recreational arithmetic program has referred 
only to the use of puzzles and tricks. There are other devices 
which will make arithmetic more enjoyable. Especially impor- 
tant is the history of number. Since that topic is treated fully 
in another section (pages 345-357) and since it is used for other 
purposes, it will not be emphasized in the recreational program. 
Attention is called, however, to the dramatization of phases of 
the history of number and to the writing of numbers in ancient 
fashion. The arithmetic match (similar to the spell-down in 
spelling), using the fundamental processes in example form, is 
always enjoyed by children who have gained some facility in 
the use of the processes. For an arithmetic match, two sides 
are chosen and the two captains begin the match by going to 
the board and working an example dictated by the teacher. 
The first to finish with the correct answer is the winner. The 
winner gets one tally or mark; the loser must sit down, and 
another from his side challenges the winner. 
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The games suggested for the primary grades are, of course, 
recreational in nature. However, it will be recalled that these 
games are included in the program because they aid in the 
building of concepts. It is doubtful whether the many devices 
used in teaching arithmetic have much value in the recreational 
program. 

Magic squares and magic circles might also be included among 
the tricks and puzzles. Similar to magic squares are such num- 
ber “pleasantries” as the following: 

1 X 9 4- 2 = 11 
12 X 9 + 3 = 111 
123 X 9 + 4 = 1111 
and so forth. 

For additional material that will prove valuable in connection 
with this phase of arithmetic, consult the references listed on 
page 365. 


STUDY QUESTIONS 

1. Why is the history of number not emphasized more in the 
teaching of arithmetic? (1) Because it is too difficult to teach. 
(S) Because elementary-school pupils are not interested in 
history. (3) Because it is not essential to efficient computa- 
tion. (4) N. 

2. For what reason are the arguments for the teaching of the 
history of numbers considered theoretical? (1) Because there 
are no exact answers to historical questions. (S) Because so 
little of this phase of arithmetic is actually taught. (3) Be- 
cause the values to be derived from teaching are difficult to 
identify. {4) N. 

3. In the Apache method of counting are number names 
essential? (1) Yes. (S) No. 

4. If an abacus is used to do addition, is it necessary to know 
the basic facts? (I) Yes. (^) No. 
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5. If an abacus is used to keep records of quantities, is a 
place-holder needed? (1) Yes. (S) No. 

6. Will a pupil’s command of arithmetical operations be im- 
proved by learning to solve trick or puzzle problems? (J) Yes. 
(g) No. 
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An Overview 


The Program in Practice 

The preceding chapters have presented in detail the various 
specific features of an arithmetic program. The description of 
each feature, such as the addition of whole numbers and the 
multiplication of tens, was presented as a unit. While such a 
unit presentation is essential, there is also a need for getting a 
brief picture of the total program with some of its various 
aspects woven together. In an attempt to present such a 
picture, this chapter oSers a description of five successive lessons 
in several grades. In addition, an attempt is made to answer 
the questions most frequently asked concerning the program. 

Five Shccessive Lessons eoe the Third Grade 
The fi,ve lessons described here occurred at the sixth week 
of the school year. The work dealt primarily with the basic 
addition and subtraction facts. Each arithmetic period was 
approximately thirty minutes in length, and three meetings a 
week were scheduled. 

Lesson 1 

The first five minutes of the period were spent in an oral 

exercise which the teacher initiated in the following manner: 

S67 
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“While we are waiting for some members of the class, let’s see 
if you can guess the numbers I’m thinking of. The person who 
guesses correctly may give the class numbers to guess. I’m 
thinking of two numbers that make 11.” 

Other situations presented to the class were two numbers 
equaling 9, 8, 15, 17, 12, 10, 20, 32, and 40. To some of the 
children who gave two numbers that did not equal the required 
number, the teacher said, “Will you take 8 sticks and 7 sticks 
and put them together and see if the total is 14.?” To others 
the teacher merely said, “Prove your answer.” 

If the numbers above 18 were not guessed after four or five 
tries, the child was told to give the correct combination and then 
select someone to take his place. 

At the close of the five-minute oral period, the teacher said. 
“For the remainder of your arithmetic period those of you who 
have unfinished work may do that. Here on the board you 
will find a list of the things you were doing last time. Those 
of you who are doing some proving, do that first. If you fin- 
ished your work last time, bring it to me for a check, or let 
someone in the room check it first.” 

The following list was on the board' (1) Draw diagrams or 
pictures to show the addition facts of which you were not quite 
sure. (2) Study addition or subtraction facts from cards, 
practice sheets, or by writing them. (3) Find the answers to 
the problems on page 46 of your text. Then prove that your 
answers are correct. (4) Make story problems for the class to 
use. 

After each of the four things to do were initials of the different 
children who were working on that task. Task 1 represented 
the lowest level of achievement of the list written on the board, 
and grew out of a self-test that the children had taken. Task 2 
was for those students who had not yet learned the basic addition 
and subtraction facts so that they could respond to them auto- 
matically. The need for this type of knowledge had been 
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demonstrated to the children by a timed exercise that had been 
given earlier. Task 3 was, of course, a means of checking the 
understanding of the children. Those working on this task 
were for the most part advanced pupils, but there were some 
doing this work who were very much retarded. Task 4 was 
also primarily for the advanced pupils. 

As the children worked on the different assignments, the 
teacher went about the room giving encouragement to some 
(e.g., “That’s a good way to show that fact”), questioning 
others (e.g., to the child who had pictured 8 and 6 by placing 
marks for each quantity in one compact group, the teacher said : 
“ Can you see that that is 8 very easily? I can’t.”), and on one 
occasion she discussed with several members of the group a 
particular method of proof that one child was using. When a 
child doing task 1 had finished, the teacher discussed all his 
illustrations with him. The discussion was directed toward 
answering the question, “Is that the best way to show that 
fact?” If the teacher thought the child had a satisfactory 
illustration or that he would not profit from further work of 
this type at the time, she suggested or made another assignment. 

Lesson S 

An entirely teacher-directed oral period made up the first 
fi-ve or six minutes of this lesson. The things presented to the 
class were of these types: (1) How much is 18 take away 9, 
8 take away 5 , 14 less 6, and so on? (2) How many are 30 and 
10 more, 20 and 2 and 6, 31 and 20, and so on? (3) In a pioneer 
story I read that two boys killed 8 squirrels one day, 21 the 
next day, 5 the next day, and 10 the next day. How many 
squirrels did they kill in all? 

Since there was disagreement about the last exercise, the 
children were told that they might use pencil and paper and 
show just how they had thought in solving the problem. The 
first children to finish were told to put their work on the board, 
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to solve the problem using tens and ones blocks, to show the 
problem in another way, or to check someone else’s work. In 
this way the slower workers were given additional time. When 
all had had a reasonable time to work the problem, the various 
solutions were discussed. 

The teacher then said: “For your work today turn to page 48 
in your text and do the practice exercises on that page. When 
you finish, here are some extra things to do.” A few children 
were given special assignments like the following: (1) “Let 
Jane be your checker as you try to give the facts on these cards.” 
(2) “You have studied the addition and subtraction facts quite 
a while now. Try this practice exercise.” (3) “You have a 
good way of adding, but some of the people don’t quite see how 
you do it. Will you make a drawing to show just how you make 
tens and ones out of two numbers?” 

The extra assignments were as follows ; “ Copy and write the 

missing number. 24 = ... tens, ones; 36 = , . tens, 

ones; 4 tens and no ones = ,” and so on. Near the 

close of the period the teacher had a few children put examples 
of their work on the board. The last few minutes of the period 
were spent discussing these examples. The discussion was 
initiated and directed by such questions as ; “ Can you teU why 
Jim wrote 40 as equal to 4 tens and no ones?” “If there are 
no ones, why write anything?” “From the work that Mary 
has on the board, can you see how she thought?” 

Lesson 3 

“ It is now time for arithmetic. Assignments are written on 
the board.” (A procedure similar to that used for lesson 1 
was followed.) “I want to help as many of you as I can, so 
let’s not waste any time getting started.” 

The children worked on the assignments with the teacher, 
following the procedure described in lesson 1. As the work 
progressed, the hst of tasks and the assignments of different 
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children changed. A new task was not written on the board 
immediately unless a large group of children were starting to 
-work on that task. Toward the latter part of the period, the 
teacher had each of the children who had been making story 
problems dictate one of the problems to be written on the 
board. The last five minutes were spent in solving and proving 
these problems. 


Lesson 4. 

At the beginning of the period, the teacher passed out cards 
on which the numerals from 1 through 9 were written. Two 
children were chosen to start the exercise. They came to the 
front of the room and held up their cards. The child who gave 
the correct sum was permitted to take the place of one of those 
at the front. Later, the exercise was varied so that three 
children and then four were displaying cards at one time. 

After about four minutes had been spent with the card device, 
the teacher directed the attention of the class to four problems 
that she had previously written on the board. The object of 
using these new problems was to bring the group back together 
and to illustrate or emphasize some special point. The problems 
used were concerned with addition and subtraction facts. The 
children were told that they could work the problems without 
using pencil and paper; that they could use pencil and paper 
and use numbers; that they could use pencil and paper and 
draw; or that they could use objects. Those who chose the 
first two methods were asked to verify their answers. Some 
of those children (the more capable) who used the latter two 
methods were asked to use numbers to show how they had 
solved the problems. As the pupils worked on the problems, 
the teacher noted particular difficulties and suggested proce- 
dures like the following: (1) “You need to memorize some of the 
addition facts. In the next work period we have, you should 
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spend your time doing that.” (2) “ I see you know how to do 
subtraction, but you are certainly taking lots of time. Don’t 
you think it would be better if you would practice on subtraction 
the next time we work? ” > 

Lesson 5 

“Yesterday in social studies we learned that we didn’t know 
much about the size of an acre. John reports that an acre is 
a square about 208 feet on the side. I doubt whether many of 
us know how big that is. To help you get an idea of an acre, 
I’ve asked the principal if two of you might mark off an acre 
on the playgi'ound. Who would like to do it?” 

After two children were selected, they were allowed a few 
minutes to tell the class how they were going to proceed. When 
class and teacher were satisfied, the two left the room with their 
measuring tape. 

The teacher then said: “Instead of an oral period today, I 
want you to estimate some distances. White five numbers in 
a vertical, up-and-down column on a piece of paper. As I 
give you the distance to measure you will write your estimate. 
(1) How long is your little finger? (2) How wide is this sheet 
of paper on which you arc writing? (3) How wide is this room? 
(4) How high is this bookcase? (5) How high is the top of 
this chair from the floor? AH of you can do your own measuring 
for the length of your little finger and the width of your piece 
of paper. I’ll ask J. and M. to measure the room, R. and T. 
to meastue the bookcase, and L. and S. to measure the chair. 
They will write their measurements here.” 

While the three pairs of children measured, the teacher and 
the class guessed at the length of objects that members of the 
class held up. After all measures had been made, the pupils 
used the remainder of the time for work on a set of practice 
examples in addition and subtraction. 
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The five lessons described above illustrate ‘a number of impor- 
tant teaching procedures. Since these important procedures 
did not receive particular emphasis in the description of the 
lessons and because the principles underlying procedures are 
not always easily perceived, the most significant of them are 
listed and discussed briefly in the following paragraphs. 

First, the learning procedures employed made extensive use 
of class spirit in motivating learning. Since there is much to 
be gained from such motivating factors, special measures to 
promote keeping the class a unit are important enough to be 
included in the teaching program. The oral exercises and group 
projects, such as identifying an acre of space, were important 
procedures used to maintain class unity. In spite of wide varia- 
tions in achievement and ability, all members of the class 
took part in these activities. Then, in lesson 4, all pupils were 
given the same set of problems to work, yet individual differ- 
ences in ability were cared for by permitting the pupils to work 
on the problems in different ways. 

Second, an important procedure is illustrated by the problem 
assignment In lesson 4. In the preceding lessons, children had 
been working on individual or small group assignments. Often 
such assignments, although clearly understood by the pupils, 
begin to become rather tiresome and uninteresting. This new 
set of problems served as somewhat of a “reviver” of interest. 
The old tasks were discarded and new ones undertaken. It is 
true that even though many of these new assignments were 
almost the same as the old ones, they nevertheless gave the 
children the impression of starting afresh. 

Third, a wide variety of content was dealt with through oral 
exercises. In this way, the children were given a sense of new 
things undertaken, although in reality they were just acquiring 
a better understanding and command of the processes of addition 
and subtraction. 



THE TEACHING OP ARITHMETIC 


37'li 

Fourth, individual differences were cared for by the various 
tasks that the children were working on in the lessons. Although 
the major reason for some of the special assignments for fast 
workers was to gain time for the slower ones, these assignments 
also served as enrichment of experience. For example, the 
child who was asked to show by means of a drawing just how 
he added certainly had an opportunity to get a broader and 
more thorough view of what addition really is. In these lessons 
the idea of searching for other ways of showing a fact or a 
process was dominant. Out of such experiences children gain 
the concepts and understandings which will make for recogni- 
tion of the best method. The use of objects and marks in 
demonstrating the truth of solutions is so much a part of the 
lessons that it needs no more than mention here. 

This same type of work made up the major part of the work of 
this third-grade class until multiplication and division were 
introduced. Minor variations were furnished by consideration 
of some historical material and by special emphasis on a few 
standard measures. Other timed tests covering basic addition 
and subtraction facts, addition and subtraction with two- and 
three-digit numbers, and column addition were given in order 
to permit the children who had not mastered these phases of 
arithmetic to see the need for intensive study. 

Five Successive Lessons fob the Fourth Grade 

These fourth-grade lessons followed immediately after the 
introductory lessons dealing with multiplication with two- 
place numbers described in Chapter 6. 

Lesson 1 

“Yesterday at the close of the period most of you thought 
you knew how to multiply with two-place numbers and that 
what you needed was practice in fixing what you had just 
learned. There are a number of examples which you can use 
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as practice on page 191 of youi' textbook. In case you have 
aheady forgotten how to multiply two-place numbers, I have 
put a problem on the board which you can use in figuring out 
the method.” The problem was as follows; “Each of the bags 
of dog food weighed 20 poimds. What was the total weight 
of the 10 bags?” Following the problem were these directions; 
“If you do not see how to multiply to answer the question of 
the problem, add. Then write the numbers as tens and ones 
and try to figure out what you do when you multiply with ten.” 

After a period of work the teacher put the following on the 
board: 


2 tens no ones 

X 1 ten no ones 

no tens no ones 

2 no tens 


She then said; “All of you who are not sure about how to mul- 
tiply with tens, look at what I have put on the board. Several 
of you had that written on your papers. What word should 
be written after the 2, tens or hundreds?” When there was 
some hesitation the teacher called attention to the fact that 
through addition the answer had been found to be two hundred. 
Therefore, the word “hundreds” should be written after the 2. 
In the discussion, the conclusion was reached that when you 
multiply a ten by a ten the product is hundreds or hundreds 
and thousands. To show that it is ‘hundreds in the example 
you write two zeros. 

The pupils then began to work on the examples, some of which 
contained tens and ones (e.g., 14>) in the multiplicand. After 
working the examples, they were asked to prove that the prod- 
ucts they had secured were correct. The only additional guide 
given to the pupils during this lesson was a notice, “When You 
Finish,” written on the board by the teacher, containing this 
direction; “Write a statement which tells how the multiplication 
with tens differs from the multiplication with ones.” 
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Lesson 2 

“Today let’s write answers to the oral arithmetic questions. 
Put 10 numbers on your paper. Remember we are not using 
pencil and paper to do any figuring, just to record answers.” 

1. How many are 8 + 8 + 5 + 10? 

2. What is 9000 + 7000? 

3. A. man bought goods amounting to $2.45. If he gave 
the clerk $3.00, how much change should he receive? 

4. How much are 8 X 40? 

5. What is the sum of 600, 300, and 200? 

6. What is the weight of a 6 ton truck in pounds? 

7. How many inches in 2| feet? 

8. What is 98 — 50? 

9. About how far from the floor in feet is the top of the book- 
shelf? 

10. A farmer has 30 acres in oats, 60 acres in corn, and 10 acres 
in other crops How much crop land does he have? 

Immediately following the reading of the last item, the 
teacher asked different members of the class foi- their answer 
to item 2. A little time was taken in letting some of the children 
who obtained an acceptable answer tell how they thought. A 
few of the other items were checked in the same manner, but 
the methods of thinking in the solution of all items were not 
requested. When all items had been checked, the teacher asked 
those who had made perfect scores to raise their hands. 

The teacher then said: “Yesterday you did multiplying with 
tens. Here is another problem for which tens are multiplied. 
First, answer the question in the problem, then do the examples. 
Remember that if you cannot multiply you can add. Then try 
to figure out how you can get the answer by multiplying. Sep- 
arating the numbers into tens and ones may give you an idea.” 

The problem required the multiplication of 23 by 12. The 
examples, too, included tens and ones in both multiplicand and 
multiplier. After some time had been allowed for solving the 
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problem, three pupils were asked to put their work on the board. 
With these examples as a basis for discussion, the class then 
tried to find the best way to multiply. Since addition had 
shown that the answer was ^76, the task before the group was, 
“How can we multiply 23 by 12 to get 276?” 

(a) 2 tens 3 ones 

1 ten 2 ones 
4 tens 6 ones 

2 hrmdreds 3 tens 

2 hundreds 7 tens 6 ones 

(b) 23 (c) 23 23 

X 12 X 10 X 2 

276 230 46 

230 + 46 = 276 

Solution h was explained as follows: “12 X 3 = 36. Write 
the 6 and carry the 3. 12 X 2 = 24. 24 + 3 = 27.” In 
commenting on this solution the teacher remarked that the 
method was not the one most people used and that it was rather 
difficult if the numbers you were using were large; for example, 
18 X 8. 

The teacher pointed out that both solutions a and c were 
longer than the best method that most people use, but could 
be easily changed to the best method. She then showed how 
the multiplication is done, and emphasized the relation between 
the long solution (a) and the best solution by such questions 
as, “How do you know that this 3 should be written as tens?” 

Lesson 3 

The first of the period was used for an oral exercise. This 
time, however, the children did not record answers. Several 
of the items in this oral exercise involved multiplication of even 
tens by ones and of tens numbers by 10 and 20. Following 
the oral exercise the following assignment was made: “Now 
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let’s review what we did yesterday on multiplication with two- 
figure numbers. Turn to page 194 of your text. Fust, read 
the problem and the solution. See if you can figure out every 
step in the solution.” The problem on page 194 of the text 
required the multiplication of 32 by 12. The solution was 
explained in detail, and the terms 'partial products used and 
defined. As soon as the pupils had had time to consider the 
text problem and solution, the teacher asked, “Does the solu- 
tion of the textbook differ from the one we worked?” Only 
minor differences were noted. The teacher then said: “Then 
we have an explanation of multiplication with two-figure num- 
bers in our text to which you can refer if necessary. The 
next thing you need to do is to practice multiplying two-figure 
numbers. Do the examples on page 194 and if you have time 
start those on page 195. If you have trouble, first try to figure 
out what to do by looking at the solution in the book. If you 
still can’t figure out what to do, raise your hand and I will try 
to help you.” 

For the remainder of the period the pupils worked on practice 
examples. 

Lesson 4- 

The teacher began this lesson by calling the attention of the 
class to the following directions written on the blackboard; 

1. Solve this example 

34 
X 16 

2. Why should the 4 in your second partial product be 
written under the zero? 

3. Do 6 X 34 -f 10 X 34 = 16 X 34? 

4. Solve examples 1, 2, and 3 on page 196 of your text and 
prove that your work is correct. 

5. Write the steps you use in multiplying 27 by 17. 
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In the discussion following a period of study, special attention 
was given to the ways of proving used and to the writing of the 
steps for multiplying 37 by 17. The two ways of proving readily 
accepted by the class were addition and a combination of multi- 
plication and addition. The steps as developed in the class 
discussion were as follows : 

Siep 1 

37 Multiply 37 by 7. 

Write the ones (the 9) under the 7, the 8 in the tens 
189 place, and the 1 in the hundreds place. 

Step 2 

37 Multiply the 37 by 1 (1 ten). Write the tens (the 7) 

1'^ in the tens place and the 3 in the hundreds place. 

189 

37 

Step 3 

37 Add the two partial products. 

17 

189 

37 

459 

Lesson 5 

At the beginning of the lesson the pupils were directed to their 
textbook by the following directions given orally; “ On page 198 
of your textbook you will find an explanation of a good way to 
check multiplication with two-figure numbers. It’s shorter 
than proving. See if you can figure out what is done.” 

In the class discussion that followed, the checking procedure 
(interchange of multiplier and multiplicand) was fully explained. 
Examples were then solved and checked by this procedure. 
Near the close of the period fifteen minutes were devoted to 
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review exercise which included multiplication with two-figure 
numbers, addition, subtraction, and division. The last three 
or four minutes of the period were given to an oral exercise. 
The items used in the exercise were similar to those used in 
lesson 2. 

The next few lessons followed to some extent the pattern 
already described in the five preceding lessons. Differences in 
procedure were introduced through a lesson on the sieve method ^ 
of multiplication and the fact that both multipliers of ones and 
tens were used in some of the practice exercises. In the lessons 
of the next few weeks, the children were also given teacher- 
made tests which involved not only the procedures just studied, 
but also some work in addition, subtraction, and division. 

In the lessons just described, the attention of the reader is 
called again to the use of oral exercises as a means of holding 
the class together, of pointing out significant or common number 
usages (see lesson 2, items 3 and 6), and of introducing and 
keeping alive procedures already studied. Another point of 
special note is the large amount of time given to initial learning 
procedures before practice for mastery or fixation is undertaken. 
While a great deal of time is given to practice, attention is called 
to the fact that the pupils were frequently directed to use pro- 
cedures to test their understanding of the principle on which they 
were practicing. The testing procedures most frequently used 
were proving and demonstration of other ways of worlang the 
example. Attention is also called to the manner in which the 
children were directed toward the discovery of a new process. 
This example should dispel all belief in the notion that children 
must make the discovery without help. 

' D. E. Smith and Jekuthial Ginsburg, Numhers and Numerals (New York: 
Bureau of Publications, Teachers College, Columbia University, 1937), p. 30, 
H. G. Wheat, The Psychology and Teaching of Arithmetic (Boston: D. C. Heath 
and Company, 1937), p. 108. 
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Questions Most Frequently Asked 
Teachers and supervisors who have observed the method of 
teaehing arithmetic described in this book often ask questions 
concerning the method. Seven of the most frequently asked 
questions with answers are given in this section. 

1. In a •program where so much emphasis is given to developing 
understanding, do you need any drills 

Related questions arc How much drill do you have? Do 
you believe in drill? Is there a place for drill? What shall we 
do about drill? 

While the preceding lessons have shown very clearly the 
point of view of the author with regard to drill, the issues regard- 
ing drill are so frequently encountered that it seems worth 
while to discuss the matter further. There is a place for drill 
or practice in the learning of arithmetic. Indeed, to seem’e 
the best results, drill must be included in the program. After 
an important fact or process is understood and the child sees 
a need for knowing this fact or process, no better teaching pro- 
cedure can be followed than permitting the learner to practice 
the newly acquired skill. Such practice fixes the procedure, 
thereby eliminating the necessity for the careful, painstaking 
thought which requires energy that could be better directed 
toward the solution of the number situation confronting the 
children. As was stated in the discussion of intensive study of 
the basic addition and subtraction facts, automatic mastery of 
important facts and processes is essential and drill or practice 
is one of the most economical ways of acquiring mastery. 

There are, however, a number of principles governing the use 
of drill which should be carefully observed in order to make it 
an asset rather than a handicap in the teaching of arithmetic. 
First, and most important, drill or practice on a fact or process 
should come after understanding has been acquired. In the 
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average classroom not all children will acquire understanding at 
the same time. It will be necessary, therefore, either to start 
the use of drill procedures before all have acquired understand- 
ing or to have those students who have already acquired under- 
standing mark time. While either of the two alternative pro- 
cedures is far from desirable, the former is probably the one to 
use. During drill frequent attempts should be made to check 
understanding. This can be done by asking children to demon- 
strate the truth of the examples they are solving. Since not 
all children learn at the same rate, there should be relatively 
few occasions when all pupils in a given class practice the same 
thing for any extended period of time. Furthermore, if drill 
is not to come until understanding has been attained, a rela- 
tively long time should elapse between the initial introduction 
of a process and the time of the practice period. For that 
reason the explanation of more than one illustrative problem 
will usually be needed. 

A second important principle guiding drill is that children 
must see a need for the drill. In the learning of basic facts 
such as multiplication (see pages 180-182), this need is demon- 
strated to the children through a discussion of the best ways 
of getting answers to multiplication questions and through a 
test. Naturally, there must be understanding before this 
second principle can be put into effect. 

The third principle of drill is that the drill must be directly 
on the process; that is, if the job of the child is to fix 7 X 6 = 42, 
he need not spend time playing a game for which learning the 
rules would require some of his time. Meeting this condition 
almost eliminates from the drill program the use of games, 
devices, and problems. Since the child’s attention must be on 
the fact or process to be learned, the setting or story element 
supplied by problems would be only a hindrance. However, 
the motivation provided by games and problems may in part 
compensate for the attention detracted from the process. 
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The fourth principle, recognition of the fact that not all arith- 
metical learning is important enough to require the use of drill, 
is relatively minor. If not observed, however, it will force the 
arithmetic program to put an impossible load on the learners. 

If the four principles listed above are followed, the drill pro- 
gram becomes an effective part of arithmetic teaching. Not 
only are facts and processes fixed through drill, but it is through 
drill procedures that some of the forgotten or poorly learned 
facts and processes are maintained.’^ 

Because drill was and stiU is often misused, many people 
associate the word with bad teaching. For this reason there 
arc many sincere teachers and administrators who earnestly 
wish that arithmetic programs would eliminate drill. These 
people have not seen the true role of drill in arithmetic. To 
eliminate practice on facts or processes that the children already 
understand and will use over and over is to deprive them of a 
great time- and energy-saving procedure. After all, numbers 
make their contribution through elimination of long and cumber- 
some thought-processes. Fixation through drill is one way to 
eliminate cumbersome procedures. Of course, the learning of 
a fact or process to the point where responses become automatic 
can be an economical step only if the fact or process so learned 
is used very frequently. 

While it is difficult to state with any assurance why drill is 
so frequently abused, the main reasons are believed to be: 

(1) the failure to recognize the purposes of arithmetic, and 

(2) the ease with which drill procedures can be applied. To 

1 For a recent discussion of tlie place of drill, see B R Buckingham, in 
Sixteenth Yearbook, National Conned of Teachers of Mathematics (New York: 
Bureau of Publications, Teachers College, Columbia University, 1911), chap 
IX, pp 196-224. For an earlier statement on the criteria for drill, see F B 
Knight, in Third Yearbook, Department of Superintendents, pp 03-64. For a 
comprehensive discussion of drill, see J B. Stroud, “The Role of Practice in 
Learning,” m Forty-first Yearbook, National Soeiety for the Study of Education 
(Bloomington, Illmois: Public School Publishing Company, 1942), pp. 353-76. 
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decide whether or not the statements concerning drill as given 
in the various writings of authorities are responsible for the 
wrong uses of drill, the reader should consult those writings. 

2. Can teachers who have not used the method described in this 
hook readily adopt it^ 

This question is most frequently asked by supervisors and 
other administrators and therefore is not of direct concern to 
teachers. If only a categorical answer to the question were 
permitted, that answer would be “No.” Teachers have so 
long been taught to demonstrate, to test, and then explain 
further, that it is difficult for them to permit children to take 
time trying to learn for themselves. On the other hand, any 
teacher who is willing to do some careful study of the aims of 
arithmetic and the procedures outlined in this book will be 
able to adopt the method.^ 

3. Does not the emphasis on long, inefficient methods like counting 
in addition fix these procedures and thereby handicap children? 

The answer is in most cases an emphatic “No.” With a 
few people, these longer procedures are fixed and become the 
only means of figuring. Instead of being a handicap for such 
individuals, however, the method is a definite asset. There are 
many people who avoid figuring entirely because they have never 
fuUy understood or mastered the processes the school has tried 
to teach. On the other hand, these same people could have 
used and understood a simpler (though longer) method and 
with it would be able to solve the number situations encountered 
in life. In other words, it is considered better for these people 
to use an inefficient method than to be unable to cope with 
number situations at all. Then, too, there is the possibility 

' J. W. A Young, The Teaching of Mathemaiics in the Elemmiary and the 
Secondary School (New York Longmans, Green and Company, 1907), pp. 76-79. 
(A discussion of the difEculties teachers experience with the heuristic method.) 
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that they might have learned a better method had they been 
permitted to employ for a while a longer method which they 
understood. 

4. Does not the method take far more time than is available for 
anihmetic^ 

If judgment is made on the basis of data obtained from teach- 
ing only one phase of arithmetic, the answer is definitely “Yes.” 
However, since learning by this method is more thorough and 
the things learned are understood better, it is reasonable to 
assume that not nearly so much tune is needed for maintenance. 
Furthermore, as children continue to learn in that way, less 
time is required and the advanced phases of arithmetic do not 
involve many new things. In weighing the amount of time 
given to arithmetic when a method such as that advocated in 
this book is used, the reader should consider additional values 
from the study of arithmetic other than mere subject mastery. 

5. Will the method described harden into a routine, become stereo- 
typed and formal routine hke other methods as soon as teachers 
become familiar loith it? 

To that question an answer is difiBcult to frame. If teachers 
stop thinking about ways to interest and challenge the pupil 
when they become familiar with the method, then the answer is 
“Yes.” In such a situation, however, one can hardly say that 
the method is used. With every new group of pupils, teaching 
IS always a new and different process. Great teachers are all 
at times actors and consequently do not use the same techniques 
on different audiences. The teacher or supervisor who is look- 
ing for something fixed, final, as the solution to teaching diffi- 
culties will not find the answer in the method described in this 
book The reader of this book will recognize that most of the 
procedures advocated are not new. They have been used in 
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the past, but have lost their effectiveness because of misuse 
through formalization or routine application. Every method 
is subject to such misuses. There is no good reason for believing 
that the method outlined here is not subject to the same 
limitations. 

6. Can any part of the method be used if the use of 'problems with 
the development of new facts and processes from the pupils' 
experiences is omitted? 

While the use of the problem situation, with its emphasis on 
development of new facts and processes from the experiences 
of the pupils, is a major characteristic of the procedures described, 
teachers need not feel that this aspect of the method must be 
employed in order to put into practice the other procedures 
described. For example, the requiring of proof, the intensive 
study periods with emphasis upon reason for study and under- 
standing of that which is being studied, emphasis on various 
methods of study, the oral arithmetic, the historical and recrea- 
tional aspects of number, as well as other procedures described 
in this book, can be used without putting emphasis on develop- 
mental experience in initial learning procedures. 

7. What do you consider to be the main advantages of the method 
over other methods advocated in other boohs? 

Before considering the answer to this question, the reader 
should recall that connotations of the term method are many, and 
therefore very difficult to grasp. As was pointed out in Chap- 
ter 2, there is so much overlap between methods that contrasts 
and comparisons need to be made with care. For example, m 
the answer to question 6 above, it was pointed out that many 
of the procedures advocated in this book are applicable to other 
methods of instruction. The answer to the question, “What 
are the main advantages of the method.^” is then subject to 



AN OVERVIEW 


387 


the above and other limitations. Nevertheless, advantages 
considered to be major by the author are listed : 

(1) The emphasis upon “find out for yourself,” whether it 
be in the development of a new fact, in the consideration of 
ways of study, or in other situations, gives to the method a 
decided advantage over all others. Through this emphasis 
the arithmetic classroom assumes some of the naturalness, 
creative drive, and problem-solving attitude characteristic of 
elementary science and social studies classrooms. For example, 
a sixth-grade science class in the study of sound raised and set 
about finding the answer to these and other questions : (a) Why 
are some sounds high and some lowP (6) What makes the 
sound in my voice? (c) How are sounds made? (d) Why 
does tightening my lips make a higher note on my trumpet? 
(e) How does a cold change your voice? By means of experi- 
ments (suggested by text and teacher) with vibrating sticks, 
rubber bands, tuning forks, resonance tubes, and by study and 
discussion of reading material in various sources, the pupils 
arrived at reasonable (satisfying to pupils and teacher) answers 
to the questions. Learning in such situations is characterized 
by the spirit of inquiry, the method of the scholar. In contrast, 
most learning in arithmetic classes is a case (maybe somewhat 
sugar-coated by play settings and make-believe) of learning 
facts and processes that are explained and presented by the 
text or teacher. Even the subject of reading, which has far 
less content than arithmetic, is now taught in a manner which 
challenges the child, arouses his attention and interest. Instead 
of merely reading lines or sentences, the children discuss pictures 
and stories with the teacher in such a way that they themselves 
feel they want to read in order to find out "what the girl’s 
name is,” “why she is so happy,” and the like. That same 
spirit of learning is very much needed in arithmetic. Since 
the method advocated in this book makes for learning of this 
type, it can be seen why an awakening of the spirit of inquiry 
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is considered one of the important advantages that this method 
has over others. 

(2) The method as described gives the pupil an opportunity 
to make full use of what he already knows. In fact, most arith- 
metic consists not in the learning of new things, but in the use 
of already known facts and generalizations in an attempt to 
find a simpler method of dealing with the quantitative situation. 
Of course, as the child progresses through the school, he is con- 
fronted with situations that involve larger and larger numbers; 
therefore, simple and efficient methods of handling them must 
be found. In this search for better methods, however, the 
child should be permitted, even encouraged, to start with what 
he already knows Thus the few simple generalizations learned 
in counting and in the concept-building program become the 
foundation for the advanced work. For example, lesson 8 in 
Chapter 4 (page 105) illustrates the basic idea of measurement, 
namely, that measures are simple things, near at hand, used 
to reproduce or to give an idea of the size of some object. This 
same idea is used again and again in the thinking of the child 
as he attacks measurement problems in the upper grades. The 
use of the simple, known facts is also well illustrated in learning 
to count, to add tens, and in learning to work percentage 
problems. 

(3) The discussion on the use that the method makes of what 
the pupil already knows leads directly to another advantage 
of the method: the emphasis that it places on the use of relations 
through the teaching of the number system. Beginning with the 
teaching of counting, the program constantly emphasizes the 
relations that can be used if the system is followed. The child 
is given an opportunity to see the relation between tens and 
ones, in that twenty is two tens and that a collection like a pair 
of hands or a tens block can be used to represent a ten. In 
that way a ten assumes some of the properties of a one, and the 
child has some basis for accepting the statement that tens are 
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handled just as ones are. The teaching of approximation and 
the related process of reducing relations to simple ratios is 
another example of how knowledge of the number system can 
be used to make numerical situations easier to grasp. 

(4) The method of study, through its emphasis on the idea 
that problems present all the facts so that the only task of the 
learner is to find the most efficient way of dealing with these 
facts, fosters confidence and independence on the part of the 
pupil. If everything is presented in the problem, the child who 
can read or hear can draw diagrams or make pictures with 
objects, as the savage did, or present with numbers the situation 
described with words in the problem. Since the procedures 
listed represent various levels of ability, it is almost certain that 
every normal child can manipulate one of them, or one closely 
related. Through such work the child gains confidence in his 
ability. 

(5) The method of providing learning exercises which illus- 
trate the nature and purpose of processes gives the child a logical 
reason for spending his time in the study of arithmetic. For 
example, the multiplication example on page 178 presents the 
reason for making tens and ones and the explanation of how 
tens and ones are made out of six groups of four each. The 
measurement exercises in Chapter 8 (pages 236 fl.) not only 
show the nature of measurement of area, but also make clear 
why standard measures are needed. 

(6) Throughout the learning procedures advocated, the 
child’s attention is constantly directed toward learning and 
becoming aware of efficient methods of study. The emphasis 
directed toward gaining an understanding of facts and processes 
and toward becoming familiar with the purpose of such facts 
and processes makes this teaching of methods of study more 
logical. The learning exercises used in the method make clear 
to the child why it is important to him to learn. The discussion 
of methods of learning and the frequent examination by the 
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teacher of methods used assure the child at least the opportunity 
of becoming acquainted with methods of study and certainly 
call to the pupil’s attention this important part of school work. 

(7) The method is especially commendable because of the 
emphasis that it places on understanding. Not only are known 
or familiar problem situations used to introduce new aspects of 
arithmetic, but the child often searches for more than one way 
of solving the problem. Recognizing that a problem presents 
all conditions and that the solution cannot therefore introduce 
anything new, but can only simplify, is in itself an important 
step toward understanding. Since in most cases the child is 
searching for a simpler way of presenting a fact or doing a 
process, the child can “see sense in what he does.” The child’s 
understanding is frequently checked by asking him to prove 
that his solution is correct. Through this procedure the learn- 
ing program is constantly directed toward this most important 
step in teaching. 

(8) The method recognizes and makes use of drill in learning 
arithmetic. In order that the major prerequisites of drill are 
met, heavy emphasis is first put on understanding, and then 
exercises are provided which wiU give the child an opportunity 
to see why certain phases of arithmetic require intensive practice 
or drill. In addition, through the consideration of methods of 
study, the child has a chance to learn the best methods of 
intensive study. 

(9) The method presented in this book has the advantage of 
being more lifelike than most methods; that is, the arithmetic 
presented and the methods of presenting it are in agreement 
with the arithmetic of life as practiced by those who have learned 
to take advantage of the economy that the number system 
offers. Tor example, much of the arithmetic of life is done 
without pencil or paper. This oral or unwritten arithmetic is 
emphasized in the program advocated. A similar statement 
could be made for teaching approximation, the making of judg- 
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ments, the function of standards for reference, and the reduction 
to simple ratios of numerical quantities to be compared. Fur- 
thermore, the procedure which introduces aU new facts and 
processes through the use of a familiar problem situation closely 
approaches the uses of arithmetic in life. 

Because the demarcation line between what is exclusively a 
part of the method described in this book and methods advocated 
by others is difficult to establish, no further advantages will be 
listed. In fact, it should be noted that several of the nine points 
listed are claimed by others as advantages of their methods of 
teaching. For additional material related to this topic the 
reader should consult the section in Chapter 2 on “Analysis of 
the Sample Learning Procedures” (page 40). Irrespective of 
whether or not other plans do the same, the procedures advo- 
cated in this book attempt to put emphasis on meaning and 
understanding and at the same time make for the mastery of 
useful arithmetical skills in an efficient manner. By this em- 
phasis it is hoped that children’s study of arithmetic will result 
in their acquisition of some of the benefits of mathematics, 
especially the elimination of unnecessary thought, and that in 
their study of arithmetic children will be able to participate in 
learning experiences that are educationally second to none. 

STUDY QUESTIONS 

1. If arithmetic is taught in a meaningful way and children 
actually acquire understanding, is drill essential? ( 1 ) Yes. 
(g) No. 

2. What is the chief limitation of the method of instruction 
which attempts to let the child develop or work out facts and 
procedures? (J) There will be too much variation in the facts 
and procedures developed. There is no good way of making 
assignments. (5) The teacher will usually have to supply the 
fact anyway. ( 4 ) N. 

3. How can individual difierences be cared for if all members 
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of the class work on the same assignment; for example, all 
members of a third-grade class working on the same addition 
problems? (1) By requiring the fast-learning pupils to work 
more problems than the slow-learning pupils. (S) By per- 
mitting the pupils to use various methods of solving. (8) By 
allotting more teacher-time to the slow-learning pupils. (4) N. 

4. Why is it important to try to have the oral exercise deal 
with content that is different from that used in the other part 
of the class period? (1) To avoid monotony. (S) To make 
introduction and recall of varied material easy. (<?) In order 
not to interfere with the pupil’s interest in his written work. 

a) N. 

5. Is it considered good teaching procedure to use practice 
or drill exercises before all members of a class understand the 
process to be mastered? (I) Yes. (2) No. 

6. Why are problems involving a fact not as good for practice 
exercises as are examples? (1) Because the computation re- 
quired is too difficult. (^) Because the fact is put into an 
uncommon setting. (S) Because it is too difficult to prove. 
U) N. 

7. The use of extra time required for teaching arithmetic by 
the method advocated in this course is partly justified by the 
claim that learning by this method is more permanent. What 
other good argument might be used to justify use of this extra 
time? (1) More facts and processes are taught by the method. 
(S) In the long run less time is used because not so much drill 
is needed. (3) The method provides valuable educational 
experiences other than arithmetic, (i) N. 
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